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Chapter 1

Preface

In order to learn Calculus it's crucial for you to do all the assignedproblems and then
some. When I was a student and started doing well in math (instead of poorly!), the
key di®erencewas that I started doing an insanenumber of problems (e.g., every single
problem in the book). Push yourself to the limit!

1.1 Computers

I think the best way to use a computer in learning Calculus is as a sort of solutions
manual, but better. Do a problem ¯rst by hand. Then verify correctnessof your
solution. This is way better than what you get by using a solutions manual!

² You can try similar problems(not in the homework) and alsoverify your answers.
This is like playing solitaire, but is much more creative.

² You can verify key steps of what you did by hand using the computer. E.g., if
you're confusedabout oneof part of your approach to computing an integral, you
can comparewhat you get with the computer. Solution manuals either give you
only the solution or a particular sequenceof stepsto get there, which might have
little to do with the brillian tly original strategy you invented.

For this course its most useful to have a program that does symbolic integration.
I recommend maxima, which is a fairly simple completely free and open source
program written (initially) in the 1960sat MIT. Download it for free from

http://maxima.sourceforge.net

It's not insanely powerful, but it'll instantly do (something with) prett y much any
integral in this class, and a lot more. Plus if you know lisp you can read the source
code. (You could also buy Maple or Mathematica, or usea TI-89 calculator.)

Here are somemaxima examples:

(%i2) integrate(x^2 + 1 + 1/(x^2+1), x);
3

x
(%o2) atan(x) + -- + x

3
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6 CHAPTER 1. PREFACE

(%i3) integrate(sqrt(5/x), x);
(%o3) 2 sqrt(5) sqrt(x)

(%i4) integrate(sin(2*x)/sin(x), x);
(%o4) 2 sin(x)

(%i5) integrate(sin(2*x)/sin(x), x, 0, %pi);
(%o5) 0

(%i6) integrate(sin(2*x)/sin(x), x, 0, %pi/2);
(%o6) 2



Chapter 2

De¯nite and Inde¯nite
In tegrals

2.1 The De¯nite In tegral

2.1.1 The de¯nition of area under curv e

Let f be a continuous function on interval [a; b]. Divide [a;b] into n subintervals of
length ¢ x = (b ¡ a)=n. Choose (sample) points x¤

i in i th interval, for each i . The
(signed) area betweenthe graph of f and the x axis is approximately

An » f (x¤
1)¢ x + ¢¢¢+ f (x¤

n )¢ x

=
nX

i =1

f (x¤
i )¢ x:

(The
P

is notation to make it easierto write down and think about the sum.)

De¯nition 2.1.1 (Signed Area). The (signed) area between the graph of f and the
x axis betweena and b is

lim
n !1

Ã
nX

i =1

f (x¤
i )¢ x

!

(Note that ¢ x = (b¡ a)=n dependson n.)

It is a theorem that the area exists and doesn't depend on the choice of x¤
i .

2.1.2 Relation between velocit y and area

Supposeyou're reading a car magazineand there is an article about a new sports car
that has this table in it:

Time (seconds) 0 1 2 3 4 5 6
Speed(mph) 0 5 15 25 40 50 60

They claim the car drove 1=8th of a mile after 6 seconds,but this just \feels" wrong...
Hmmm... Let's estimate the distance driven using the formula

distance = rate £ time:

7



8 CHAPTER 2. DEFINITE AND INDEFINITE INTEGRALS

Weoverestimateby assumingthe velocity is a constant equalto the max on each interval:

estimate = 5 ¢1 + 15¢1 + 25¢1 + 40¢1 + 50¢1 + 60¢1 =
195
3600

miles = 0:054:::

(Note: there are3600secondsin an hour.) But 1=8 » 0:125,sothe article is inconsistent.
(Doesn't this sort of thing just bug you? By learning calculus you'll be able to double-
check things like this much more easily.)

Insigh t! The formula for the estimate of distance traveled above looks exactly like
an approximation for the area under the graph of the speed of the car! In fact, if an
object has velocity v(t) at time t, then the net changein position from time a to b is

Z b

a
v(t)dt:

We'll comeback to this observation frequently .

2.1.3 De¯nition of In tegral

Let f be a continuous function on the interval [a; b]. The de¯nite integral is just the
signedarea betweenthe graph of f and the x axis:

De¯nition 2.1.2 (De¯nite In tegral). The de¯nite integral of f (x) from a to b is

Z b

a
f (x)dx = lim

n !1

Ã
nX

i =1

f (x¤
i )¢ x

!

:

Properties of Integration:

²
Rb

a f (x)dx = ¡
Ra

b f (x)dx

²
Rb

a c1f 1(x) + c2f 2(x)dx = c1
Rb

a f 1(x) + c2
Rb

a f 2(x)dx: (linearit y)

² If f (x) ¸ g(x) on for all x 2 [a;b], then
Rb

a f (x)dx ¸
Rb

a g(x)dx.

There are many other properties.

2.1.4 The Fundamen tal Theorem of Calculus

Let f be a continuous function on the interval [a; b]. The following theorem is incredibly
useful in mathematics, physics, biology, etc.

Theorem 2.1.3. If F (x) is any di®erentiable function on [a;b] suchthat F 0(x) = f (x),
then Z b

a
f (x)dx = F (b) ¡ F (a):

One reasonthis is amazing, is becauseit says that the areaunder the entire curve is
completely determined by the valuesof a (\magic") auxiliary function at only 2 points.
It's hard to believe. It reducescomputing (2.1.2) to ¯nding a single function F , which
one can often do algebraically, in practice.Whether or not one should usethis theorem
to evaluate an integral depends a lot on the application at hand, of course. One can
also usea partial limit via a computer for certain applications (numerical integration).
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Example 2.1.4. I'v e always wonderedexactly what the area is under a \h ump" of the
graph of sin. Let's ¯gure it out, using F (x) = ¡ cos(x).

Z ¼

0
sin(x)dx = ¡ cos(¼) ¡ (¡ cos(0)) = ¡ (¡ 1) ¡ (¡ 1) = 2:

But doessuch an F always exist? The surprising answer is \y es".

Theorem 2.1.5. Let F (x) =
Rt

a f (t)dt. Then F 0(x) = f (x) for all x 2 [a;b].

Note that a \nice formula" for F can be hard to ¯nd or even provably non-existent.
The proof of Theorem 2.1.5 is somewhatcomplicated but is given in completedetail

in Stewart's book, and you should de¯nitely read and understand it.

Sketchof Proof. We usethe de¯nition of derivative.

F 0(x) = lim
h! 0

F (x + h) ¡ F (x)
h

= lim
h! 0

ÃZ x + h

a
f (t)dt ¡

Z x

a
f (t)dt

!

=h

= lim
h! 0

ÃZ x + h

x
f (t)dt

!

=h

Intuitiv ely, for h su±ciently small f is essentially constant, so
Rx + h

x f (t)dt » hf (x) (this
can be made preciseusing the extreme value theorem). Thus

lim
h! 0

ÃZ x + h

x
f (t)dt

!

=h = f (x);

which provesthe theorem.

2.2 Inde¯nite In tegrals and Change

(William Stein, Math 20b, Win ter 2006)

Homework: Do the following by Tuesday, January 17.
* Section 5.3: 13, 37, 55, 67
* Section 5.4: 2, 9, 13, 27, 33, 39, 45, 47, 51, 53
* Section 5.5: 11, 23, 31, 37, 41, 55, 57, 63, 65, 75, 79
The ¯rst quiz will be on Friday, Jan 20 and will consist of two problems from this homework.
Ace the ¯rst quiz!

2.2.1 Inde¯nite In tegrals

The notation
R

f (x)dx = F (x) means that F 0(x) = f (x) on some(usually speci¯ed)
domain of de¯nition of f (x).
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De¯nition 2.2.1 (An ti-deriv ativ e). We call F (x) an anti-derivative of f (x).

Prop osition 2.2.2. Suppose f is a continuous function on an interval (a;b). Then
any two antiderivatives di®er by a constant.

Proof. If F1(x) and F2(x) are both antiderivativesof a function f (x), then

(F1(x) ¡ F2(x))0 = F 0
1(x) ¡ F 0

2(x) = f (x) ¡ f (x) = 0:

Thus F1(x) ¡ F2(x) = c from someconstant c (sinceonly constant functions have slope 0
everywhere). Thus F1(x) = F2(x) + c as claimed.

We thus often write Z
f (x)dx = F (x) + c;

where c is an (unspeci¯ed ¯xed) constant.
Note that the proposition need not be true if f is not de¯ned on a whole interval.

For example, f (x) = 1=x is not de¯ned at 0. For any pair of constants c1, c2, the
function

F (x) =

(
ln(jxj) + c1 x < 0;
ln(x) + c2 x > 0;

satis¯es F 0(x) = f (x) for all x 6= 0. We often still just write
R

1=x = ln(jxj) + c anyways,
meaningthat this formula is supposedto hold only on oneof the intervals on which 1=x
is de¯ned (e.g., on (¡1 ; 0) or (0; 1 )).

We pauseto emphasizethe notation di®erencebetweende¯nite and inde¯nite inte-
gration.

Z b

a
f (x)dx = a speci¯c number

Z
f (x)dx = a (family of) functions

One of the main goals of this courseis to help you to get really good at computingR
f (x)dx for various functions f (x). It is useful to memorizea table of examples(see,

e.g.,page406of Stewart), sinceoften the tric k to integration is to relate a given integral
to a known one. Integration is like solving a puzzleor playing a game,and often you win
by moving into a position where you know how to defeat your opponent, e.g., relating
your integral to integrals that you already know how to do. If you know how to do
a basic collection of integrals, it will be easier for you to seehow to get to a known
integral from an unknown one.

Whenever you successfullycompute F (x) =
R

f (x)dx, then you've constructed a

mathematical gadgetthat allows you to very quickly compute
Rb

a f (x)dx for any a;b (in
the interval of de¯nition of f (x)). The gadget is F (b) ¡ F (a). This is really powerful.

2.2.2 Examples

Example 2.2.3.
Z

x2 + 1 +
1

x2 + 1
dx =

Z
x2dx +

Z
1dx +

Z
1

x2 + 1
dx

=
1
3

x2 + x + tan¡ 1(x) + c:
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Example 2.2.4.
Z r

5
x

dx =
Z p

5x ¡ 1=2dx = 2
p

5x1=2 + c:

Example 2.2.5.
Z

sin(2x)
sin(x)

dx =
Z

2sin(x) cos(x)
sin(x)

=
Z

2cos(x) = 2sin(x) + c

2.2.3 Physical In tuition

In the previous lecture we mentioned a relation between velocity, distance, and the
meaning of integration, which gave you a physical way of thinking about integration.
In this section we generalizeour previous observation.

The following is a restatement of the fundamental theorem of calculus:

Theorem 2.2.6 (Net Change Theorem). The de¯nite integral of the rate of change
F 0(x) of somequantity F (x) is the net changein that quantity:

Z b

a
F 0(x)dx = F (b) ¡ F (a):

For example, if p(t) is the population of students at UCSD at time t, then p0(t) is
the rate of change. Lately p0(t) has beenpositive sincep(t) is growing (rapidly!). The
net changeinterpretation of integration is that

Z t 2

t 1

p0(t)dt = p(t2) ¡ p(t1) = changein number of students from time t1 to t2:

Another very common example you'll seenin problems involves water °ow into or
out of something. If the volume of water in your bathtub is V (t) gallons at time t (in
seconds),then the rate at which your tub is draining is V 0(t) gallons per second.If you
have the geekiestdrain imaginable, it prints out the drainage rate V 0(t). You can use
that printout to determine how much water drained out from time t1 to t2:

Z t 2

t 1

V 0(t)dt = water that drained out from time t1 to t2

Someproblems will try to confuseyou with di®erent notions of change. A standard
example is that if a car has velocity v(t), and you drive forward, then slam it in reverse
and drive backward to whereyou start (say 10 secondstotal elapse),then v(t) is positive
some of the time and negative some of the time. The integral

R10
0 v(t)dt is not the

total distance registered on your odometer, since v(t) is partly positive and partly
negative. If you want to expresshow far you actually drove going back and forth,
compute

R10
0 jv(t)jdt. The following exampleemphasizesthis distinction:

Example 2.2.7. An ancient dragon is pacing on the cli®s in Del Mar, and hasvelocity
v(t) = t2 ¡ 2t ¡ 8. Find (1) the displacement of the dragon from time t = 1 until time
t = 6 (i.e., how far the dragon is at time 6 from where it was at time 1), and (2) the
total distance the dragon paced from time t = 1 to t = 6.

For (1), we compute

Z 6

1
(t2 ¡ 2t ¡ 8)dt =

·
1
3

t3 ¡ t2 ¡ 8t
¸ 6

1
= ¡

10
3

:
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For (2), we compute the integral of jv(t)j:
Z 6

1
jt2 ¡ 2t ¡ 8jdt =

·
¡

µ
1
3

t3 ¡ t2 ¡ 8t
¶¸ 4

1
+

·
1
3

t3 ¡ t2 ¡ 8t
¸ 6

4
= 18+

44
3

=
98
3

:

2.3 Substitution and Symmetry

Homework reminder.
Quiz reminder: Friday, Jan 20 (Ace the ¯rst quiz! ).
O±ce Hours: Tue 11-1.
Monday is a holiday!
Wednesday { areasbetween curves and volumes
First midterm: Wed Feb 1 at 7pm (review lecture during day!)
Quick 5 minute discussion of computers and Maxima.
Quiz format: one question on front; one on back.

Remarks:

1. The total distance traveled is
Rt 2

t 1
jv(t)jdt since jv(t)j is the rate of change of F (t) =

distance traveled (your speedometerdisplays the rate of change of your odometer).

2. How to compute
Rb

a jf (x)jdx.

(a) Find the zeros of f (x) on [a; b], and use these to break the interval up into subin-
tervals on which f (x) is always ¸ 0 or always · 0.

(b) On the intervals where f (x) ¸ 0, compute the integral of f , and on the intervals
where f (x) · 0, compute the integral of ¡ f .

(c) The sum of the above integrals on intervals is
R

jf (x)jdx.

This section is primarly about a powerful technique for computing de¯nite and
inde¯nite integrals.

2.3.1 The Substitution Rule

In ¯rst quarter calculus you learned numerous methods for computing derivatives of
functions. For example, the power rule assertsthat

(xa)0 = a ¢xa¡ 1:

We can turn this into a way to compute certain integrals:
Z

xadx =
1

a + 1
xa+1 if a 6= ¡ 1:

Just as with the power rule, many other rules and results that you already know
yield techniquesfor integration. In generalintegration is potentially much tric kier than
di®erentiation, becauseit is often not obvious which technique to use, or even how to
useit. Integration is a more exciting than di®erentiation!

Recall the chain rule, which assertsthat

d
dx

f (g(x)) = f 0(g(x))g0(x):

We turn this into a technique for integration as follows:
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Prop osition 2.3.1 (Substitution Rule). Let u = g(x), we have

Z
f (g(x))g0(x)dx =

Z
f (u)du;

assumingthat g(x) is a function that is di®erentiable and whoserangeis an interval on
which f is continuous.

Proof. Sincef is continuouson the rangeof g, Theorem 2.1.5(the fundamental theorem
of Calculus) implies that there is a function F such that F 0 = f . Then

Z
f (g(x))g0(x)dx =

Z
F 0(g(x))g0(x)dx

=
Z µ

d
dx

F (g(x))
¶

dx

= F (g(x)) + C

= F (u) + C =
Z

F 0(u)du =
Z

f (u)du:

If u = g(x) then du = g0(x)dx, and the substitution rule simply says if you let
u = g(x) formally in the integral everywhere,what you naturally would hope to be true
basedon the notation actually is true. The substitution rule illustrates how the notation
Leibniz invented for Calculus is incredibly bril liant . It is said that Leibniz would often
spend days just trying to ¯nd the right notation for a concept. He succeeded.

As with all of Calculus, the best way to start to get your headaround a new concept
is to seeseverally clearly worked out examples. (And the best way to actually be able to
usethe new idea is to do lots of problemsyourself!) In this sectionwe present examples
that illustrate how to apply the substituion rule to compute inde¯nite integrals.

Example 2.3.2. Z
x2(x3 + 5)9dx

Let u = x3 + 5. Then du = 3x2dx, hencedx = du=(3x2). Now substitute it all in:

Z
x2(x3 + 5)9dx =

Z
1
3

u9 =
1
30

u10 =
1
30

(x3 + 5)10:

There's no point in expanding this out: \only simplify for a purpose!"

Example 2.3.3. Z
ex

1 + ex dx

Substitute u = 1 + ex . Then du = ex dx, and the integral above becomes
Z

du
u

= ln juj = ln j1 + ex j = ln(1 + ex ):

Note that the absolute valuesare not needed,since1 + ex > 0 for all x.
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Example 2.3.4. Z
x2

p
1 ¡ x

dx

Keeping in mind the power rule, we make the substitution u = 1 ¡ x. Then du = ¡ dx.
Noting that x = 1 ¡ u by solving for x in u = 1 ¡ x, we seethat the above integral
becomes

Z
¡

(1 ¡ u)2
p

u
du = ¡

Z
1 ¡ 2u + u2

u1=2
du

= ¡
Z

u¡ 1=2 ¡ 2u1=2 + u3=2du

= ¡
µ

2u1=2 ¡
4
3

u3=2 +
2
5

u5=2
¶

= ¡ 2(1 ¡ x)1=2 +
4
3

(1 ¡ x)3=2 ¡
2
5

(1 ¡ x)5=2:

2.3.2 The Substitution Rule for De¯nite In tegrals

Prop osition 2.3.5 (Substitution Rule for De¯nite In tegrals). We have

Z b

a
f (g(x))g0(x)dx =

Z g(b)

g(a)
f (u)du;

assumingthat u = g(x) is a function that is di®erentiableand whoserangeis an interval
on which f is continuous.

Proof. If F 0 = f , then by the chain rule, F (g(x)) is an antiderivative of f (g(x))g0(x).
Thus

Z b

a
f (g(x))g0(x)dx =

h
F (g(x))

i b

a
= F (g(b)) ¡ F (g(a)) =

Z g(b)

g(a)
f (u)du:

Example 2.3.6.
Z p

¼

0
x cos(x2)dx

We let u = x2, so du = 2xdx and xdx = 1
2 du and the integral becomes

1
2

¢
Z (

p
¼)2

(0) 2
cos(u)du =

1
2

¢[sin(u)]¼
0 =

1
2

¢(0 ¡ 0) = 0:

2.3.3 Symmetry

An odd function is a function f (x) such that f (¡ x) = ¡ f (x), and an evenfunction one
for which f (¡ x) = f (x). If f is an odd function, then for any a,

Z a

¡ a
f (x)dx = 0:
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If f is an even function, then for any a,
Z a

¡ a
f (x)dx = 2

Z a

0
f (x)dx:

Both statements are clear if we view integrals as computing the signed area between
the graph of f (x) and the x-axis.

Example 2.3.7.
Z 1

¡ 1
x2dx = 2

Z 1

0
x2dx = 2

·
1
3

x3
¸ 1

0
=

2
3

:
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Chapter 3

Applications to Areas,
Volume, and Av erages

3.1 Using In tegration to Determine Areas Bet ween
Curv es

Today is 2006-01-18.
Quiz reminder: Friday, Jan 20 (describe format)
How was your weekend?
Mine was great|I wrote open source math software nonstop for days on end!

This section is about how to compute the area of fairly generalregionsin the plane.
Regionsare often described as the area enclosedby the graphs of several curves. (\My
land is the plot enclosedby that river, that fence,and the highway.")

Recall that the integral
Rb

a f (x)dx has a geometric interpretation as the signedarea
between the graph of f (x) and the x-axis. We de¯ned area by subdividing, adding up
approximate areas(use points in the intervals) as Riemann sum, and taking the limit.
Thus we de¯ned areaasa limit of Riemann sums. The fundamental theorem of calculus
assertsthat we can compute areasexactly when we can ¯nding antiderivatives.

Instead of consideringthe areabetweenthe graph of f (x) and the x-axis, we consider
more generally two graphs, y = f (x), y = g(x), and assumefor simplicit y that f (x) ¸
g(x) on an interval [a; b]. Again, we approximate the area between these two curvesas
before using Riemann sums. Each approximating rectangle has width (b ¡ a)=n and
height f (x) ¡ g(x), so

Area bounded by graphs»
X

[f (x i ) ¡ g(x i )]¢ x:

Note that f (x) ¡ g(x) ¸ 0, so the area is nonnegative. From the de¯nition of integral
we seethat the exact area is

Area bounded by graphs =
Z b

a
(f (x) ¡ g(x))dx: (3.1.1)

Why did we make a big deal about approximations instead of just writing down
(3.1.1)? Becausehaving a senseof how this area comesdirectly from a Riemann sum is

17
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very important. But, what is the point of the Riemann sum if all we're going to do is
write down the integral? The sum embodiesthe geometricmanifestation of the integral.
If you have this picture in your mind, then the Riemann sum has done its job. If you
understand this, you're more likely to know what integral to write down; if you don't,
then you might not.

Remark 3.1.1. By the linearit y property of integration, our sought for area is the
di®erence Z b

a
f (x)dx ¡

Z b

a
g(x)dx;

of two signedareas.

3.1.1 Examples

Example 3.1.2. Find the area enclosedby y = x + 1, y = 9 ¡ x2, x = ¡ 1, x = 2.

 0

 1

 2

 3

 4

 5

 6

 7

 8

 9

-1 -0.5  0  0.5  1  1.5  2

x+1
9-x**2

Figure 3.1.1: What is the enclosedarea?

Area =
Z 2

¡ 1

h
(9 ¡ x2) ¡ (x + 1)

i
dx

We have reducedthe problem to a computation:

Z 2

¡ 1
[(9 ¡ x2) ¡ (x + 1)]dx =

Z 2

¡ 1
(8 ¡ x ¡ x2)dx =

·
8x ¡

1
2

x2 ¡
1
3

x3
¸ 2

¡ 1
=

39
2

:

The above example illustrates the simplest case. In practice more interesting situ-
ations often arise. The next example illustrates ¯nding the boundary points a;b when
they are not explicitly given.

Example 3.1.3. Find area enclosedby the two parabolas y = 12¡ x2 and y = x2 ¡ 6.
Problem: We didn't tell you what the boundary points a;b are. We have to ¯gure

that out. How? We must ¯nd exactly where the two curvesintersect, by setting the two
curvesequal and ¯nding the solution. We have

x2 ¡ 6 = 12¡ x2;
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-15

-10

-5

 0

 5

 10

 15

 20

-4 -2  0  2  4

12-x**2
x**2-6

Figure 3.1.2: What is the enclosedarea?

so 0 = 2x2 ¡ 18 = 2(x2 ¡ 9) = 2(x ¡ 3)(x + 3), hencethe intersect points are at a = ¡ 3
and b = 3. We thus ¯nd the area by computing

Z 3

¡ 3

£
12¡ x2 ¡ (x2 ¡ 6)

¤
dx =

Z 3

¡ 3
(18 ¡ 2x2)dx = 4

Z 3

0
(9 ¡ x2)dx = 4 ¢18 = 72:

Example 3.1.4. A common way in which you might be tested to see if you really
understandwhat is goingon, is to beasked to ¯nd the areabetweentwo graphsx = f (y)
and x = g(y). If the two graphs are vertical, subtract o®the right-most curve. Or, just
\switc h x and y" everywhere (i.e., re°ect about y = x). The area is unchanged.

Example 3.1.5. Find the area (not signed area!) enclosedby y = sin(¼x), y = x2 ¡ x,
and x = 2.

-1

-0.5

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

-0.5  0  0.5  1  1.5  2  2.5

sin(pi*x)
x**2-x

0

Figure 3.1.3: Find the area

Write x2 ¡ x = (x ¡ 1=2)2 ¡ 1=4, so that we can obtain the graph of the parabola
by shifting the standard graph. The area comesin two pieces,and the upper and lower
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curve switch in the middle. Technically, what we're doing is integrating the absolute
value of the di®erence.The area is

Z 1

0
sin(¼x) ¡ (x2 ¡ x)dx ¡

Z 2

1
(x2 ¡ x) ¡ sin(¼x)dx =

4
¼

+ 1

Something to take away from this is that in order to solve this sort of problem, you
needsomefacilit y with graphing functions. If you aren't comfortable with this, review.

3.2 Computing Volumes of Surfaces of Revolution

Everybody knows that the voluem of a solid box is

volume = length £ width £ height :

More generally, the volume of cylinder is V = ¼r 2h (crosssectional area times height).
Even more generally, if the base of a prism has area A, the volume of the prism is
V = Ah.

But what if our solid object looks like a complicated blob? How would we compute
the volume? We'll do something that by now should seemfamiliar, which is to chop the
object into small piecesand take the limit of approximations.

[[Picture of solid sliced vertically into a bunch of vertical thin solid discs.]]
Assumethat we have a function

A(x) = crosssectional area at x:

The volume of our potentially complicated blob is approximately
P

A(x i )¢ x. Thus

volume of blob = lim
n !1

nX

i =1

A(x i )¢ x

=
Z b

a
A(x)dx

Example 3.2.1. Find the volume of the pyramid with height H and squarebasewith
sidesof length L .

For convenience look at pyramid on its side, with the tip of the pyramid at the
origin. We needto ¯gure out the crosssectional area as a function of x, for 0 · x · H .
The function that gives the distance s(x) from the x axis to the edge is a line, with
s(0) = 0 and s(H ) = L=2. The equation of this line is thus s(x) = L

2H x. Thus the cross
sectional area is

A(x) = (2s(x)) 2 =
x2L 2

H 2 :

The volume is then
Z H

0
A(x)dx =

Z H

0

x2L 2

H 2 dx =
·

x3L 2

3H 2

¸ H

0
=

H 3L 2

3H 2 =
1
3

H L 2:

Today: Quiz!
Next: Polar coordinates, etc.
Questions:?
Recall: Find volume by integrating crosssection of area. (draw picture)
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Figure 3.2.1: How Big is Pharaoh's Place?

Example 3.2.2. Find the volume of the solid obtained by rotating the following region
about the x axis: the region enclosedby y = x2 and y = x3 betweenx = 0 and x = 1.

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

x**2
x**3

0

Figure 3.2.2: Find the volume of the °ower pot

The crosssection is a \w asher", and the area as a function of x is

A(x) = ¼(r o(x)2 ¡ r i (x)2) = ¼(x4 ¡ x6):

The volume is thus
Z 1

0
A(x)dx =

Z 1

0

µ
1
5

x5 ¡
1
7

x7
¶

dx = ¼
·

1
5

x5 ¡
1
7

x7
¸ 1

0
=

2
35

¼:

Example 3.2.3. One of the most important examplesof a volume is the volume V of
a sphereof radius r . Let's ¯nd it! We'll just compute the volume of a half and multiply
by 2. The crosssectional area is
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-1

-0.5

 0

 0.5

 1

 0  0.2  0.4  0.6  0.8  1

sqrt(1-x**2)
-sqrt(1-x**2)

0

Figure 3.2.3: Crosssection of a half of spherewith radius 1

A(x) = ¼r (x)2 = ¼(
p

r 2 ¡ x2)2 = ¼(r 2 ¡ x2):

Then
1
2

V =
Z r

0
¼(r 2 ¡ x2)dx = ¼

·
r 2x ¡

1
3

x3
¸ r

0
= ¼r 3 ¡

1
3

¼r 3 =
2
3

¼r 3:

Thus V = (4=3)¼r 3.

Example 3.2.4. Find volume of intersection of two spheresof radius r , where the
center of each spherelies on the edgeof the other sphere.

From the picture we seethat the answer is

2
Z r

r =2
A(x);

where A(x) is exactly as in Example 3.2.3. We have

2
Z r

r =2
¼(r 2 ¡ x2)dx =

5
12

¼r 3:

3.3 Av erage Values

Quiz Answers: (1) 29, (2) 1
2 ln

¯
¯x2 + 1

¯
¯ + tan ¡ 1(x)

Exam 1: Wednesday, Feb 1, 7:00pm{7:50pm, here.
Today: x6.5 { AverageValues
Today: x10.3 { Polar coords
NEXT: x10.4 {Areas in Polar coords

Why did we skip from x6.5 to x10.3? Later we'll go back and look at trig functions and complex
exponentials; these ideas will ¯t together more than you might expect. We'll go back to x7.1
on Feb 3.
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In this section we use Riemann sums to extend the familiar notion of an average,
which provides yet another physical interpretation of integration.

Recall: Supposey1; : : : ; yn are the amount of rain each day in La Jolla, since you
moved here. The averagerainful per day is

yavg =
y1 + ¢¢¢+ yn

n
=

1
n

nX

i =1

yi :

De¯nition 3.3.1 (Av erage Value of Function). Supposef is a continuous function
on an interval [a; b]. The averagevalue of f on [a;b] is

f avg =
1

b¡ a

Z b

a
f (x)dx:

Motiv ation: If we samplef at n points x i , then

f avg »
1
n

nX

i =1

f (x i ) =
(b¡ a)

n(b¡ a)

nX

i =1

f (x i ) =
1

(b¡ a)

nX

i =1

f (x i )¢ x;

since¢ x =
b¡ a

n
. This is a Riemann sum!

1
(b¡ a)

lim
n !1

nX

i =1

f (x i )¢ x =
1

(b¡ a)

Z b

a
f (x)dx:

This explains why we de¯ned f avg as above.

Example 3.3.2. What is the averagevalue of sin(x) on the interval [0; ¼]?

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  0.5  1  1.5  2  2.5  3

sin(x)
2/pi

Figure 3.3.1: What is the averagevalue of sin(x)?

1
¼¡ 0

Z ¼

0
sin(x)dx =

1
¼¡ 0

h
¡ cos(x)

i ¼

0

=
1
¼

h
¡ (¡ 1) ¡ (¡ 1)

i ¼

0
=

2
¼
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Observation: If you multiply both sidesby (b¡ a) in De¯nition 3.3.1, you seethat
the average value times the length of the interval is the area, i.e., the average value
givesyou a rectanglewith the sameareaas the areaunder your function. In particular,
in Figure 3.3.1 the area between the x-axis and sin(x) is exactly the sameas the area
betweenthe horizontal line of height 2=¼and the x-axis.

Example 3.3.3. What is the averagevalue of sin(2x)e1¡ cos(2x ) on the interval [¡ ¼; ¼]?

-4

-3

-2

-1

 0

 1

 2

 3

 4

-3 -2 -1  0  1  2  3

sin(2*x)*exp(1-cos(2*x))
0

Figure 3.3.2: What is the averagevalue?

1
¼¡ (¡ ¼)

Z ¼

¡ ¼
sin(2x)e1¡ cos(2x ) dx = 0 (since the function is odd!)

Theorem 3.3.4 (Mean Value Theorem). Suppose f is a continuous function on
[a;b]. Then there is a number c in [a;b] such that f (c) = f avg .

This says that f assumesits averagevalue. It is a usedvery often in understanding
why certain statements are true. Notice that in Examples 3.3.2 and 3.3.3 it is just the
assertion that the graphs of the function and the horizontal line interesect.

Proof. Let F (x) =
Rx

a f (t)dt. Then F 0(x) = f (x). By the mean value theorem for
derivatives, there is c 2 [a;b] such that f (c) = F 0(c) = (F (b) ¡ F (a))=(b ¡ a): But by
the fundamental theorem of calculus,

f (c) =
F (b) ¡ F (a)

b¡ a
=

1
b¡ a

Z b

a
f (x)dx = f avg :



Chapter 4

Polar Coordinates and
Complex Num bers

4.1 Polar Coordinates

Rectangular coordinates allow us to describe a point (x; y) in the plane in a di®erent
way, namely

(x; y) $ (r; µ);

where r is any real number and µ is an angle.
Polar coordinates are extremely useful, especially when thinking about complex

numbers. Note, however, that the (r; µ) representation of a point is very non-unique.
First, µ is not determined by the point. You could add 2¼ to it and get the same

point:
³

2;
¼
4

´
=

µ
2;

9¼
4

¶
=

³
2;

¼
4

+ 389¢2¼
´

: =
µ

2;
¡ 7¼

4

¶

Also that r can be negative intro ducesfurther non-uniqueness:

³
1;

¼
2

´
=

µ
¡ 1;

3¼
2

¶
:

Think about this as follows: facing in the direction 3¼=2 and backing up 1 meter gets
you to the samepoint as looking in the direction ¼=2 and walking forward 1 meter.

We can convert back and forth betweencartesian and polar coordinates using that

x = r cos(µ) (4.1.1)

y = r sin(µ); (4.1.2)

and in the other direction

r 2 = x2 + y2 (4.1.3)

tan(µ) =
y
x

(4.1.4)

(Thus r = §
p

x2 + y2 and µ = tan¡ 1(y=x):)

Example 4.1.1. Sketch r = sin(µ), which is a circle sitting on top the x axis.
We plug in points for oneperiod of the function we are graphing|in this case[0; 2¼]:

25
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 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0.5  0.4  0.3  0.2  0.1  0  0.1  0.2  0.3  0.4  0.5

sin(t)

Figure 4.1.1: Graph of r = sin(µ).

0 sin(0) = 0
¼=6 sin(¼=6) = 1=2
¼=4 sin(¼=4) =

p
2

2
¼=2 sin(¼=2) = 1
3¼=4 sin(3¼=4) =

p
2

2
¼ sin(¼) = 0
¼+ ¼=6 sin(¼+ ¼=6) = ¡ 1=2

Notice it is nice to allow r to be negative, so we don't have to restrict the input. BUT
it is really painful to draw this graph by hand.

To more accurately draw the graph, let's try converting the equation to oneinvolving
polar coordinates. This is easierif we multiply both sidesby r :

r 2 = r sin(µ):

Note that the new equation has the extra solution (r = 0; µ = anything ), so we have to
be careful not to include this point. Now convert to cartesian coordinates using (4.1.1)
to obtain (4.1.3):

x2 + y2 = y: (4.1.5)

The graph of (4.1.5) is the sameas that of r = sin(µ). To con¯rm this we complete the
square:

x2 + y2 = y

x2 + y2 ¡ y = 0

x2 + (y ¡ 1=2)2 = 1=4

Thus the graph of (4.1.5) is a circle of radius 1=2 centered at (0; 1=2).

Actually any polar graph of the form r = asin(µ) + bcos(µ) is a circle, as you will
seein homework problem 67 by generalizingwhat we just did.
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4.2 Areas in Polar Coordinates

Exam 1 Wed Feb 1 7:00pm in Pepper Canyon 109 (not 106!! di®erent class there!)
O±ce hours: 2:45pm{4:15pm
Next: Complex numbers (appendix G); complex exponentials (supplement, which is freely
available online).
We will not do arc length.

People were most confused last time by plotting curves in polar coordinates. (1) it is tedious,
but easier if you do a few and know what they look lik e (just plot somepoints and see);there's
not much to it, except plug in values and seewhat you get, and (2) can sometimes convert to
a curve in (x; y) coordinates, which might be easier.
GOAL for today: Integration in the context of polar coordinates. Get much better at working
with polar coordinates!

Example 4.2.1. (From Stewart.) Find the areaenclosedby one leaf of the four-leaved
rose r = cos(2µ). To ¯nd the area using the methods we know so far, we would need

Figure 4.2.1: Graph of y = cos(2x) and r = cos(2µ)
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cos(2*x)

 1

 0.8

 0.6

 0.4

 0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 1  0.8  0.6  0.4  0.2  0  0.2  0.4  0.6  0.8  1

cos(2*t)

to ¯nd a function y = f (x) that gives the height of the leaf.
Multiplying both sidesof the equation r = cos(2µ) by r yields

r 2 = r cos(2µ) = r (cos2 µ ¡ sin2 µ) =
1
r

(( r cosµ)2 ¡ (r sinµ)2):

Becauser 2 = x2 + y2 and x = r cos(µ) and y = r sin(µ), we have

x2 + y2 =
1

p
x2 + y2

(x2 ¡ y2):

Solving for y is a crazy mess,and then integrating? It seemsimpossible!

But it isn't... if we remember the basic idea of calculus: subdivide and take a limit.
[[Draw a section of a curve r = f (µ) for µ in someinterval [a; b], and shadein the

area of the arc.]]

Remark 4.2.2. We will almost never talk about anglesin degrees|w e'll almost always
useradians.
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We know how to compute the area of a sector, i.e., piece of a circle with angle µ.
[[draw picture]]. This is the basic polar region. The area is

A = (fraction of the circle) ¢(area of circle) =
µ

µ
2¼

¶
¢¼r 2 =

1
2

r 2µ:

We now imitate what we did beforewith Riemann sums. We chop up, approximate,
and take a limit. Break the interval of anglesfrom a to b into n subintervals. Choose
µ¤

i in each interval. The area of each slice is approximately (1=2)f (µ¤
i )2µ2

i . Thus

A = Area of the shadedregion »
nX

i =1

1
2

f (µ¤
i )2¢( µ):

Taking the limit, we seethat

A = lim
n !1

nX

i =1

1
2

f (µ¤
i )2¢( µ) =

1
2

¢
Z b

a
f (µ)2dµ:

Amazing! By understanding the de¯nition of Riemann sum, we've derived a formula
for areasswept out by a polar graph. But does it work in practice? Let's revisit our
clover leaf.

4.2.1 Examples

Example 4.2.3. Find the areaenclosedby one leaf of the four-leaved roser = cos(2µ).
Solution: We needthe boundariesof integration. Start at µ = ¡ ¼=4 and go to µ = ¼=4.
As a check, note that cos((¡ ¼=4) ¢2) = 0 = cos((¼=4) ¢2): We evaluate

1
2

¢
Z ¼=4

¡ ¼=4
cos(2µ)2dµ =

Z ¼=4

0
cos(2µ)2dµ (even function)

=
1
2

Z ¼=4

0
(1 + cos(4µ))dµ

=
1
2

·
µ +

1
4

¢sin(4µ)
¸ ¼=4

0

=
¼
8

:

We usedthat

cos2(x) = (1 + cos(2x))=2 and sin2(x) = (1 ¡ sin(2x))=2; (4.2.1)

which follow from

cos(2x) = cos2(x) ¡ sin2(x) = 2cos2(x) ¡ 1 = 1 ¡ 2sin2(x):

Example 4.2.4. Find area of region inside the curve r = 3cos(µ) and outside the
cardiod curve r = 1 + cos(µ).
Solution: This is the sameas before. It's the di®erenceof two areas. Figure out the
limits, which are where the curves intersect, i.e., the µ such that

3cos(µ) = 1 + cos(µ):
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3*cos(t)
1+cos(t)

Figure 4.2.2: Graph of r = 3cos(µ) and r = 1 + cos(µ)

Solving, 2cos(µ) = 1, so cos(µ) = 1=2, henceµ = ¼=3 and µ = ¡ ¼=3. Thus the area is

A =
1
2

Z ¼=3

¡ ¼=3
(3 cos(µ))2 ¡ (1 + cos(µ))2dµ

=
Z ¼=3

0
(3 cos(µ))2 ¡ (1 + cos(µ))2dµ (even function)

=
Z ¼=3

0
(8 cos2(µ) ¡ 2cos(µ) ¡ 1)dµ

=
Z ¼=3

0

µ
8 ¢

1
2

(1 + cos(2µ)) ¡ 2cos(µ) ¡ 1
¶

dµ

=
Z ¼=3

0
3 + 4cos(2µ) ¡ 2cos(µ)dµ

=
h
3µ + 2sin(2µ) ¡ 2sin(µ)

i ¼=3

0

= ¼+ 2 ¢

r
3
2

¡ 2

r
3
2

¡ 0 ¡ 2 ¢0 ¡ 2 ¢0

= ¼

4.3 Complex Num bers

A complex number is an expressionof the form a + bi, where a and b are real numbers,
and i 2 = ¡ 1. We add and multiply complex numbers as follows:

(a + bi) + (c + di) = (a + c) + (b+ d)i

(a + bi) ¢(c + di) = (ac ¡ bd) + (ad + bc)i

The complex conjugate of a complex number is

a + bi = a ¡ bi:
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Note that
(a + bi)(a + bi) = a2 + b2

is a real number (has no complex part).
If c + di 6= 0, then

a + bi
c + di

=
(a + bi)(c ¡ di)

c2 + d2 =
1

c2 + d2 ((ac+ bd) + (bc¡ ad)i ):

Example 4.3.1. (1 ¡ 2i )(8 ¡ 3i ) = 2 ¡ 19i and 1=(1 + i ) = (1 ¡ i )=2 = 1=2 ¡ (1=2)i .

Complex numbersare incredibly useful in providing better ways to understand ideas
in calculus, and more generally in many applications (e.g., electrical engineering,quan-
tum mechanics, fractals, etc.). For example,

² Every polynomial f (x) factors as a product of linear factors (x ¡ ®), if we allow
the ®'s in the factorization to be complex numbers. For example,

f (x) = x2 + 1 = (x ¡ i )(x + i ):

This will provide an easier to use variant of the \partial fractions" integration
technique, which we will seelater.

² Complex numbers are in corresp ondence with points in the plane via (x; y) $
x + iy . Via this correspondencewe obtain a way to add and multiply points in the
plane.

² Similarly, points in polar coordinates correspond to complex numbers:

(r; µ) $ r (cos(µ) + i sin(µ)) :

² Complex numbers provide a very nice way to remember and understand trig
iden tities .

4.3.1 Polar Form

The polar form of a complex number x + iy is r (cos(µ) + i sin(µ)) where (r; µ) are any
choice of polar coordinates that represent the point (x; y) in rectangular coordinates.
Recall that you can ¯nd the polar form of a point using that

r =
p

x2 + y2 and µ = tan¡ 1(y=x):

NOTE: The \existence" of complex numbers wasn't generally accepteduntil people
got usedto a geometric interpretation of them.

Example 4.3.2. Find the polar form of 1 + i .
Solution. We have r =

p
2, so

1 + i =
p

2
µ

1
p

2
+

i
p

2

¶
=

p
2(cos(¼=4) + i sin(¼=4)) :

Example 4.3.3. Find the polar form of
p

3 ¡ i .
Solution. We have r =

p
3 + 1 = 2, so

p
3 ¡ i = 2

Ã p
3

2
+ i

¡ 1
2

!

= 2(cos(¡ ¼=6) + i sin(¡ ¼=6))

[[A picture is useful here.]]
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Finding the polar form of a complex number is exactly the sameproblem as ¯nding
polar coordinates of a point in rectangular coordinates. The only hard part is ¯guring
out what µ is.

If we write complex numbers in rectangular form, their sum is easyto compute:

(a + bi) + (c + di) = (a + c) + (b+ d)i

The beauty of polar coordinates is that if we write two complex numbers in polar form,
then their product is very easyto compute:

r 1(cos(µ1) + i sin(µ1)) ¢r 2(cos(µ2) + i sin(µ2)) = (r 1r 2)(cos(µ1 + µ2) + i sin(µ1 + µ2)) :

The magnitudesmultiply and the anglesadd. The above formula is true becauseof the
double angle identities for sin and cos(and it is how I remember those formulas!).

(cos(µ1) + i sin(µ1)) ¢(cos(µ2) + i sin(µ2))

= (cos(µ1) cos(µ2) ¡ sin(µ1) sin(µ2)) + i (sin(µ1) cos(µ2) + cos(µ1) sin(µ2)) :

For example, the power of a singular complex number in polar form is easy to
compute; just power the r and multiply the angle.

Theorem 4.3.4 (De Moivre's). For any integer n we have

(r (cos(µ) + i sin(µ))) n = r n (cos(nµ) + i sin(nµ)) :

Example 4.3.5. Compute (1 + i )2006 .
Solution. We have

(1 + i )2006 = (
p

2(cos(¼=4) + i sin(¼=4)))2006

=
p

2
2006

(cos(2006¼=4) + i sin(2006¼=4)))

= 21003 (cos(3¼=2) + i sin(3¼=2)))

= ¡ 21003 i

To get cos(2006¼=4) = cos(3¼=2) we use that 2006=4 = 501:5, so by periodicit y of
cosine,we have

cos(2006¼=4) = cos((501:5)¼¡ 250(2¼)) = cos(1:5¼) = cos(3¼=2):

EXAM 1: Wednesday 7:00-7:50pm in Pepper Canyon 109 (!)
Today: Supplement 1 (get online; also homework online)
Wednesday: Review
Bulletin board, online chat, directory, etc. { seemain course website.
Review day { I will prepare no LECTURE; instead I will answer questions.
Your job is to have your most urgent questions ready to go!
O±ce hours moved: NOT Tue 11-1 (since nobody ever comesthen and I'll be at a conference);
instead I'll be in my o±ce to answer questions WED 1:30-4pm, and after classon WED too.
O±ce: AP&M 5111
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Quick review:
Given a point (x; y) in the plane, we can also view it as x + iy or in polar form as r (cos(µ) +
i sin(µ)). Polar form is great since it's good for multiplication, powering, and for extracting
roots:

r 1(cos(µ1) + i sin(µ1)) r 2(cos(µ2) + i sin(µ2)) = (r 1r 2)(cos(µ1 + µ2) + i sin(µ1 + µ2)) :

(If you divide, you subtract the angle.) The point is that the polar form works better with
multiplication than the rectangular form.

Theorem 4.3.6 (De Moivre's). For any integer n we have

(r (cos(µ) + i sin(µ))) n = r n (cos(nµ) + i sin(nµ)) :

Sincewe know how to raise a complex number in polar form to the nth power, we
can ¯nd all numberswith a given power, hence¯nd the nth roots of a complex number.

Prop osition 4.3.7 (nth ro ots). A complex number z = r (cos(µ) + i sin(µ)) has n
distinct nth roots:

r 1=n
µ

cos
µ

µ + 2¼k
n

¶
+ i sin

µ
µ + 2¼k

n

¶¶
;

for k = 0; 1; : : : ; n ¡ 1. Here r 1=n is the real positive n-th root of r .

As a double-check, note that by De Moivre, each number listed in the proposition
has nth power equal to z.

An application of De Moivre is to computing sin(nµ) and cos(nµ) in terms of sin(µ)
and cos(µ). For example,

cos(3µ) + i sin(3µ) = (cos(µ) + i sin(µ)) 3

= (cos(µ)3 ¡ 3cos(µ) sin(µ)2) + i (3 cos(µ)2 sin(µ) ¡ sin(µ)3)

Equate real and imaginary parts to get formulas for cos(3µ) and sin(3µ). In the next
section we will discussgoing in the other direction, i.e., writing powers of sin and cos
in terms of sin and cosine.

Example 4.3.8. Find the cube roots of 2.
Solution. Write 2 in polar form as

2 = 2(cos(0) + i sin(0)) :

Then the three cube roots of 2 are

21=3(cos(2¼k=3) + i sin(2¼k=3));

for k = 0; 1; 2. I.e.,

21=3; 21=3(¡ 1=2 + i
p

3=2); 21=3(¡ 1=2 ¡ i
p

3=2):

4.4 Complex Exp onentials and Trig Iden tities

Recall that

r 1(cos(µ1) + i sin(µ1)) r 2(cos(µ2) + i sin(µ2)) = (r 1r 2)(cos(µ1 + µ2) + i sin(µ1 + µ2)) :
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The anglesadd. You've seensomething similar before:

eaeb = aa+ b:

This connection betweenexponentiation and (4.4) givesus an idea!
If z = x + iy is a complex number, de¯ne

ez = ex (cos(y) + i sin(y)) :

We have just written polar coordinates in another form. It's a shorthand for the polar
form of a complex number:

r (cos(µ) + i sin(µ)) = r eiµ :

Theorem 4.4.1. If z1, z2 are two complex numbers, then

ez1 ez2 = ez1 + z2

Proof.

ez1 ez2 = ea1 (cos(b1) + i sin(b1)) ¢ea2 (cos(b2) + i sin(b2))

= ea1 + a2 (cos(b1 + b2) + i sin(b1 + b2))

= ez1 + z2 :

Here we have just used(4.4).

The following theorem is amazing, since it involvescalculus.

Theorem 4.4.2. If w is a complex number, then

d
dx

ewx = wewx ;

for x real. In fact, this is even true for x a complex variable (but we haven't de¯ned
di®erentiation for complex variables yet).

Proof. Write w = a + bi.

d
dx

ewx =
d

dx
eax + bix

=
d

dx
(eax (cos(bx) + i sin(bx)))

=
d

dx
(eax cos(bx) + ieax sin(bx))

=
d

dx
(eax cos(bx)) + i

d
dx

(eax sin(bx))

Now we usethe product rule to get

d
dx

(eax cos(bx)) + i
d

dx
(eax sin(bx))

= aeax cos(bx) ¡ beax sin(bx) + i (aeax sin(bx) + beax cos(bx))

= eax (acos(bx) ¡ bsin(bx) + i (asin(bx) + bcos(bx))
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On the other hand,

wewx = (a + bi)eax + bxi

= (a + bi)eax (cos(bx) + i sin(bx))

= eax (a + bi)(cos(bx) + i sin(bx))

= eax ((acos(bx) ¡ bsin(bx)) + i (asin(bx)) + bcos(bx))

Wow!! We did it!

That Theorem 4.4.2 is true is prett y amazing. It's what really getscomplex analysis
going.

Example 4.4.3. Here's another fun fact: ei¼ + 1 = 0:
Solution. By de¯nition, have ei¼ = cos(¼) + i sin(¼) = ¡ 1 + i0 = ¡ 1.

4.4.1 Trigonometry and Complex Exp onentials

Amazingly, trig functions can also be expressedback in terms of the complex expo-
nential. Then everything involving trig functions can be transformed into something
involving the exponential function. This is very surprising.

In order to easily obtain trig identities like cos(x)2 + sin(x)2 = 1, let's write cos(x)
and sin(x) as complex exponentials. From the de¯nitions we have

eix = cos(x) + i sin(x);

so
e¡ ix = cos(¡ x) + i sin(¡ x) = cos(x) ¡ i sin(x):

Adding thesetwo equationsand dividing by 2 yields a formula for cos(x), and subtract-
ing and dividing by 2i givesa formula for sin(x):

cos(x) =
eix + e¡ ix

2
sin(x) =

eix ¡ e¡ ix

2i
:

We can now derive trig identities. For example,

sin(2x) =
ei 2x ¡ e¡ i 2x

2i

=
(eix ¡ e¡ ix )(eix + e¡ ix )

2i

= 2
eix ¡ e¡ ix

2i
eix + e¡ ix

2
= 2sin(x) cos(x):

I'm unimpressed,given that you can get this much more directly using

(cos(2x) + i sin(2x)) = (cos(x) + i sin(x)) 2 = cos2(x) ¡ sin2(x) + i2cos(x) sin(x);

and equating imaginary parts. But there are more interesting examples.
Next we verify that (4.4.1) implies that cos(x)2 + sin(x)2 = 1. We have

4(cos(x)2 + sin(x)2) =
¡
eix + e¡ ix ¢2

+
µ

eix ¡ e¡ ix

i

¶ 2

= e2ix + 2 + e¡ 2ix ¡ (e2ix ¡ 2 + e¡ 2ix ) = 4:

The equality just appearsas a follow-your-nosealgebraic calculation.
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Figure 4.4.1: What is sin(x)3?

Example 4.4.4. Compute sin(x)3 as a sum of sinesand cosineswith no powers.
Solution. We use(4.4.1):

sin(x)3 =
µ

eix ¡ e¡ ix

2i

¶ 3

=
µ

1
2i

¶ 3

(eix ¡ e¡ ix )3

=
µ

1
2i

¶ 3

(eix ¡ e¡ ix )(eix ¡ e¡ ix )(eix ¡ e¡ ix )

=
µ

1
2i

¶ 3

(eix ¡ e¡ ix )(e2ix ¡ 2 + e¡ 2ix )

=
µ

1
2i

¶ 3

(e3ix ¡ 2eix + e¡ ix ¡ eix + 2e¡ ix ¡ e¡ 3ix )

=
µ

1
2i

¶ 3

((e3ix ¡ e¡ 3ix ) ¡ 3(eix ¡ e¡ ix ))

= ¡
µ

1
4

¶ ·
e3ix ¡ e¡ 3ix

2i
¡ 3 ¢

eix ¡ e¡ ix

2i

¸

=
3sin(x) ¡ sin(3x)

4
:
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Chapter 5

In tegration Techniques

5.1 In tegration By Parts

Quiz next Friday
Today: 7.1: integration by parts
Next: 7.2: trigonometric integrals and supplement 2{functions with complex values
Exams: Average19.68 (out of 34).
Tetrahedron problem:

Z h

0

1
2

µ
¡

b
h

x + b
¶ ³

¡
a
h

x + a
´

dx = ¢¢¢=
abh
6

:

(The function that gives the base of the triangle cross section is a linear function that is b
at x = 0 and 0 at x = h, which allows you to easily determine it without thinking about
geometry.)

Di®eren tiation In tegration
Chain Rule Substitution
Product Rule Integration by Parts

The product rule is that

d
dx

[f (x)g(x)] = f (x)g0(x) + f 0(x)g(x):

Integrating both sidesleadsto a new fundamental technique for integration:

f (x)g(x) =
Z

f (x)g0(x)dx +
Z

g(x)f 0(x)dx: (5.1.1)

Now rewrite (5.1.1) as
Z

f (x)g0(x)dx = f (x)g(x) ¡
Z

g(x)f 0(x)dx:

Shorthand notation:

u = f (x) du = f 0(x)dx

v = g(x) dv = g0(x)dx

37
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Then have Z
udv = uv ¡

Z
vdu:

So what! But what's the big deal? Integration by parts is a fundamental
technique of integration. It is alsoa key step in the proof of many theoremsin calculus.

Example 5.1.1.
R

x cos(x)dx.

u = x v = sin(x)

du = dx dv = cos(x)dx

We get Z
x cos(x)dx = x sin(x) ¡

Z
sin(x)dx = x sin(x) + cos(x) + c:

\Did this do anything for us?" Indeed, it did.
Wait a minute|ho w did we know to pick u = x and v = sin(x)? We could have

picked them other way around and still written down true statements. Let's try that:

u = cos(x) v =
1
2

x2

du = ¡ sin(x)dx dv = xdx
Z

x cos(x)dx =
1
2

x cos(x) +
Z

1
2

x2 sin(x)dx:

Did this help!? NO. Integrating x2 sin(x) is harder than integrating x cos(x). This
formula is completely correct, but is hampered by being uselessin this case.So how do
you pick them?

Choosethe u so that when you di®erentiate it you get something simpler;
when you pick dv, try to choosesomething whoseantiderivative is simpler.

Sometimesyou have to try more than once. But with a good erasernodoby will know
that it took you two tries.

Question 5.1.2. If integration by parts once is good, then sometimes twice is even
better? Yes, in someexamples(seeExample 5.1.5). But in the above example,you just
undo what you did and basically end up where you started, or you get something even
worse.

Example 5.1.3. Compute
Z 1

2

0
sin¡ 1(x)dx: Two points:

1. It's a de¯nite integral.

2. There is only one function; would you think to do integration by parts? But it is
a product; it just doesn't look like it at ¯rst glance.

Your choice is made for you, since we'd be back where we started if we put dv =
sin¡ 1(x)dx.

u = sin¡ 1(x) v = x

du =
1

p
1 ¡ x2

dv = dx



5.1. INTEGRA TION BY PARTS 39

We get
Z 1

2

0
sin¡ 1(x)dx =

£
x sin¡ 1(x)

¤1
2

0 ¡
Z 1

2

0

x
p

1 ¡ x2
dx:

Now we usesubstitution with w = 1 ¡ x2, dw = ¡ 2xdx, hencexdx = ¡ 1
2 dw.

Z 1
2

0

x
p

1 ¡ x2
dx = ¡

1
2

Z
w¡ 1

2 dw = ¡ w
1
2 + c = ¡

p
1 ¡ x2 + c:

Hence
Z 1

2

0
sin¡ 1(x)dx =

£
x sin¡ 1(x)

¤1
2

0 +
hp

1 ¡ x2
i 1

2

0
=

¼
12

+

p
3

2
¡ 1

But shouldn't we changethe limits because we did a substitution? (No, since we com-
puted the inde¯nite integral and put it back; this time we did the other option.)

Is there another way to do this? I don't know. But for any integral, there might be
several di®erent techniques. If you can think of any other way to guessan antiderivative,
do it; you can always di®erentiate as a check.

Note: Integration by parts is tailored toward doing inde¯nite integrals.

Example 5.1.4. This example illustrates how to use integration by parts twice. We
compute Z

x2e¡ 2x dx

u = x2 v = ¡
1
2

e¡ 2x

du = 2xdx dv = e¡ 2x dx

We have Z
x2e¡ 2x dx = ¡

1
2

x2e¡ 2x +
Z

xe¡ 2x dx:

Did this help? It helped, but it did not ¯nish the integral o®. However, we can deal
with the remaining integral, again using integration by parts. If you do it twice, you
what to keep going in the same direction. Do not switch your choice, or you'll undo
what you just did.

u = x v = ¡
1
2

e¡ 2x

du = dx dv = e¡ 2x dx

Z
xe¡ 2x dx = ¡

1
2

xe¡ 2x +
1
2

Z
e¡ 2x dx = ¡

1
2

xe¡ 2x ¡
1
4

e¡ 2x + c:

Now putting this above, we have
Z

x2e¡ 2x dx = ¡
1
2

x2e¡ 2x ¡
1
2

xe¡ 2x ¡
1
4

e¡ 2x + c = ¡
1
4

e¡ 2x (2x2 + 2x + 1) + c:

Do you think you might have to do integration by parts three times? What if it
were

R
x3e¡ 2x dx? Grrr { you'd have to do it three times.
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Example 5.1.5. Compute
Z

ex cos(x)dx. Which should be u and which should be v?

Taking the derivativesof each type of function doesnot changethe type. As a practical
matter, it doesn't matter. Which would you prefer to ¯nd the antiderivative of? (Both
choiceswork, as long as you keepgoing in the samedirection when you do the second
step.)

u = cos(x) v = ex

du = ¡ sin(x)dx dv = ex dx

We get Z
ex cos(x)dx = ex cos(x) +

Z
ex sin(x)dx:

We have to do it again. This time we choose(going in the samedirection):

u = sin(x) v = ex

du = cos(x)dx dv = ex dx

We get Z
ex cos(x)dx = ex cos(x) + ex sin(x) ¡

Z
ex cos(x)dx:

Did we get anywhere? Yes! No! First impression: all this work, and we're back where
we started from! Yuck. Clearly we don't want to integrate by parts yet again. BUT.
Notice the minus sign in front of

R
ex cos(x)dx; You can add the integral to both sides

and get

2
Z

ex cos(dx) = ex cos(x) + ex sin(x) + c:

Hence Z
ex cos(dx) =

1
2

ex (cos(x) + sin(x)) + c:

5.2 Trigonometric In tegrals

Friday: Quiz 2
Next: Trig subst.

cos2(x) =
1 + cos(2x)

2
and sin2(x) =

1 ¡ sin(2x)
2

:

(5.2.1)

Example 5.2.1. Compute
R

sin3(x)dx.
We usetrig. identities and compute the integral directly as follows:

Z
sin3(x)dx =

Z
sin2(x) sin(x)dx

=
Z

[1 ¡ cos2(x)] sin(x)dx

= ¡ cos(x) +
1
3

cos3(x) + c (substitution u = cos(x))
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This always works for odd powers of sin(x).

Example 5.2.2. What about evenpowers?! Compute
R

sin4(x)dx. We have

sin4(x) = [sin2(x)]2

=
·

1 ¡ cos(2x)
2

¸ 2

=
1
4

¢
£
1 ¡ 2cos(2x) + cos2(2x)

¤

=
1
4

·
1 ¡ 2cos(2x) +

1
2

+
1
2

cos(4x)
¸

Thus
Z

sin4(x)dx =
Z ·

3
8

¡
1
2

cos(2x) +
1
8

cos(4x)
¸

dx

=
3
8

x ¡
1
4

sin(2x) +
1
32

sin(4x) + c:

Key Tric k: Realizethat we should write sin4(x) as (sin2(x))2. The rest is straightfor-
ward.

Example 5.2.3. This example illustrates a method for computing integrals of trig
functions that doesn't require knowing any trig identities at all or any tric ks. It is very
tedious though. We compute

R
sin3(x)dx using complex exponentials. We have

cos(x) =
eix + e¡ ix

2
sin(x) =

eix ¡ e¡ ix

2i
:

hence
Z

sin3(x)dx =
Z µ

eix ¡ e¡ ix

2i

¶ 3

dx

= ¡
1
8i

Z
(eix ¡ e¡ ix )3dx

= ¡
1
8i

Z
(eix ¡ e¡ ix )(eix ¡ e¡ ix )(eix ¡ e¡ ix )dx

= ¡
1
8i

Z
(e2ix ¡ 2 + e¡ 2ix )(eix ¡ e¡ ix )dx

= ¡
1
8i

Z
e3ix ¡ eix ¡ 2eix + 2e¡ ix + e¡ ix ¡ e¡ 3ix dx

= ¡
1
8i

Z
e3ix ¡ e¡ 3ix + 3e¡ ix ¡ 3eix dx

= ¡
1
8i

µ
e3ix

3i
¡

e¡ 3ix

¡ 3i
+

3e¡ ix

¡ i
¡

3eix

i

¶
+ c

=
1
4

µ
1
3

cos(3x) ¡ 3cos(x)
¶

+ c

=
1
12

cos(3x) ¡
3
4

cos(x) + c

The answer looks totally di®erent, but is in fact the samefunction.
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Here are somemore identities that we'll use in illustrating sometric ks below.

d
dx

tan( x) = sec2(x)

and
d

dx
sec(x) = sec(x) tan( x):

Also,
1 + tan2(x) = sec2(x):

Example 5.2.4. Compute
R

tan3(x)dx. We have
Z

tan3(x)dx =
Z

tan(x) tan2(x)dx

=
Z

tan(x)
£
sec2(x) ¡ 1

¤
dx

=
Z

tan(x) sec2(x)dx ¡
Z

tan(x)dx

=
1
2

tan2(x) ¡ ln j sec(x)j + c

Here we usedthe substitution u = tan(x), so du = sec2(x)dx, so
Z

tan(x) sec2(x)dx =
Z

udu =
1
2

u2 + c =
1
2

tan2(x) + c:

Also, with the substitution u = cos(x) and du = ¡ sin(x)dx we get
Z

tan(x)dx =
Z

sin(x)
cos(x)

dx = ¡
Z

1
u

du = ¡ ln juj + c = ¡ ln j sec(x)j + c:

Key tric k: Write tan3(x) as tan(x) tan2(x).

Example 5.2.5. Here's one that combines trig identities with the funnest variant of
integration by parts. Compute

R
sec3(x)dx.

We have Z
sec3(x)dx =

Z
sec(x) sec2(x)dx:

Let's use integration by parts.

u = sec(x) v = tan(x)

du = sec(x) tan(x)dx dv = sec2(x)dx

The above integral becomes
Z

sec(x) sec2(x)dx = sec(x) tan(x) ¡
Z

sec(x) tan2(x)dx

= sec(x) tan(x) ¡
Z

sec(x)[sec2(x) ¡ 1]dx

= sec(x) tan(x) ¡
Z

sec3(x) +
Z

sec(x)dx

= sec(x) tan(x) ¡
Z

sec3(x) + ln j sec(x) + tan(x)j
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This is familiar. Solve for
R

sec3(x). We get

Z
sec3(x)dx =

1
2

h
sec(x) tan(x) + ln j sec(x) + tan(x)j

i
+ c

5.2.1 Some Remarks on Using Complex-V alued Functions

Consider functions of the form

f (x) + ig(x); (5.2.2)

where x is a real variable and f ; g are real-valued functions. For example,

eix = cos(x) + i sin(x):

We observed before that
d

dx
ewx = wewx

hence Z
ewx dx =

1
w

ewx + c:

For example,writing it eix as in (5.2.2), we have

Z
eix dx =

Z
cos(x)dx + i

Z
sin(x)dx

= sin(x) ¡ i cos(x) + c

= ¡ i (cos(x) + i sin(x)) + c

=
1
i
eix :

Example 5.2.6. Let's compute
Z

1
x + i

dx. Wouldn't it be nice if we could just write

ln(x + i ) + c? This is uselessfor us though, since we haven't even de¯ned ln(x + i )!
However, we can \rationalize the denominator" by writing

Z
1

x + i
dx =

Z
1

x + i
¢

x ¡ i
x ¡ i

dx

=
Z

x ¡ i
x2 + 1

dx

=
Z

x
x2 + 1

dx ¡ i
Z

1
x2 + 1

dx

=
1
2

ln jx2 + 1j ¡ i tan¡ 1(x) + c

This informs how we would de¯ne ln(z) for z complex (which you'll do if you take a
coursein complex analysis). Key tric k: Get the i in the numerator.

The next example illustrates an alternativ e to the method of Section 5.2.
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Example 5.2.7.

Z
sin(5x) cos(3x)dx =

Z µ
ei 5x ¡ e¡ i 5x

2i

¶ µ
¢
ei 5x + e¡ i 5x

2

¶
dx

=
1
4i

Z ¡
ei 8x ¡ e¡ i 8x + ei 2x ¡ e¡ i 2x ¢

dx + c

=
1
4i

µ
ei 8x

8i
+

e¡ i 8x

8i
+

ei 2x

2i
+

e¡ i 2x

2i

¶
+ c

= ¡
1
4

·
1
4

cos(8x) + cos(2x)
¸

+ c

This is more tedious than the method in 5.2. But it is completely straightforward. You
don't needany trig formulas or anything else. You just multiply it out, integrate, etc.,
and remember that i 2 = ¡ 1.

5.3 Trigonometric Substitutions

Return more midterms?
Rough meaning of grades:

29{34 is A
23{28 is B
17{22 is C
11{16 is D

Regarding the quiz|if you do every homework problem that was assigned,you'll have a severe
caseof deja vu on the quiz! On the exam, we do not restrict ourselves lik e this, but you get to
have a sheet of paper.

The ¯rst homework problem is to compute

Z 2

p
2

1

x3
p

x2 ¡ 1
dx: (5.3.1)

Your ¯rst idea might be to do somesort of substitution, e.g.,u = x2 ¡ 1, but du = 2xdx
is nowhere to be seenand this simply doesn't work. Likewise,integration by parts gets
us nowhere. However, a technique called \in versetrig substitutions" and a trig identit y
easily dispenseswith the above integral and several similar ones! Here's the crucial
table:

Expression InverseSubstitution Relevant Trig Identit yp
a2 ¡ x2 x = asin(µ); ¡ ¼

2 · µ · ¼
2 1 ¡ sin2(µ) = cos2(µ)p

a2 + x2 x = a tan(µ); ¡ ¼
2 < µ < ¼

2 1 + tan2(µ) = sec2(µ)p
x2 ¡ a2 x = asec(µ); 0 · µ < ¼

2 or ¼· µ < 3¼
2 sec2(µ) ¡ 1 = tan2(µ)

Inversesubstitution works as follows. If we write x = g(t), then

Z
f (x)dx =

Z
f (g(t))g0(t)dt:
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This is not the sameas substitution. You can just apply inverse substitution to any
integral directly|usually you get something even worse, but for the integrals in this
section using a substitution can vastly improve the situation.

If g is a 1 ¡ 1 function, then you can even use inverse substitution for a de¯nite
integral. The limits of integration are obtained as follows.

Z b

a
f (x)dx =

Z g¡ 1 (b)

g¡ 1 (a)
f (g(t))g0(t)dt: (5.3.2)

To help you understand this, note that as t varies from g¡ 1(a) to g¡ 1(b), the function
g(t) varies from a = g(g¡ 1(a) to b = g(g¡ 1(b)), so f is being integrated over exactly
the same values. Note also that (5.3.2) once again illustrates Leibniz's brilliance in
designingthe notation for calculus.

Let's give it a shot with (5.3.1). From the table we usethe inversesubstition

x = sec(µ):

We get
Z 2

p
2

1

x3
p

x2 ¡ 1
dx =

Z ¼
3

¼
4

1
sec(µ)

p
sec2(µ) ¡ 1sec(µ) tan(µ)dµ

=
Z ¼

3

¼
4

1
sec(µ)

tan(µ) sec(µ) tan(µ)dµ

=
Z ¼

3

¼
4

cos( µ)dµ

=
1
2

Z ¼
3

¼
4

1 + cos(2µ)dµ

=
1
2

·
µ +

1
2

sin(2µ)
¸ ¼

3

¼
4

=
¼
24

+

p
3

8
¡

1
4

Wow! That was like magic. This is really an amazing technique. Let's use it again
to ¯nd the area of an ellipse.

Example 5.3.1. Consider an ellipse with radii a and b, so it goesthrough (0; § b) and
(§ a;0). An equation for the part of an ellipse in the ¯rst quadrant is

y = b

r

1 ¡
x2

a2 =
b
a

p
a2 ¡ x2:

Thus the area of the entire ellipse is

A = 4
Z a

0

b
a

p
a2 ¡ x2 dx:

The 4 is becausethe integral computes 1=4th of the area of the whole ellipse. So we
needto compute Z a

0

p
a2 ¡ x2 dx
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Obvious substitution with u = a2 ¡ x2...? nope. Integration by parts...? nope.
Let's try inverse substitution. The table above suggestsusing x = asin(µ), so

dx = acos(µ)dµ. We get

Z ¼
2

0

q
a2 ¡ a2 sin2(µ)dµ = a2

Z ¼
2

0
cos2(µ)dµ (5.3.3)

=
a2

2

Z ¼
2

0
1 + cos(2µ)dµ (5.3.4)

=
a2

2

·
µ +

1
2

sin(2µ)
¸ ¼

2

0
(5.3.5)

=
a2

2
¢

¼
2

=
¼a2

4
: (5.3.6)

Thus the area is

4
b
a

¼a2

4
= ¼ab:

Consistency Chec k: If the ellipse is a circle, i.e., a = b = r , this is ¼r 2, which is a
well-known formula for the area of a circle.

Remark 5.3.2. Trigonometric substitution is usefulfor functions that involve
p

a2 ¡ x2,p
x2 + a2,

p
x2 ¡ a, but not all at once!. Seethe above table for how to do each.

One other important technique is to usecompleting the square.

Example 5.3.3. Compute
Rp

5 + 4x ¡ x2 dx. We complete the square:

5 + 4x ¡ x2 = 5 ¡ (x ¡ 2)2 + 4 = 9 ¡ (x ¡ 2)2:

Thus Z p
5 + 4x ¡ x2 dx =

Z p
9 ¡ (x ¡ 2)2 dx:

We do a usual substitution to get rid of the x ¡ 2. Let u = x ¡ 2, so du = dx. Then
Z p

9 ¡ (x ¡ 2)2 dx =
Z p

9 ¡ y2 dy:

Now we have an integral that we can do; it's almost identical to the previous example,
but with a = 9 (and this is an inde¯nite integral). Let y = 3sin(µ), so dy = 3cos(µ)dµ.
Then

Z p
9 ¡ (x ¡ 2)2 dx =

Z p
9 ¡ y2 dy

=
Z q

32 ¡ 32 sin2(µ)3 cos(µ)dµ

= 9
Z

cos2(µ) dµ

=
9
2

Z
1 + cos(2µ)dµ

=
9
2

µ
µ +

1
2

sin(2µ)
¶

+ c
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Of course,we must transform back into a function in x, and that's a little tric ky. Use
that

x ¡ 2 = y = 3sin(µ);

so that

µ = sin¡ 1
µ

x ¡ 2
3

¶
:

Z p
9 ¡ (x ¡ 2)2 dx = ¢¢¢

=
9
2

µ
µ +

1
2

sin(2µ)
¶

+ c

=
9
2

·
sin¡ 1

µ
x ¡ 2

3

¶
+ sin(µ) cos(µ)

¸
+ c

=
9
2

"

sin¡ 1
µ

x ¡ 2
3

¶
+

µ
x ¡ 2

3

¶
¢

Ã p
9 ¡ (x ¡ 2)2

3

!#

+ c:

Here we usethat sin(2µ) = 2sin(µ) cos(µ). Also, to compute cos(sin¡ 1 ¡
x ¡ 2

3

¢
), we draw

a right triangle with side lengths x ¡ 2 and
p

9 ¡ (x ¡ 2)2, and hypotenuse3.

Example 5.3.4. Compute Z
1

p
t2 ¡ 6t + 13

dt

To compute this, we complete the square,etc.
Z

1
p

t2 ¡ 6t + 13
dt =

Z
1

p
(t ¡ 3)2 + 4

dt

[[Draw triangle with sides2 and t ¡ 3 and hypotenuse
p

(t ¡ 3)2 + 4. Then

t ¡ 3 = 2tan(µ)
p

(t ¡ 3)2 + 4 = 2sec(µ) =
2

cos(µ)

dt = 2sec2(µ)dµ

Back to the integral, we have

Z
1

p
(t ¡ 3)2 + 4

dt =
Z

2sec2(µ)
2sec(µ)

dµ

=
Z

sec(µ)dµ

= ln j sec(µ) + tan(µ)j + c

= ln

¯
¯
¯
¯
p

(t ¡ 3)2 + 42 +
t ¡ 3

2

¯
¯
¯
¯ + c:
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5.4 Factoring Polynomials

Quizes today!

How do you compute something like

Z
x2 + 2

(x ¡ 1)(x + 2)(x + 3)
dx?

So far you have no method for doing this. The tric k (which is called partial fraction
decomposition), is to write

Z
x2 + 2

x3 + 4x2 + x ¡ 6
dx =

Z
1

4(x ¡ 1)
¡

2
x + 2

+
11

4(x + 3)
dx (5.4.1)

The integral on the right is then easyto do (the answer involves ln's).
But how on earth do you right the rational function on the left hand side as a

sum of the nice terms of the right hand side? Doing this is called \partial fraction
decomposition", and it is a fundamental idea in mathematics. It relies on our abilit y to
factor polynomials and saolve linear equations. As a ¯rst hint, notice that

x3 + 4x2 + x ¡ 6 = (x ¡ 1) ¢(x + 2) ¢(x + 3);

so the denominators in the decomposition correspond to the factors of the denominator.
Before describing the secret behind (5.4.1), we'll discusssome background about

how polynomials and rational functions work.

Theorem 5.4.1 (Fundamen tal Theorem of Algebra). If f (x) = an xn + ¢¢¢a1x+ a0

is a polynomial, then there are complex numbers c;®1; : : : ®n such that

f (x) = c(x ¡ ®1)(x ¡ ®2) ¢¢¢(x ¡ ®n ):

Example 5.4.2. For example,

3x2 + 2x ¡ 1 = 3 ¢
µ

x ¡
1
3

¶
¢(x + 1):

And
(x2 + 1) = (x + i )2 ¢(x ¡ i )2:

If f (x) is a polynomial, the roots ® of f correspond to the factors of f . Thus if

f (x) = c(x ¡ ®1)(x ¡ ®2) ¢¢¢(x ¡ ®n );

then f (®i ) = 0 for each i (and nowhere else).

De¯nition 5.4.3 (Multiplicit y of Zero). The multiplicity of a zero ® of f (x) is the
number of times that (x ¡ ®) appearsas a factor of f .

For example,if f (x) = 7(x ¡ 2)99 ¢(x + 17)5 ¢(x ¡ ¼)2, then 2 is a zerowith multiplicit y
99, ¼is a zero with multiplicit y 2, and ¡ 1 is a \zero multiplicit y 0".
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De¯nition 5.4.4 (Rational Function). A rational function is a quotient

f (x) =
g(x)
h(x)

;

where g(x) and h(x) are polynomials.

For example,

f (x) =
x10

(x ¡ i )2(x + ¼)(x ¡ 3)3 (5.4.2)

is a rational function.

De¯nition 5.4.5 (P ole). A pole of a rational function f (x) is a complex number ®
such that jf (x)j is unbounded as x ! ®.

For example, for (5.4.2) the poles are at i , ¼, and 3. They have multiplicit y 2, 1,
and 3, respectively.

5.5 In tegration of Rational Functions Using Partial
Fractions

Today: 7.4: Integration of rational functions and Supp. 4: Partial fraction expansion
Next: 7.7: Approximate integration

Our goal today is to compute integrals of the form
Z

P(x)
Q(x)

dx

by decomposing f = P (x )
Q(x ) . This is called partial fraction expansion.

Theorem 5.5.1 (Fundamen tal Theorem of Algebra over the Real Num bers).
A real polynomial of degree n ¸ 1 can be factored as a constant times a product of linear
factors x ¡ a and irr educible quadratic factors x2 + bx + c.

Note that x2 + bx + c = (x ¡ ®)(x ¡ ¹®), where ® = z + iw , ¹® = z ¡ iw are complex
conjugates.

Types of rational functions f (x) = P (x )
Q(x ) . To do a partial fraction expansion, ¯rst

make sure deg(P(x)) < deg(Q(x)) using long division. Then there are four possible
situation, each of increasinggenerality (and di±cult y):

1. Q(x) is a product of distinct linear factors;

2. Q(x) is a product of linear factors, someof which are repeated;

3. Q(x) is a product of distinct irreducible quadratic factors, alongwith linear factors
someof which may be repeated; and,

4. Q(x) is hasrepeatedirreducible quadratic factors, along with possibly somelinear
factors which may be repeated.
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The general partial fraction expansion theorem is beyond the scope of this course.
However, you might ¯nd the following special caseand its proof interesting.

Theorem 5.5.2. Supposep, q1 and q2 are polynomials that are relatively prime (have
no factor in common). Then there exists polynomials ®1 and ®2 such that

p
q1q2

=
®1

q1
+

®2

q2
:

Proof. Since q1 and q2 are relatively prime, using the Euclidean algorithm (long divi-
sion), we can ¯nd polynomials s1 and s2 such that

1 = s1q1 + s2q2:

Dividing both sidesby q1q2 and multiplying by p yields

p
q1q2

=
®1

q1
+

®2

q2
;

which completesthe proof.

Example 5.5.3. Compute Z
x3 ¡ 4x ¡ 10
x2 ¡ x ¡ 6

dx:

First do long division. Get quotient of x + 1 and remainder of 3x ¡ 4. This meansthat

x3 ¡ 4x ¡ 10
x2 ¡ x ¡ 6

= x + 1 +
3x ¡ 4

x2 ¡ x ¡ 6
:

Sincewe have distinct linear factors, we know that we can write

f (x) =
3x ¡ 4

x2 ¡ x ¡ 6
=

A
x ¡ 3

+
B

x + 2
;

for real numbers A; B . A clever way to ¯nd A; B is to substitute appropriate valuesin,
as follows. We have

f (x)(x ¡ 3) =
3x ¡ 4
x + 2

= A + B ¢
x ¡ 3
x + 2

:

Setting x = 3 on both sideswe have (taking a limit):

A = f (3) =
3 ¢3 ¡ 4

3 + 2
=

5
5

= 1:

Likewise,we have

B = f (¡ 2) =
3 ¢(¡ 2) ¡ 4

¡ 2 ¡ 3
= 2:

Thus
Z

x3 ¡ 4x ¡ 10
x2 ¡ x ¡ 6

dx =
Z

x + 1 +
1

x ¡ 3
+

2
x + 2

=
x2 + 2x

2
+ 2log jx + 2j + log jx ¡ 3j + c:
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Example 5.5.4. Compute the partial fraction expansionof x 2

(x ¡ 3)( x +2) 2 . By the partial
fraction theorem, there are constants A; B ; C such that

x2

(x ¡ 3)(x + 2)2 =
A

x ¡ 3
+

B
x + 2

+
C

(x + 2)2 :

Note that there's no possible way this could work without the (x + 2)2 term, since
otherwise the common denominator would be (x ¡ 3)(x + 2). We have

A = [f (x)(x ¡ 3)]x =3 =
x2

(x + 2)2 jx =3 =
9
25

;

C =
£
f (x)(x + 2)2¤

x = ¡ 2 = ¡
4
5

:

This method will not get us B ! For example,

f (x)(x + 2) =
x2

(x ¡ 3)(x + 2)
= A ¢

x + 2
x ¡ 3

+ B +
C

x + 2
:

While true this is useless.
Instead, we usethat we know A and C, and evaluate at another value of x, say 0.

f (0) = 0 =
9

25

¡ 3
+

B
2

+
¡ 4

5

(2)2 ;

so B = 16
25 . Thus ¯nally ,
Z

x2

(x ¡ 3)(x + 2)2 =
Z 9

25

x ¡ 3
+

16
25

x + 2
+

¡ 4
5

(x + 2)2 :

=
9
25

ln jx ¡ 3j +
16
25

ln jx + 2j +
4
5

x + 2
+ constant :

Example 5.5.5. Let's compute
R

1
x 3 +1 dx. Notice that x + 1 is a factor, since ¡ 1 is a

root. We have
x3 + 1 = (x + 1)

¡
x2 ¡ x + 1

¢
:

There exist constants A; B ; C such that

1
x3 + 1

=
A

x + 1
+

B x + C
x2 ¡ x + 1

:

Then
A = f (x)(x + 1)jx = ¡ 1 =

1
3

:

You could ¯nd B ; C by factoring the quadratic over the complex numbers and getting
complex number answers. Instead, we evaluate x at a coupleof values. For example,at
x = 0 we get

f (0) = 1 =
1
3

+
C
1

;

so C = 2
3 . Next, usex = 1 to get B .

f (1) =
1

13 + 1
=

1
3

(1) + 1
+

B (1) + 2
3

(1)2 ¡ (1) + 1
1
2

=
1
6

+ B +
2
3

;
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so

B =
3
6

¡
1
6

¡
4
6

= ¡
1
3

:

Finally,

Z
1

x3 + 1
dx =

Z 1
3

x + 1
¡

1
3 x

x2 ¡ x ¡ 1
+

2
3

x2 ¡ x ¡ 1
dx

=
1
3

ln jx + 1j ¡
1
3

Z
x ¡ 2

x2 ¡ x + 1
dx

It remains to compute

Z
x ¡ 2

x2 ¡ x + 1
dx:

First, complete the squareto get

x2 ¡ x + 1 =
µ

x ¡
1
2

¶ 2

+
3
4

:

Let u = (x ¡ 1
2 ), so du = dx and x = u + 1

2 . Then

Z
u ¡ 3

2

u2 + 3
4

du =
Z

udu
u2 + 3

4

¡
3
2

Z
1

u2 +
³ p

3
2

´ 2 du

=
1
2

ln

¯
¯
¯
¯u

2 +
3
4

¯
¯
¯
¯ ¡

3
2

¢
2

p
3

tan¡ 1
µ

2u
p

3

¶
+ c

=
1
2

ln
¯
¯x2 ¡ x + 1

¯
¯ ¡

p
3tan¡ 1

µ
2x ¡ 1

p
3

¶
+ c

Finally, we put it all together and get

Z
1

x3 + 1
dx =

1
3

ln jx + 1j ¡
1
3

Z
x ¡ 2

x2 ¡ x + 1
dx

=
1
3

ln jx + 1j ¡
1
6

ln
¯
¯x2 ¡ x + 1

¯
¯ +

p
3

3
tan¡ 1

µ
2x ¡ 1

p
3

¶
+ c
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Discuss secondquiz problem.
Problem: Compute

R
cos2(x)e¡ 3x dx using complex exponentials. The answer is

¡
1
6

e¡ 3x +
1
13

e¡ 3x sin(2x) ¡
3
26

e¡ 3x cos(2x) + c:

Here's how to get it.
Z

cos2(x)e¡ 3x dx =
Z

e2ix + 2 + e¡ 2ix

4
e¡ 3x dx

=
1
4

·
e(2 i ¡ 3) x

2i ¡ 3
¡

2
3

e¡ 3x +
e( ¡ 2i ¡ 3) x

¡ 2i ¡ 3

¸
+ c

= ¡
1
6

e¡ 3x +
e¡ 3x

4

·
e2ix

2i ¡ 3
¡

e¡ 2ix

2i + 3

¸
+ c

Simplify the inside part requires some imagination:

e2ix

2i ¡ 3
¡

e¡ 2ix

2i + 3
=

1
13

(¡ 2ie2ix ¡ 3e2ix + 2ie¡ 2ix ¡ 3e¡ 2ix )

=
1
13

(4sin(2x) ¡ 6cos(2x))

5.6 Appro ximating In tegrals

Today: 7.7 { approximating integrals
Friday: Third QUIZ and 7.8 { improp er integrals

Problem: Compute
Z 1

0
e¡

p
x dx:

Hmmm... Any ideas?
Today we will revisit Riemann sums in the context of ¯nding numerical approxi-

mations to integrals, which we might not be able to compute exactly. Recall that if
y = f (x) then

Z b

a
f (x)dx = lim

n !1

nX

i =1

f (x¤
i )¢ x:

The fundamental theorem of calculus says that if we can ¯nd an antiderivative of f (x),
then we can compute

Rb
a f (x)dx exactly. But antiderivatives can be either (1) hard to

¯nd, and sometimesworse(2) impossibleto ¯nd. However, we can always approximate
Rb

a f (x)dx (possibly very badly).

For example, we could useRiemann sums to approximate
Rb

a f (x)dx, say using left
endpoints. This gives the approximation:

L n =
n ¡ 1X

i =0

f (x i )¢ x; x0; : : : ; xn ¡ 1 left endpoints
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Using rightpoints gives

Rn =
nX

i =1

f (x i )¢ x; x1; : : : ; xn right endpoints

Using midpoints gives

M n =
nX

i =1

f (x i )¢ x; x1; : : : ; xn midpoints;

where x i = (x i ¡ 1 + x i )=2. The midpoint is typically (but not always) much better than
the left or right endpoint approximations.

Yet another possibility is the trapezoid approximation, which is

Tn =
1
2

(L n + Rn );

this is just the averageof the left and right approximations.

Question 5.6.1. But wouldn't the trapezoid and midpoint approximations be the
same?{certainly not (seeexamplebelow); interestingly, very often the midpoint approx-
imation is better.

Simpson's approximation

S2n =
1
3

Tn +
2
3

M n

givesthe area under best-¯t parabolas that approximate our function on each interval.
The proof of this would be interesting but takestoo much time for this course.

Many functions have no elementary antiderivatives:

p
1 + x3; e¡ x 2

;
1

log(x)
;

sin(x)
x

; : : : :

NOTE { they do haveantiderivatives;the problem is just that there is no simple formula
for them. Why are there no elementary antiderivatives?

Someof thesefunctions areextremly important. For example,the integrals
Rx

¡1 e¡ u2 =2du
are extremely important in probabilit y, even though there is no simple formula for the
antiderivative.

If you are doing scienti¯c research you might spend months tediously computing
valuesof somefunction f (x), for which no formula is known.

Example 5.6.2. Compute
R1

0 e¡
p

x dx.

1. Trapezoid with n = 4

2. Midp oint with n = 4

3. Simpson'swith with 2n = 8

The following is a table of the valuesof f (x) at k=8 for k = 0; : : : ; 8.
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 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  0.2  0.4  0.6  0.8  1

exp(-sqrt(x))

Figure 5.6.1: Graph of e¡
p

x

k=8 f (k=8)
0 V0 = 1:000000
1
8 V1 = 0:702189
1
4 V2 = 0:606531
3
8 V3 = 0:542063
1
2 V4 = 0:493069
5
8 V5 = 0:453586
3
4 V6 = 0:420620
7
8 V7 = 0:392423
1 V8 = 0:367879

L 4 = (V0 + V2 + V4 + V6) ¢
1
4

= 0:630055

R4 = (V2 + V4 + V6 + V8) ¢
1
4

= 0:472025

M 4 = (V1 + V3 + V5 + V7) ¢
1
4

= 0:522565

T4 =
1
2

(L 4 + R4) = 0:551040:

S8 =
1
3

T4 +
2
3

M 4 = 0:532057

Maxima gives0:5284822353142306and Mathematica gives0:528482.
Note that Simpsons'sis the best; it better be, sincewe worked the hardest to get it!

Method Error
jL 4 ¡ I j 0.101573
jR4 ¡ I j 0.056458
jM 4 ¡ I j 0.005917
jT4 ¡ I j 0.022558
jS8 ¡ I j 0.003575
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5.7 Improp er In tegrals

Exam 2 Wed Mar 1: 7pm-7:50pm in ??
Today: 7.8 Improp er Integrals
Monday { president's day holiday (and almost my bday)
Next | 11.1 sequences

Example 5.7.1. Make senseof
R1

0 e¡ x dx. The integrals

Z t

0
e¡ x dx

make sensefor each real number t. So consider

lim
t !1

Z t

0
e¡ x dx = lim

t !1
[¡ e¡ x ]t0 = 1:

Geometrically the area under the whole curve is the limit of the areasfor ¯nite values
of t.

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  2  4  6  8  10

exp(-x)

Figure 5.7.1: Graph of e¡ x

Example 5.7.2. Consider
R1

0
1p

1¡ x 2 dx (seeFigure 5.7.2). Problem: The denominator
of the integrand tends to 0 as x approachesthe upper endpoint. De¯ne

Z 1

0

1
p

1 ¡ x2
dx = lim

t ! 1¡

Z t

0

1
p

1 ¡ x2
dx

= lim
t ! 1¡

³
sin¡ 1(t) ¡ sin¡ 1(0)

´
= sin¡ 1(1) =

¼
2

Here t ! 1¡ meansthe limit as t tends to 1 from the left.
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 1
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1/sqrt(1-x**2)

Figure 5.7.2: Graph of 1p
1¡ x 2

Example 5.7.3. There can be multiple points at which the integral is improper. For
example, consider Z 1

¡1

1
1 + x2 dx:

A crucial point is that we take the limit for the left and right endpoints independently .
We usethe point 0 (for convenienceonly!) to break the integral in half.

Z 1

¡1

1
1 + x2 dx =

Z 0

¡1

1
1 + x2 dx +

Z 1

0

1
1 + x2 dx

= lim
s!¡1

Z 0

s

1
1 + x2 dx + lim

t !1

Z t

0

1
1 + x2 dx

= lim
s!¡1

(tan ¡ 1(0) ¡ tan¡ 1(s)) + lim
t !1

(tan ¡ 1(t) ¡ tan¡ 1(0))

= lim
s!¡1

(¡ tan¡ 1(s)) + lim
t !1

(tan ¡ 1(t))

= ¡
¡ ¼
2

+
¼
2

= ¼:

The graph of tan¡ 1(x) is in Figure 5.7.3.

Example 5.7.4. Brian Conrad's paper on impossibility theorems for elementary in-
tegration begins: \The Central Limit Theorem in probabilit y theory assignsa special
signi¯cance to the cumulativ e area function

©(x) =
1

p
2¼

Z x

¡1
e¡ u2

udu

under the Gaussianbell curve

y =
1

p
2¼

¢e¡ u2 =2:

It is known that ©(1 ) = 1."
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atan(x)

Figure 5.7.3: Graph of tan¡ 1(x)

What doesthis last statement mean? It meansthat

lim
t !1

1
p

2¼

Z 0

¡ t
e¡ u2

udu + lim
x !1

1
p

2¼

Z x

0
e¡ u2

udu = 1:

Example 5.7.5. Consider
R1

¡1 xdx. Notice that
Z 1

¡1
xdx = lim

s!¡1

Z 0

s
xdx + lim

t !1

Z t

0
xdx:

This divergessinceeach factor divergesindependtly. But notice that

lim
t !1

Z t

¡ t
xdx = 0:

This is not what
R1

¡1 xdx means(in this course{ in a later courseit could be interpreted
this way)! This illustrates the importance of treating each bad point separately (since
Example 5.7.3) doesn't.

Example 5.7.6. Consider
R1

¡ 1
1

3p x dx. We have

Z 1

¡ 1

1
3
p

x
dx = lim

s! 0¡

Z s

¡ 1
x ¡ 1

3 dx + lim
t ! 0+

Z 1

t
x ¡ 1

3 dx

= lim
s! 0¡

µ
3
2

s
2
3 ¡

3
2

¶
+ lim

t ! 0+

µ
3
2

¡
3
2

t
2
3

¶
= 0:

This illustrates how to be careful and break the function up into two pieceswhen there
is a discontinuit y.

NOTES for 2006-02-22
Midterm 2: Wednesday, March 1, 2006, at 7pm in Pepper Canyon 109
Today: 7.8: Comparison of Improp er integrals
11.1: Sequences
Next 11.2 Series
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Example 5.7.7. Compute
R3

¡ 1
1

x ¡ 2 dx. A few weeksago you might have done this:

Z 3

¡ 1

1
x ¡ 2

dx = [ln jx ¡ 2j]3¡ 1 = ln(3) ¡ ln(1) (totally wrong!)

This is not valid becausethe function we are integrating has a pole at x = 2 (see
Figure 5.7.4). The integral is improper, and is only de¯ned if both the following limits
exists:

lim
t ! 2¡

Z t

¡ 1

1
x ¡ 2

dx and lim
t ! 2+

Z 3

t

1
x ¡ 2

dx:

However, the limits diverge,e.g.,

lim
t ! 2+

Z 3

t

1
x ¡ 2

dx = lim
t ! 2+

(ln j1j ¡ ln jt ¡ 2j) = ¡ lim
t ! 2+

ln jt ¡ 2j = ¡1 :

Thus
R3

¡ 1
1

x ¡ 2 dx is divergent.

-100
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-40

-20

 0
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 40

-1 -0.5  0  0.5  1  1.5  2  2.5  3

1/(x-2)

Figure 5.7.4: Graph of 1
x ¡ 2

5.7.1 Convergence, Div ergence, and Comparison

In this section we discussusing comparison to determine if an improper integrals con-
vergesor diverges. Recall that if f and g are continuous functions on an interval [a; b]
and g(x) · f (x), then

Z b

a
g(x)dx ·

Z b

a
f (x)dx:

This observation can be incredibly useful in determining whether or not an improper
integral converges.

Not only does this technique help in determing whether integrals converge, but it
alsogivesyou someinformation about their values,which is often much easierto obtain
than computing the exact integral.
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Theorem 5.7.8 (Comparison Theorem (sp ecial case)). Let f and g be continuous
functions with 0 · g(x) · f (x) for x ¸ a.

1. If
R1

a f (x)dx converges, then
R1

a g(x)dx converges.

2. If
R1

a g(x)dx divergesthen
R1

a f (x)dx diverges.

Proof. Sinceg(x) ¸ 0 for all x, the function

G(t) =
Z t

a
g(x)dx

is a non-decreasingfunction. If
R1

a f (x)dx convergesto some value B , then for any
t ¸ a we have

G(t) =
Z t

a
g(x)dx ·

Z t

a
f (x)dx · B :

Thus in this caseG(t) is a non-decreasingfunction bounded above, hence the limit
lim t !1 G(t) exists. This provesthe ¯rst statement.

Likewise,the function

F (t) =
Z t

a
f (x)dx

is also a non-decreasingfunction. If
R1

a g(x)dx divergesthen the function G(t) de¯ned
above is still non-decreasingand lim t !1 G(t) does not exist, so G(t) is not bounded.
Sinceg(x) · f (x) we have G(t) · F (t) for all ¸ a, henceF (t) is alsounbounded,which
provesthe secondstatement.

The theorem is very intuitiv e if you think about areasunder a graph. \If the bigger
integral convergesthen so doesthe smaller one, and if the smaller one divergesso does
the bigger ones."

Example 5.7.9. Does
R1

0
cos2 (x )
1+ x 2 dx converge? Answer: YES.
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cos(x)**2/(1+x**2)
1/(1+x**2)

Figure 5.7.5: Graph of cos(x )2

1+ x 2 and 1
1+ x 2

Since0 · cos2(x) · 1, we really do have

0 ·
cos2(x)
1 + x2 ·

1
1 + x2 ;
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as illustrated in Figure 5.7.5. Thus
Z 1

0

1
1 + x2 dx = lim

t !1
tan¡ 1(t) =

¼
2

;

so
R1

0
cos2 (x )
1+ x 2 dx converges.

But why did we use 1
1+ x 2 ? It's a guessthat turned out to work. You could have used

somethingelse,e.g., c
x 2 for someconstant c. This is an illustration of how in mathematics

sometimesyou have to useyour imagination or guessand seewhat happens. Don't get
anxious|instead, relax, take a deepbreath and explore.

For example,alternativ ely we could have done the following:

Z 1

1

cos2(x)
1 + x2 dx ·

Z 1

1

1
x2 dx = 1;

and this works just as well, since
R1

0
cos2 (x )
1+ x 2 dx converges(as cos2 (x )

1+ x 2 is continuous).

Example 5.7.10. Consider
R1

0
1

x + e¡ 2x dx. Doesit convergeor diverge?For largevalues
of x, the term e¡ 2x very quickly goes to 0, so we expect this to diverge, since

R1
1

1
x dx

diverges.For x ¸ 0, we have e¡ 2x · 1, so for all x we have

1
x + e¡ 2x ¸

1
x + 1

(verify by crossmultiplying) :

But Z 1

1

1
x + 1

dx = lim
t !1

[ln(x + 1)]t1 = 1

Thus
R1

0
1

x + e¡ 2x dx must also diverge.

Note that there is a natural analogueof Theorem 5.7.8for integrals of functions that
\blo w up" at a point, but we will not state it formally.

Example 5.7.11. Consider

Z 1

0

e¡ x
p

x
dx = lim

t ! 0+

Z 1

t

e¡ x
p

x
dx:

We have
e¡ x
p

x
·

1
p

x
:

(Coming up with this comparison might take some work, imagination, and trial and
error.) We have

Z 1

0

e¡ x
p

x
dx ·

Z 1

0

1
p

x
dx = lim

t ! 0+
2
p

1 ¡ 2
p

t = 2:

thus
R1

0
e¡ x
p

x dx converges,even though we haven't ¯gured out its value. We just know
that it is · 2. (In fact, it is 1:493648265: : :.)

What if we found a function that is bigger than e¡ x
p

x and its integral diverges??So
what! This doesnothing for you. Bzzzt. Try again.
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Example 5.7.12. Consider the integral

Z 1

0

e¡ x

x
dx:

This is an improper integral since f (x) = e¡ x

x has a pole at x = 0. Does it converge?
NO.
On the interal [0; 1] we have e¡ x ¸ e¡ 1. Thus

lim
t ! 0+

Z 1

t

e¡ x

x
dx ¸ lim

t ! 0+

Z 1

t

e¡ 1

x
dx

= e¡ 1 ¢ lim
t ! 0+

Z 1

t

1
x

dx

= e¡ 1 ¢ lim
t ! 0+

ln(1) ¡ ln( t) = + 1

Thus
R1

0
e¡ x

x dx diverges.



Chapter 6

Sequences and Series

Exam 2: Wednesday at 7pm in PCYN 109
Today: Sequenceand Series(x11.1-x11.2)
Next: x11.3 Integral Test, x11.4 Comparison Test

Our main goal in this chapter is to gain a working knowledge of power seriesand
Taylor seriesof function with just enoughdiscussionof the details of convergenceto get
by.

6.1 Sequences

What is

lim
n !1

1
2n ?

You may have encountered sequenceslong ago in earlier coursesand they seemed
very di±cult. You know much more mathematics now, so they will probably seem
easier. On the other hand, we're going to go very quickly.

We wil l completely skip several topics from Chapter 11. I wil l try to make what we skip clear.
Note that the homework has been modi¯e d to re°ect the omitted topics.

A sequenceis an orderedlist of numbers. Thesenumbersmay be real, complex, etc.,
etc., but in this book we will focus entirely on sequencesof real numbers. For example,

1
2

;
1
4

;
1
8

;
1
16

;
1
32

;
1
64

;
1

128
; : : : ;

1
2n ; : : :

Sincethe sequenceis ordered, we can view it as a function with domain the natural
numbers = 1; 2; 3; : : :.

De¯nition 6.1.1 (Sequence). A sequence f an g is a function a : N ! R that takesa
natural number n to an = a(n). The number an is the nth term.

63
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For example,

a(n) = an =
1
2n ;

which we write as f 1
2n g. Here's another example:

(bn )1
n =1 =

µ
n

n + 1

¶ 1

n =1
=

1
2

;
2
3

;
3
4

; : : :

Example 6.1.2. The Fibonacci sequence(Fn )1
n =1 is de¯ned recursively as follows:

F1 = 1; F2 = 1; Fn = Fn ¡ 2 + Fn ¡ 1 for n ¸ 3:

Let's return to the sequence
¡

1
2n

¢1
n =1 . We write limn !1

1
2n = 0, sincethe terms get

arbitrarily small.

De¯nition 6.1.3 (Limit of sequence). If (an )1
n =1 is a sequencethen that sequence

converges to L , written lim n !1 an = L, if an gets arbitrarily close to L as n get
su±ciently large. Secret rigor ous definition: For every " > 0 there exists B such
that for n ¸ B we have jan ¡ L j < " .

This is exactly like what we did in the previous coursewhen we consideredlimits
of functions. If f (x) is a function, the meaning of lim x !1 f (x) = L is essentially the
same. In fact, we have the following fact.

Prop osition 6.1.4. If f is a function with lim x !1 f (x) = L and (an )1
n =1 is the se-

quence given by an = f (n), then lim n !1 an = L.

As a corollary, note that this implies that all the facts about limits that you know
from functions also apply to sequences!

Example 6.1.5.

lim
n !1

n
n + 1

= lim
x !1

x
x + 1

= 1

Example 6.1.6. The converseof Proposition 6.1.4 is false in general, i.e., knowing the
limit of the sequenceconvergesdoesn't imply that the limit of the function converges.
We have limn !1 cos(2¼n) = 1, but lim x !1 cos(2¼x) diverges. The converseis OK if
the limit involving the function converges.

Example 6.1.7. Compute lim
n !1

n3 + n + 5
17n3 ¡ 2006n + 15

. Answer: 1
17 .

6.2 Series

What is
1
2

+
1
4

+
1
8

+
1
16

+
1
32

+ : : :?

What is
1
3

+
1
9

+
1
27

+
1
81

+
1

243
+ : : :?

What is
1
1

+
1
4

+
1
9

+
1
16

+
1
25

+ : : :?
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Consider the following sequenceof partial sums:

aN =
NX

n =1

1
2n =

1
2

+
1
4

+ ¢¢¢+
1

2N :

Can we compute
1X

n =1

1
2n ?

Thesepartial sumslook as follows:

a1 =
1
2

; a2 =
3
4

; a10 =
1023
1024

; a20 =
1048575
1048576

It looks very likely that
1X

n =1

1
2n = 1, if it makesany sense.But does it?

In a moment we will de¯ne

1X

n =1

1
2n = lim

N !1

NX

n =1

1
2n = lim

N !1
aN :

A little later we will show that aN = 2N ¡ 1
2N , henceindeed

P 1
n =1

1
2n = 1.

De¯nition 6.2.1 (Sum of series). If (an )1
n =1 is a sequence,then the sum of the series

is
1X

n =1

an = lim
N !1

NX

n =1

an = lim
N !1

sN

provided the limit exists. Otherwise we say that
P 1

n =1 an diverges.

Example 6.2.2 (Geometric series). Consider the geometric series
P 1

n =1 ar n ¡ 1 for
a 6= 0. Then

sN =
NX

n =1

ar n ¡ 1 =
a(1 ¡ r N )

1 ¡ r
:

To seethis, multiply both sidesby 1 ¡ r and notice that all the terms in the middle
cancel out. For what values of r does lim N !1

a(1 ¡ r N )
1¡ r converge? If jr j < 1, then

limN !1 r N = 0 and

lim
N !1

a(1 ¡ r N )
1 ¡ r

=
a

1 ¡ r
:

If jr j > 1, then lim N !1 r N diverges,so
P 1

n =1 ar n ¡ 1 diverges. If r = § 1, it's clear since
a 6= 0 that the seriesalso diverges(since the partial sumsare sN = § N a).

For example, if a = 1 and r = 1
2 , we get

1X

n =1

ar n ¡ 1 =
1

1 ¡ 1
2

;

as claimed earlier.
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6.3 The In tegral and Comparison Tests

Midterm Exam 2: Wednesday March 1 at 7pm in PCYNH 109 (up to last lecture)
Today: x7.3{7.4: Integral and comparison tests
Next: x7.6: Absolute convergence;ratio and root tests
Quiz 4 (last quiz): Friday March 10.
Final exam: Wednesday, March 22, 7-10pm in PCYNH 109.

What is
P 1

n =1
1

n 2 ? What is
P 1

n =1
1
n ?

Recall that Section 6.2 beganby asking for the sum of several series.We found the
¯rst two sums (which were geometric series)by ¯nding an exact formula for the sum
sN of the ¯rst N terms. The third serieswas

A =
1X

n =1

1
n2 =

1
1

+
1
4

+
1
9

+
1
16

+
1
25

+ : : : : (6.3.1)

It is di±cult to ¯nd a nice formula for the sum of the ¯rst n terms of this series(i.e., I
don't know how to do it).

Remark 6.3.1. Since I'm a number theorist, I can't help but make somefurther re-
marks about sums of the form (6.3.1). In general, for any s > 1 one can consider the
sum

³ (s) =
1X

n =1

1
ns :

The number A that we are interested in above is thus ³ (2). The function ³ (s) is called
the Riemann zeta function. There is a natural (but complicated) way of extending ³ (s)
to a (di®erentiable) function on all complexnumberswith a pole at s = 1. The Riemann
Hypothesisassertsthat if s is a complex number and ³ (s) = 0 then either s is an even
negative integer or s = 1

2 + bi for somereal number b. This is probably the most famous
unsolved problems in mathematics (e.g., it's one of the Clay Math Institute million
dollar prize problems). Another famousopen problem is to show that ³ (3) is not a root
of any polynomial with integer coe±cients (it is a theorem of Ape¶ery that zeta(3) is not
a fraction).

The function ³ (s) is incredibly important in mathematics becauseit governs the
properties of prime numbers. The Euler product representation of ³ (s) gives a hint as
to why this is the case:

³ (s) =
1X

n =1

1
ns =

Y

primes p

µ
1

1 ¡ p¡ s

¶
:

To seethat this product equality holds when s is real with Re(s) > 1, useExample 6.2.2
with r = p¡ s and a = 1 from the previous lecture. We have

1
1 ¡ p¡ s = 1 + p¡ s + p¡ 2s + ¢¢¢:
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Thus

Y

primes p

µ
1

1 ¡ p¡ s

¶
=

Y

primes p

µ
1 +

1
ps +

1
p2s + ¢¢¢

¶

=
µ

1 +
1
2s +

1
22s + ¢¢¢

¶
¢
µ

1 +
1
3s +

1
32s + ¢¢¢

¶
¢¢¢

=
µ

1 +
1
2s +

1
3s +

1
4s + ¢¢¢

¶

=
1X

n =1

1
ns ;

where the last line uses the distributiv e law and that integers factor uniquely as a
product of primes.

Finally, Figure 6.3.1is a graph ³ (x) asa function of a real variable x, and Figure 6.3.2
is a graph of j³ (s)j for complex s.

Figure 6.3.1: Riemann Zeta Function: f (x) =
P 1

n =1
1

n x

This section is how to leveragewhat you've learned so far in this book to say some-
thing about sumsthat are hard (or even \imp ossibly di±cult") to evaluate exactly. For
example, notice (by considering a graph of a step function) that if f (x) = 1=x2, then
for positive integer t we have

tX

n =1

1
n2 ·

1
12 +

Z t

1

1
x2 dx:
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Figure 6.3.2: Absolute Value of Riemann Zeta Function

Thus
1X

n =1

1
n2 ·

1
12 +

Z 1

1

1
x2 dx

= 1 + lim
t !1

Z t

1

1
x2 dx

= 1 + lim
t !1

·
¡

1
x

¸ t

1

= 1 + lim
t !1

·
¡

1
t

+
1
1

¸
= 2

We concludethat
P 1

n =1 converges,sincethe sequenceof partial sumsis getting bigger
and bigger and is always · 2. And of coursewe also know something about

P 1
n =1

1
n 2

even though we do not know the exact value:
P 1

n =1
1

n 2 · 2. Using a computer we ¯nd
that

t
P t

n =1
1

n 2

1 1
2 5

4 = 1:25
5 5269

3600 = 1:46361
10 1968329

1270080 = 1:54976773117
100 1:63498390018
1000 1:64393456668
10000 1:64483407185
100000 1:6449240669

The table is consistent with the fact that
P 1

n =1
1

n 2 convergesto a number · 2. In fact
Euler was the ¯rst to compute

P 1
n =1 exactly; he found that the exact value is

¼2

6
= 1:644934066848226436472415166646025189218949901206798437735557: : :

There are many proofs of this fact, but they don't belong in this book; you can ¯nd
them on the internet, and are likely to seeone if you take more math classes.
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We next consider the harmonic series
1X

n =1

1
n

: (6.3.2)

Doesit converge?Again by inspecting a graph and viewing an in¯nite sum as the area
under a step function, we have

1X

n =1

1
n

¸
Z 1

1

1
x

dx

= lim
t !1

[ln(x)]t
1

= lim
t !1

ln(t) ¡ 0 = + 1 :

Thus the in¯nite sum (6.3.2) must also diverge.
We formalize the above two examplesasa generaltest for convergenceor divergence

of an in¯nite sum.

Theorem 6.3.2 (In tegral Test and Bound). Supposef (x) is a continuous, positive,
decreasing function on [1; 1 ) and let an = f (n) for integers n ¸ 1. Then the seriesP 1

n =1 an convergesif and only if the integral
R1

1 f (x)dx converges. More generally, for
any positive integer k,

Z 1

k
f (x)dx ·

1X

n = k

an · ak +
Z 1

k
f (x)dx: (6.3.3)

The proposition meansthat you can determine convergenceof an in¯nite seriesby
determining convergenceof a corresponding integral. Thus you can apply the powerful
tools you know already for integrals to understanding in¯nite sums. Also, you can use
integration along with computation of the ¯rst few terms of a seriesto approximate a
seriesvery precisely.

Remark 6.3.3. Sometimesthe ¯rst few terms of a seriesare \funn y" or the series
doesn't even start at n = 1, e.g.,

1X

n =4

1
(n ¡ 3)3 :

In this caseuse(6.3.3) with any speci¯c k > 1.

Prop osition 6.3.4 (Comparison Test). Suppose
P

an and
P

bn are two serieswith
positive terms. If

P
bn convergesand an · bn for all n. then

P
an converges. Likewise,

if
P

bn divergesand an ¸ bn for all n. then
P

an must also diverge.

Example 6.3.5. Does
P 1

n =1
1p
n converge? No. We have

1X

n =1

1
p

n
¸

Z 1

1

1
p

x
dx = lim

t !1
(2

p
t ¡ 2

p
1) = + 1

Example 6.3.6. Does
P 1

n =1
1

n 2 +1 converge? Let's apply the comparisontest: we have
1

n 2 +1 < 1
n 2 for every n, so

1X

n =1

1
n2 + 1

<
1X

n =1

1
n2 :
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Alternativ ely, we can use the integral test, which also gives as a bonus an upper and
lower bound on the sum. Let f (x) = 1=(1 + x2). We have

Z 1

1

1
1 + x2 dx = lim

t !1

Z t

1

1
1 + x2 dx

= lim
t !1

tan¡ 1(t) ¡
¼
4

=
¼
2

¡
¼
4

=
¼
4

Thus the sum converges.Moreover, taking k = 1 in Theorem 6.3.2 we have

¼
4

·
1X

n =1

1
n2 + 1

·
1
2

+
¼
4

:

the actual sum is 1:07: : :, which is much di®erent than
P 1

n 2 = 1:64: : :.

We could prove the following proposition using methods similar to those illustrated
in the examplesabove. Note that this is nicely illustrated in Figure 6.3.1.

Prop osition 6.3.7. The series
P 1

n =1
1

n p is convergent if p > 1 and divergent if p · 1.

6.3.1 Estimating the Sum of a Series

Suppose
P

an is a convergent sequenceof positive integers. Let

Rm =
1X

n =1

an ¡
mX

n =1

an =
1X

n = m +1

am

which is the error if you approximate
P

an using the ¯rst n terms. From Theorem 6.3.2
we get the following.

Prop osition 6.3.8 (Remainder Bound). Suppose f is a continuous, positive, de-
creasing function on [m; 1 ) and

P
an is convergent. Then

Z 1

m +1
f (x)dx · Rm ·

Z 1

m
f (x)dx:

Proof. In Theorem 6.3.2 set k = m + 1. That gives

Z 1

m +1
f (x)dx ·

1X

n = m +1

an · am +1 +
Z 1

m +1
f (x)dx:

But

am +1 +
Z 1

m +1
f (x)dx ·

Z 1

m
f (x)dx

sincef is decreasingand f (m + 1) = am +1 .

Example 6.3.9. Estimate ³ (3) =
P 1

n =1
1

n 3 using the ¯rst 10 terms of the series. We
have

10X

n =1

=
19164113947
16003008000

= 1:197531985674193: : :
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The proposition above with m = 10 tells us that

0:00413223140495867: : : =
Z 1

11

1
x3 dx · ³ (3)¡

10X

n =1

·
Z 1

10

1
x3 dx =

1
2 ¢102 =

1
200

= 0:005:

In fact,
³ (3) = 1:202056903159594285399738161511449990: : :

and we hvae

³ (3) ¡
10X

n =1

= 0:0045249174854010: : : ;

so the integral error bound was really good in this case.

Example 6.3.10. Determine if
P 1

n =1
2006

117n 2 +41 n +3 convergersor diverges. Answer: It
converges,since

2006
117n2 + 41n + 3

·
2006
117n2 =

2006
117

¢
1
n2 ;

and
P 1

n 2 converges.

6.4 Tests for Convergence

Final exam: Wednesday, March 22, 7-10pm in PCYNH 109.
Quiz 4: Next Friday
Today: 11.6: Ratio and Root tests
Next: 11.8 Power Series
11.9 Functions de¯ned by power series

6.4.1 The Comparison Test

Theorem 6.4.1 (The Comparison Test). Suppose
P

an and
P

bn are series with
all an and bn positive and an · bn for each n.

1. If
P

bn converges, then so does
P

an .

2. If
P

an diverges, then so does
P

bn .

Proof Sketch. The condition of the theorem implies that for any k,

kX

n =1

an ·
kX

n =1

bn ;

from which each claim follows.

Example 6.4.2. Consider the series
P 1

n =1
7

3n 2 +2 n . For each n we have

7
3n2 + 2n

·
7
3

¢
1
n2 :

Since
P 1

n =1
1

n 2 converges,Theorem 6.4.1 implies that
P 1

n =1
7

3n 2 +2 n also converges.
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Example 6.4.3. Consider the series
P 1

n =1
ln( n )

n . It divergessince for each n ¸ 3 we
have

ln(n)
n

¸
1
n

;

and
P 1

n =3
1
n diverges.

6.4.2 Absolute and Conditional Convergence

De¯nition 6.4.4 (Con verges Absolutely). We say that
P 1

n =1 an converges abso-
lutely if

P 1
n =1 jan j converges.

For example,
1X

n =1

(¡ 1)n 1
n

converges,but does not converge absolutely (it converges\conditionally", though we
will not explain why in this book).

6.4.3 The Ratio Test

Recall that
P 1

n =1 an is a geometric seriesif and only if an = ar n ¡ 1 for some¯xed a
and r . Here we call r the common ratio. Notice that the ratio of any two successive
terms is r :

an +1

an
=

ar n

ar n ¡ 1 = r:

Moreover, we have
P 1

n =1 ar n ¡ 1 converges(to a
1¡ r ) if and only if jr j < 1 (and, of course

it divergesif jr j ¸ 1).

Example 6.4.5. For example,
P 1

n =1 3
¡

2
3

¢n ¡ 1
convergesto 3

1¡ 2
3

= 9. However,
P 1

n =1 3
¡

3
2

¢n ¡ 1

diverges.

Theorem 6.4.6 (Ratio Test). Consider a sum
P 1

n =1 an . Then

1. If limn !1

¯
¯
¯ an +1

an

¯
¯
¯ = L < 1 then

P 1
n =1 an is absolutelyconvergent.

2. If limn !1

¯
¯
¯ an +1

an

¯
¯
¯ = L > 1 then

P 1
n =1 an diverges.

3. If limn !1

¯
¯
¯ an +1

an

¯
¯
¯ = L = 1 then we may conclude nothing from this!

Proof. We will only prove 1. Assume that we have lim n !1

¯
¯
¯ an +1

an

¯
¯
¯ = L < 1. Let

r = L +1
2 , and notice that L < r < 1 (since 0 · L < 1, so 1 · L + 1 < 2, so 1=2 · r < 1,

and also r ¡ L = (L + 1)=2 ¡ L = (1 ¡ L )=2 > 0).

Sincelimn !1

¯
¯
¯ an +1

an

¯
¯
¯ = L , there is an N such that for all n > N we have

¯
¯
¯
¯
an +1

an

¯
¯
¯
¯ < r; so jan +1 j < jan j ¢r:

Then we have
1X

n = N +1

jan j < jaN +1 j ¢
1X

n =0

r n :

Here the common ratio for the secondone is r < 1, hence thus the right-hand series
converges,so the left-hand seriesconverges.
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Example 6.4.7. Consider
1X

n =1

(¡ 10)n

n!
. The ratio of successive terms is

¯
¯
¯
¯
¯
¯
¯
¯

(¡ 10)n +1

(n + 1)!
(¡ 10)n

n!

¯
¯
¯
¯
¯
¯
¯
¯

=
10n +1

(n + 1)n!
¢

n!
10n =

10
n + 1

! 0 < 1:

Thus this seriesconvergesabsolutely. Note, the minus sign is missingabove sincein the
ratio test we take the limit of the absolute values.

Example 6.4.8. Consider
1X

n =1

nn

31+3 n . We have

¯
¯
¯
¯
¯
¯
¯
¯

(n + 1)n +1

3 ¢(27)n +1

nn

31+3 n

¯
¯
¯
¯
¯
¯
¯
¯

=
(n + 1)(n + 1)n

27¢27n ¢
27n

nn =
n + 1

27
¢
µ

n + 1
n

¶ n

! + 1

Thus our seriesdiverges. (Note here that we usethat
¡

n +1
n

¢n
! e.)

Example 6.4.9. Let's apply the ratio test to
P 1

n =1
1
n . We have

lim
n !1

¯
¯
¯
¯
¯
¯
¯

1
n + 1

1
n

¯
¯
¯
¯
¯
¯
¯

=
1

n + 1
¢

n
1

=
n

n + 1
! 1:

This tells us nothing. If this happens... do something else! E.g., in this case,use the
integral test.

6.4.4 The Ro ot Test

Sincee and ln are inverses,we have x = eln( x ) . This implies the very useful fact that

xa = eln( x a ) = ea ln( x ) :

As a sampleapplication, notice that for any nonzeroc,

lim
n !1

c
1
n = lim

n !1
e

1
n log (c) = e0 = 1:

Similarly,
lim

n !1
n

1
n = lim

n !1
e

1
n log (n ) = e0 = 1;

where we've usedthat lim n !1
log (n )

n = 0, which we could prove using L'Hopital's rule.

Theorem 6.4.10 (Ro ot Test). Consider the sum
P 1

n =1 an .

1. If limn !1 jan j
1
n = L < 1, then

P 1
n =1 an convergestabsolutely.

2. If limn !1 jan j
1
n = L > 1, then

P 1
n =1 an diverges.

3. If L = 1, then we may conclude nothing from this!
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Proof. We apply the comparison test (Theorem 6.4.1). First supposelim n !1 jan j
1
n =

L < 1. Then there is a N such that for n ¸ N we have jan j
1
n < k < 1. Thus for such

n we have jan j < kn < 1. The geometric series
P 1

i = N k i converges,so
P 1

i = N jan j also
does, by Theorem 6.4.1. If jan j

1
n > 1 for n ¸ N , then we seethat

P 1
i = N jan j diverges

by comparing with
P 1

i = N 1.

Example 6.4.11. Let's apply the root test to

1X

n =1

ar n ¡ 1 =
a
r

1X

n =1

r n :

We have
lim

n !1
jr n j

1
n = jr j:

Thus the root test tells us exactly what we already know about convergenceof the
geometry series(except when jr j = 1).

Example 6.4.12. The sum
P 1

n =1

³
n 2 +1

2n 2 +1

´ n
is a candidate for the root test. We have

lim
n !1

¯
¯
¯
¯

µ
n2 + 1
2n2 + 1

¶ n ¯
¯
¯
¯

1
n

= lim
n !1

n2 + 1
2n2 + 1

= lim
n !1

1 + 1
n 2

2 + 1
n 2

=
1
2

:

Thus the seriesconverges.

Example 6.4.13. The sum
P 1

n =1

³
2n 2 +1
n 2 +1

´ n
is a candidate for the root test. We have

lim
n !1

¯
¯
¯
¯

µ
2n2 + 1
n2 + 1

¶ n ¯
¯
¯
¯

1
n

= lim
n !1

2n2 + 1
n2 + 1

= lim
n !1

2 + 1
n 2

1 + 1
n 2

= 2;

hencethe seriesdiverges!

Example 6.4.14. Consider
P 1

n =1
1
n . We have

lim
n !1

¯
¯
¯
¯
1
n

¯
¯
¯
¯

1
n

= 1;

so we concludenothing!

Example 6.4.15. Consider
P 1

n =1
n n

3¢(27 n ) . To apply the root test, we compute

lim
n !1

¯
¯
¯
¯

nn

3 ¢(27n )

¯
¯
¯
¯

1
n

= lim
n !1

µ
1
3

¶ 1
n

¢
n
27

= + 1 :

Again, the limit diverges,as in Example 6.4.8.
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6.5 Power Series

Final exam: Wednesday, March 22, 7-10pm in PCYNH 109. Bring ID!
Quiz 4: This Friday
Today: 11.8 Power Series,11.9 Functions de¯ned by power series
Next: 11.10 Taylor and Maclaurin series

Recall that a polynomial is a function of the form

f (x) = c0 + c1x + c2x2 + ¢¢¢+ ck xk :

Polynomials are easy!!!

They are easyto integrate, di®erentiate, etc.:

d
dx

Ã
kX

n =0

cn xn

!

=
kX

n =1

ncn xn ¡ 1

Z kX

n =0

cn xn dx = C +
kX

n =0

cn
xn +1

n + 1
:

De¯nition 6.5.1 (P ower Series). A power series is a seriesof the form

f (x) =
1X

n =0

cn xn = c0 + c1x + c2x2 + ¢¢¢;

where x is a variable and the cn are coe±cients.

A power seriesis a function of x for those x for which it converges.

Example 6.5.2. Consider

f (x) =
1X

n =0

xn = 1 + x + x2 + ¢¢¢:

When jxj < 1, i.e., ¡ 1 < x < 1, we have

f (x) =
1

1 ¡ x
:

But what good could this possibly be? Why is writing the simple function 1
1¡ x as

the complicated series
P 1

n =0 xn of any value?

1. Power seriesare relatively easy to work with. They are \almost" polynomials.
E.g.,

d
dx

1X

n =0

xn =
1X

n =1

nxn ¡ 1 = 1 + 2x + 3x2 + ¢¢¢=
1X

m =0

(m + 1)xm ;

where in the last step we \re-indexed" the series. Power seriesare only \almost"
polynomials, since they don't stop; they can go on forever. More precisely, a
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power seriesis a limit of polynomials. But in many caseswe can treat them like
a polynomial. On the other hand, notice that

d
dx

µ
1

1 ¡ x

¶
=

1
(1 ¡ x)2 =

1X

m =0

(m + 1)xm :

2. For many functions, a power seriesis the best explicit representation available.

Example 6.5.3. Consider J0(x), the Besselfunction of order 0. It arises as a
solution to the di®erential equation x2y00+ xy0 + x2y = 0, and has the following
power seriesexpansion:

J0(x) =
1X

n =1

(¡ 1)n x2n

22n (n!)2

= 1 ¡
1
4

x2 +
1
64

x4 ¡
1

2304
x6 +

1
147456

x8 ¡
1

14745600
x10 + ¢¢¢:

This seriesis nice since it convergesfor all x (one can prove this using the ratio
test). It is also one of the most explicit forms of J0(x).

6.5.1 Shift the Origin

It is often usefulto shift the origin of a power series,i.e., considera power seriesexpanded
about a di®erent point.

De¯nition 6.5.4. The series
1X

n =0

cn (x ¡ a)n = c0 + c1(x ¡ a) + c2(x ¡ a)2 + ¢¢¢

is called a power series centered at x = a, or \a power seriesabout x = a".

Example 6.5.5. Consider

1X

n =0

(x ¡ 3)n = 1 + (x ¡ 3) + (x ¡ 3)2 + ¢¢¢

=
1

1 ¡ (x ¡ 3)
equality valid when jx ¡ 3j < 1

=
1

4 ¡ x

Here conceptually we are treating 3 like we treated 0 before.
Power seriescan be written in di®erent ways, which have di®erent advantages and

disadvantages. For example,

1
4 ¡ x

=
1
4

¢
1

1 ¡ x=4

=
1
4

¢
1X

n =0

³ x
4

´ n
convergesfor all jxj < 4:

Notice that the secondseriesconvergesfor jxj < 4, whereasthe ¯rst convergesonly for
jx ¡ 3j < 1, which isn't nearly as good.
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6.5.2 Convergence of Power Series

Theorem 6.5.6. Given a power series
P 1

n =0 cn (x ¡ a)n , there are exactly three possi-
bilities:

1. The series convegesonly when x = a.

2. The series convegesfor all x.

3. There is an R > 0 (called the \r adius of convergence") such that
P 1

n =0 cn (x ¡ a)n

convergesfor jx ¡ aj < R and divergesfor jx ¡ aj > R.

Example 6.5.7. For the power series
P 1

n =0 xn , the radius R of convergenceis 1.

De¯nition 6.5.8 (Radius of Con vergence). As mentioned in the theorem, R is
called the radius of convergence.

If the seriesconvergesonly at x = a, we say R = 0, and if the seriesconverges
everywhere we say that R = 1 .

The interval of convergence is the set of x for which the seriesconverges. It will be
one of the following:

(a ¡ R; a + R); [a ¡ R; a + R); (a ¡ R; a + R]; [a ¡ R; a + R]

The point being that the statement of the theorem only assertssomethingabout conver-
genceof the serieson the open interval (a ¡ R; a + R). What happensat the endpoints
of the interval is not speci¯ed by the theorem; you can only ¯gure it out by looking
explicitly at a given series.

Theorem 6.5.9. If
P 1

n =0 cn (x ¡ a)n has radius of convergence R > 0, then f (x) =P 1
n =0 cn (x ¡ a)n is di®erentiable on (a ¡ R; a + R), and

1. f 0(x) =
1X

n =1

n ¢cn (x ¡ a)n ¡ 1

2.
Z

f (x)dx = C +
1X

n =0

cn

n + 1
(x ¡ a)n +1 ,

and both the derivative and integral have the sameradius of convergence as f .

Example 6.5.10. Find a power seriesrepresentation for f (x) = tan ¡ 1(x). Notice that

f 0(x) =
1

1 + x2 =
1

1 ¡ (¡ x2)
=

1X

n =0

(¡ 1)n x2n ;

which has radius of convergenceR = 1, sincethe above seriesis valid when j ¡ x2j < 1,
i.e., jxj < 1. Next integrating, we ¯nd that

f (x) = c +
1X

n =0

(¡ 1)n x2n +1

2n + 1
;

for some constant c. To ¯nd the constant, compute c = f (0) = tan ¡ 1(0) = 0. We
concludethat

tan¡ 1(x) =
1X

n =0

(¡ 1)n x2n +1

2n + 1
:
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Example 6.5.11. We will seelater that the function f (x) = e¡ x 2
has power series

e¡ x 2
= 1 ¡ x2 +

1
2

x4 ¡
1
6

x6 + ¢¢¢:

Hence Z
e¡ x 2

dx = c + x ¡
1
3

x3 +
1
10

x5 ¡
1
42

x7 + ¢¢¢:

This despite the fact that the antiderivative of e¡ x 2
is not an elementary function (see

Example 5.7.4).

6.6 Taylor Series

Final exam: Wednesday, March 22, 7-10pm in PCYNH 109. Bring ID!
Last Quiz 4: This Friday
Next: 11.10 Taylor and Maclaurin series
Next: 11.12 Applications of Taylor Polynomials
Midterm Letters:
A, 32{38
B, 26{31
C, 20{25
D, 14{19
Mean: 23.4, Standard Deviation: 7.8, High: 38, Low: 6.

Example 6.6.1. Supposewe have a degree-3(cubic) polynomial p and we know that
p(0) = 4, p0(0) = 3, p00(0) = 4, and p000(0) = 6. Can we determine p? Answer: Yes! We
have

p(x) = a + bx + cx2 + dx3

p0(x) = b+ 2cx + 3dx2

p00(x) = 2c + 6dx

p000(x) = 6d

From what we mentioned above, we have:

a = p(0) = 4

b = p0(0) = 3

c =
p00(0)

2
= 2

d =
p000(0)

6
= 1

Thus
p(x) = 4 + 3x + 2x2 + x3:

Amazingly, we can usethe idea of Example 6.6.1to compute power seriesexpansions
of functions. E.g., we will show below that

ex =
1X

n =0

xn

n!
:
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Convergent seriesare determinedby the valuesof their derivatives.

Consider a generalpower series

f (x) =
1X

n =0

cn (x ¡ a)n = c0 + c1(x ¡ a) + c2(x ¡ a)2 + ¢¢¢

We have

c0 = f (a)

c1 = f 0(a)

c2 =
f 00(a)

2
¢¢¢

cn =
f (n ) (a)

n!
;

where for the last equality we usethat

f (n ) (x) = n!cn + (x ¡ a)(¢¢¢+ ¢¢¢)

Remark 6.6.2. The de¯nition of 0! is 1 (it's the empty product). The empty sum is 0
and the empty product is 1.

Theorem 6.6.3 (T aylor Series). If f (x) is a function that equals a power series
centered about a, then that power series expansion is

f (x) =
1X

n =0

f (n ) (a)
n!

(x ¡ a)n

= f (a) + f 0(a)(x ¡ a) +
f 00(a)

2
(x ¡ a)2 + ¢¢¢

Remark 6.6.4. WARNING: There are functions that have all derivativesde¯ned, but
do not equal their Taylor expansion. E.g., f (x) = e¡ 1=x 2

for x 6= 0 and f (0) = 0.
It's Taylor expansion is the 0 series(which convergeseverywhere), but it is not the 0
function.

De¯nition 6.6.5 (Maclaurin Series). A Maclaurin seriesis just a Taylor serieswith
a = 0. I will not usethe term \Maclaurin series"ever again (it's commonin textb ooks).

Example 6.6.6. Find the Taylor seriesfor f (x) = ex about a = 0. We have f (n ) (x) =
ex . Thus f (n ) (0) = 1 for all n. Hence

ex =
1X

n =0

1
n!

xn = 1 + x +
x2

2
+

x3

6
+ ¢¢¢

What is the radius of convergence?Use the ratio test:

lim
n !1

¯
¯
¯
¯
¯

1
(n +1)! xn +1

1
n ! x

n

¯
¯
¯
¯
¯

= lim
n !1

n!
(n + 1)!

jxj

= lim
n !1

jxj
n + 1

= 0; for any ¯xed x:

Thus the radius of convergenceis 1 .
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Example 6.6.7. Find the Taylor seriesof f (x) = sin(x) about x = ¼
2 .1 We have

f (x) =
1X

n =0

f (n )
¡

¼
2

¢

n!

³
x ¡

¼
2

´ n
:

To do this we have to puzzleout a pattern:

f (x) = sin(x)

f 0(x) = cos(x)

f 00(x) = ¡ sin(x)

f 000(x) = ¡ cos(x)

f (4) (x) = sin(x)

First notice how the signsbehave. For n = 2m even,

f (n ) (x) = f (2m ) (x) = (¡ 1)n= 2 sin(x)

and for n = 2m + 1 odd,

f (n ) (x) = f (2m +1) (x) = (¡ 1)m cos(x) = (¡ 1)(n ¡ 1)=2 cos(x)

For n = 2m even we have

f (n ) (¼=2) = f (2m )
³ ¼

2

´
= (¡ 1)m :

and for n = 2m + 1 odd we have

f (n ) (¼=2) = f (2m +1)
³ ¼

2

´
= (¡ 1)m cos(¼=2) = 0:

Finally,

sin(x) =
1X

n =0

f (n ) (¼=2)
n!

(x ¡ ¼=2)n

=
1X

m =0

(¡ 1)m

(2m)!

³
x ¡

¼
2

´ 2m
:

Next we usethe ratio test to compute the radius of convergence.We have

lim
m !1

¯
¯
¯
¯

(¡ 1)m +1

(2(m + 1))!

³
x ¡

¼
2

´ 2(m +1)
¯
¯
¯
¯

¯
¯
¯
¯
(¡ 1)m

(2m)!

³
x ¡

¼
2

´ 2m
¯
¯
¯
¯

= lim
m !1

(2m)!
(2m + 2)!

³
x ¡

¼
2

´ 2

= lim
m !1

¡
x ¡ ¼

2

¢2

(2m + 2)(2m + 1)

which convergesfor each x. HenceR = 1 .

1Eviden tly this expansion was ¯rst found in India by Madhava of Sangamagrama (1350-1425).
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Example 6.6.8. Find the Taylor seriesfor cos(x) about a = 0. We have cos(x) =
sin

¡
x + ¼

2

¢
. Thus from Example 6.6.7 (with in¯nite radius of convergence)and that

the Taylor expansionis unique, we have

cos(x) = sin
³

x +
¼
2

´

=
1X

n =0

(¡ 1)n

(2n)!

³
x +

¼
2

¡
¼
2

´ 2n

=
1X

n =0

(¡ 1)n

(2n)!
x2n
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6.7 Applications of Taylor Series

Final exam: Wednesday, March 22, 7-10pm in PCYNH 109. Bring ID!
Last Quiz 4: Today (last one)
Today: 11.12 Applications of Taylor Polynomials
Next; Di®erential Equations

This sectionis about an examplein the theory of relativit y. Let m bethe (relativistic)
massof an object and m0 be the massat rest (rest mass) of the object. Let v be the
velocity of the object relative to the observer, and let c be the speed of light. These
three quantities are related as follows:

m =
m0r

1 ¡
v2

c2

(relativistic) mass

The total energyof the object is mc2:

E = mc2:

In relativit y we de¯ne the kinetic energy to be

K = mc2 ¡ m0c2: (6.7.1)

What? Isn't the kinetic energy 1
2 m0v2?

Notice that

mc2 ¡ m0c2 =
m0c2

q
1 ¡ v2

c2

¡ m0c2 = m0c2

" µ
1 ¡

v2

c2

¶ ¡ 1
2

¡ 1

#

:

Let

f (x) = (1 ¡ x)¡ 1
2 ¡ 1

Let's compute the Taylor seriesof f . We have

f (x) = (1 ¡ x)¡ 1
2 ¡ 1

f 0(x) =
1
2

(1 ¡ x)¡ 3
2

f 00(x) =
1
2

¢
3
2

(1 ¡ x)¡ 5
2

f (n ) (x) =
1 ¢3 ¢5¢¢¢(2n ¡ 1)

2n (1 ¡ x)¡ 2n +1
2 :

Thus

f (n ) (0) =
1 ¢3 ¢5¢¢¢(2n ¡ 1)

2n :
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Hence

f (x) =
1X

n =1

f (n ) (0)
n!

xn

=
1X

n =1

1 ¢3 ¢5¢¢¢(2n ¡ 1)
2n ¢n!

xn

=
1
2

x +
3
8

x2 +
5
16

x3 +
35
128

x4 + ¢¢¢

We now usethis to analyze the kinetic energy (6.7.1):

mc2 ¡ m0c2 = m0c2 ¢f
µ

v2

c2

¶

= m0c2 ¢
µ

1
2

¢
v2

c2 +
3
8

¢
v2

c2 + ¢¢¢
¶

=
1
2

m0v2 + m0c2 ¢
µ

3
8

v2

c2 + ¢¢¢
¶

And we can ignore the higher order terms if v2

c2 is small. But how small is \small"

enough,given that v2

c2 appears in an in¯nite sum?

6.7.1 Estimation of Taylor Series

Suppose

f (x) =
1X

n =0

f (n ) (a)
n!

(x ¡ a)n :

Write

RN (x) := f (x) ¡
NX

n =0

f (n ) (a)
n!

(x ¡ a)n

We call

TN (x) =
NX

n =0

f (n ) (a)
n!

(x ¡ a)n

the N th degreeTaylor polynomial. Notice that

lim
N !1

TN (x) = f (x)

if and only if
lim

N !1
RN (x) = 0:

We would like to estimate f (x) with TN (x). We needan estimate for RN (x).

Theorem 6.7.1 (T aylor's theorem). If jf (N +1) (x)j · M for jx ¡ aj · d, then

jRN (x)j ·
M

(N + 1)!
jx ¡ ajN +1 for jx ¡ aj · d.
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For example, if N = 0, this says that

jR(x)j = jf (x) ¡ f (a)j · M jx ¡ aj;

i.e., ¯
¯
¯
¯
f (x) ¡ f (a)

x ¡ a

¯
¯
¯
¯ · M ;

which should look familiar from a previous class(Mean Value Theorem).

Applications:

1. One can useTheorem 6.7.1to prove that functions convergeto their Taylor series.

2. Returning to the relativit y exampleabove, we apply Taylor's theorem with N = 1
and a = 0. With x = ¡ v2=c2 and M any number such that jf 00(x)j · M , we have

jR1(x)j ·
M
2

x2:

For example, if we assumethat jvj · 100m=s we use

jf 00(x)j ·
3
2

(1 ¡ 1002=c2)¡ 5=2 = M :

Using c = 3 £ 108m=s, we get

jR1(x)j · 4:17¢10¡ 10 ¢m0:

Thus for v · 100m=s » 225mph, then the error in throwing away relativistic
factors is 10¡ 10m0. This is like 200 feet out of the distance to the sun (93 million
miles). So relativistic and Newtonian kinetic energiesare almost the same for
reasonablespeeds.



Chapter 7

Some Di®eren tial Equations

Final exam: Wed March 22 7-10pm in Pepper canyon 109.
Today: Section 9.5
Friday: Review (with special guest John Eggers).
Extra O±ce Hours: Monday 11-2pm

Intro duction { not written.

7.1 Separable Equations

A separabledi®erential equation is a ¯rst order di®erential equation that can be written
in the form

dy
dx

=
f (x)
h(y)

:

Thesecan be solved by integration, by noting that

h(y)dy = f (x)dx;

hence Z
h(y)dy =

Z
f (x)dx:

This latter equation de¯nes y implicitly as a function of x, and in some casesit is
possibleto explicitly solve for y as a function of x.

7.2 Logistic Equation

The logistics equation is a di®erential equation that models population growth. Often
in practice a di®erential equation modelssomephysical situtation, and you should \read
it" as doing so.

Exponential growth:
1
P

dP
dt

= k:

This says that the \relativ e (percentage) growth rate" is constant. As we saw before,
the solutions are

P( t ) = P0 ¢ek t :

85
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Note that this model only works for a little while. In everyday life the growth couldn't
actually continue at this rate inde¯nitely . This exponential growth model ignores limi-
tations on resources,disease,etc. Perhapsthere is a better model?

Over time we expect the growth rate should level o®,i.e., decreaseto 0. What about

1
P

dP
dt

= k
µ

1 ¡
P
K

¶
; (7.2.1)

where K is somelarge constant called the carrying capacity, which is much bigger than
P = P(t) at time 0. The carrying capacity is the maximum population that the environ-
ment can support. Note that if P > K , then dP=dt < 0 so the population declines. The
di®erential equation (7.2.1) is called the logistic model (or logistic di®erential equation).
There are, of course,other models one could use,e.g., the Gompertz equation.

First question: are there any equilibrium solutions to (7.2.1), i.e., solutions with
dP=dt = 0, i.e., constant solutions? In order that dP=dt = 0 then 0 = k

¡
1 ¡ P

K

¢
, so the

two equilibrium solutions are P(t) = 0 and P(t) = K .
The logistic di®erential equation (7.2.1) is separable,so you can separatethe vari-

ables with one variable on one side of the equality and one on the other. This means
we can easily solve the equation by integrating. We rewrite the equation as

dP
dt

= ¡
k
K

P(P ¡ K ):

Now separate:
K dP

P(P ¡ K )
= ¡ k ¢dt;

and integrate both sides
Z

K dP
P(P ¡ K )

=
Z

¡ k ¢dt = ¡ kt + C:

On the left side we get
Z

K dP
P(P ¡ K )

=
Z µ

1
P ¡ K

¡
1
P

¶
dP = ln jP ¡ K j ¡ ln jP j + ¤

Thus
ln jK ¡ Pj ¡ ln jP j = ¡ kt + c;

so
ln j(K ¡ P)=Pj = ¡ kt + c:

Now exponentiate both sides:

(K ¡ P)=P = e¡ k t + c = Ae¡ k t ; where A = ec:

Thus
K = P(1 + Ae¡ k t );

so

P(t) =
K

1 + Ae¡ k t :

Note that A = 0 also makes senseand gives an equilibrium solution. In general we
have lim t !1 P(t) = K . In any particular casewe can determine A as a function of
P0 = P(0) by using that

P(0) =
K

1 + A
so A =

K
P0

¡ 1 =
K ¡ P0

P0
:


