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The Millenium Problems

In 2000, the Clay Mathematics Institute, o ered one million
lars each for seven problem in dierent areas of mathematics
The algebraic number theory problem they chose is the Birch

and Swinnerton-Dyer conjecture.

Supported by much experimental evidence, this conjecture relates
the number of points on an elliptic curve mod p to the rank of the
group of rational points. Elliptic curves, de ned by cubic equations
in two variables, are fundamental mathematical objects that arise in
many areas: Wiles' proof of the Fermat Conjecture, factorization of
numbers into primes, and cryptography, to name three.
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Points on an elliptic curve modulo primes




Degree

Consider nonsingular plane curves.

Ancient Theorem: A curve of degree 1 or 2 has in nitely
many solutions or no solutions. Eg., x%+ y2=1

Faltings Theorem: A curve of degree 4 or greater has
nitely many rational solutions. E.g., x"+ ym =1 with
n 4

The Birch and Swinnerton-Dyer Conjecture: A curve of

degree 3 has either no solutions, a nonzero nite number
of solutions, or in nitely many solutions, and there are is a
fairly simple way to decide which. Eg., x3+y3=1



The Pythagorean Theorem

b Pythagoras
Approx 569{475BC



(3:;4,;5)
(5;12;13)
(7 ;24;25)
(9,;40;41)
(11;60;61)
(13 ;84;85)
(15;8;17)
(21 ;20; 29)
(33 ;56; 65)
(35;12; 37)
(39 ;80; 89)
(45 ; 28;53)
(55 ;48;73)
(63 ;16;65)
(65 ;72;97)
(77 ;36 85)

Pythagorean Triples

Triples of integers a;b; c such that

a’+ b? = c?




Enumerating Pythagorean Triples

(XY) Slope = t = y
TN / P X +1
1 t2
X =
( 1;0) 1+ t2
2t
Y = 17 g2
If t= L, then a=s? r2 Db=2rs: c= s2+ r?

Is a Pythagorean triple, and all primitive unordered triple S arise in this way.



Elliptic Curves over the Rational

Numbers Q

An elliptic curve  Is a nonsingular plane cu-
bic curve with a rational point (possibly \at

In nity").
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/ EXAMPLES
/ y+y=x3 x
X X3 + y3 = Z3 (projective)
yZ= x3+ ax+ b
— 3x3+4y3+52723 -0
\\



The Secant Process
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The Tangent Process

New rational point from a single rational point.
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lterate the Tangent Process

(0;0)

1; 1)

2; 3)

21 56

25" 125

480106 332513754

4225 ' 274625 Fermat
53139223644814624290821 - 12282540069555885821741113162699381

1870098771536627436025 ’ 80871745605559864852893980186125
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The Group Operation
y (gPoint at in nity

/
/
/ ® o=
// ( 1,00 (0; 1)=(2 ;2
\ / X
) (
o\
\
The set of rational points
on E forms an abelian group.
\
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The First 150 Multiples of (0;0)

. y
3
2
1
0 908009 ..
LY ."
V|
\
1 “
ey [
-2
-3
-4
-5
2 1 0 1

(The bluer the point, the
bigger the multiple.)

Fact: The group E(Q) is innite
cylic, generated by (0O ;0).

In contrast, y2+ y= x> x2 has
only 5 rational points!

What is going on here?
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Mordell's Theorem

Theorem (Mordell). The group E(Q) of rational points on an
elliptic curve i1Is a  nitely generated abelian group , SO
E(Q=2" T;

with T = E(Q)y nite.

Mazur classi ed the possibilities for T. It is conjectured that r
can be arbitrary, but the biggest r ever found is (probably) 28
(by Noam Elkies).
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The Simplest Solution
Can Be Huge

Simplest solution to  y2 = x3 + 7823:

2263582143321421502100209233517777
143560497706190989485475151904 /721

X =

186398152584623305624837551485596770028144776655756
172009499810635335582100852593872/7950159777043481

(Found by Michael Stoll in 2002.)
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The Central Question

Given an elliptic curve,
what is its rank?
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Conjectures Proliferated
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ujt of this lecture is rather a special one. | want to de-
scribe some computations undertaken by myself and Swinnert on-
Dyer on EDSAC, by which we have calculated the zeta-functions
of certain elliptic curves. As a result of these computation S we
have found an analogue for an elliptic curve of the Tamagawa
number of an algebraic group; and conjectures have prolifer ated.
[...] though the associated theory is both abstract and tech nically
complicated, the objects about which I intend to talk are usu ally
simply de ned and often machine computable; experimentally

we have detected certain relations between dierent in-
variants , but we have been unable to approach proofs of these
relations, which must lie very deep." { Birch 1965
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Counting Solutions Modulo P
N (p) = # of solutions (mod P)

1
y2+ y:x3 X (mod 7) ®
® O @
‘ @
: N(7)=9
2 @
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The Error Term

Let
dp = p+1

Hasse proved that

N (p):
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Guess

If an elliptic curve E has positive rank, then perhaps N (p) is on
average larger than p, for many primes p. Thus maybe

v P
o x N(p) |

exactly when E has positive rank??

fe(x) = Oas x!1
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graphs, on a log scale,, of
m 681B: y2+ xy = x3+ x2 1154x 15345

(Shaf.-Tate group order 9)

33A: y2+ xy = x3+ x2 11x

37B: y2+ y= x5+ x2 23x 50

14A: y2+ xy + y= x3+4 x 6
11A; y2+ y= x3 x2 10x 20




Something Better: The L-Function

Theorem (Wiles et al., Hecke) The following function extends
uniguely to an analytic function (i.e., given by a power seri es

everywhere) on the whole complex plane:
0 1

Y 1
L(E;s) = @
p- 1 a pS+pp s

Note that formally,

e 7 1 Y p _ Y p
L(E; 1) = - s = =
- 1 @ Pp - tpp
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Real Graph of the L -Series of
y+ y=x3 X

A

Zero of order 1 at s = 1
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More Graphs of Elliptic Curve
L -functions
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The Birch and Swinnerton-Dyer
Conjecture

Conjecture: L(E;s)= c(s 1) +higher terms ; with ¢ 6 0 and

E(Q = Z" E(Q)tors-
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The Kolyvagin and Gross-Zagier
Theorem

Theorem: If the ordering of vanishing ord <=1 L(E;S) is 1,
then the conjecture is true for E.
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