Calculusfor Scietists and Engineersl:
Math 20Bat UCSD

William Steint

March 15, 2006

1 am attending John Eggers lectures, which have a very strong in°uence on these notes.






Contents

Preface
1.1 Computers . . . . . . e

De nite and Inde nite Integrals

2.1 TheDenite Integral . . . . . .. ... .. . . . ... .
2.1.1 The denition of areaundercurve . ... .............
2.1.2 Relation betweenvelocity andarea. . . . . ... ... ......
2.1.3 Denition oflIntegral . . . . . ... ... ... ...........
2.1.4 The Fundamertal Theoremof Calculus . . ... ... ... ...

2.2 Indenite IntegralsandChange . . . . . .. ... ... .. ........
221 Indenite Integrals . . . . . ... ... ...
222 Examples . . . . ..
2.2.3 Physical Intuition . . . ... oo o

2.3 Substitution and Symmetry . . . . ... .. L Lo
2.3.1 The Substitution Rule . . . . . .. .. .. ... ... ... ...
2.3.2 The Substitution Rule for De nite Integrals . . . . . .. ... ..
2.3.3 Symmetry . . . .. e

Applications to Areas, Volume, and Av erages

3.1 Using Integration to Determine Areas BetweenCurves . . . . . . .. ..
3.1.1 Examples . . . ...

3.2 Computing Volumesof Surfacesof Revolution . . . . ... ... .....

3.3 AverageValues . . . . . . ..

Polar Coordinates and Complex Num bers

4.1 Polar Coordinates . . . . . . .. .

4.2 Areasin Polar Coordinates . . . . . ... ... ... ... ... . ...,
421 Examples . . . . ...

4.3 ComplexNumbers . . . . . . .. . ..
4.3.1 PolarForm . . . . .. ..

4.4 Complex Exponertials and Trig Identities . . . . ... ... .......
4.4.1 Trigonometry and Complex Exponertials . . . . ... ... ...

Integration Techniques

5.1 Integration By Parts . . . . . . . ... ... ..

5.2 Trigonometric Integrals . . . . . . . . .. ... ... ...
5.2.1 SomeRemarkson Using Complex-Valued Functions . . . . . ..

5.3 Trigonometric Substitutions . . . . . ... ... ... ... L.

5.4 Factoring Polynomials . . . . .. ... .. ... .. ... .. ... . ...

o a



55
5.6
5.7

Sequences and Series
Sequences. . . ... ... ...
Series . .. ... o
The Integral and Comparison Tests
6.3.1 Estimating the Sum of a Series
Testsfor Convergence
6.4.1 The Comparison Test
6.4.2 Absolute and Conditional Convergence
6.4.3 The Ratio Test
6.4.4 The Root Test
Power Series. . . . .. ... ... ...
6.5.1 Shift the Origin
6.5.2 Convergenceof Power Series

6.1
6.2
6.3

6.4

6.5

6.6
6.7

Some Di®eren tial Equations
7.1 SeparableEquations
7.2 Logistic Equation

Integration of Rational Functions Using Partial Fractions
Approximating Integrals
Improper Integrals
5.7.1 Convergence,Divergence,and Comparison

Taylor Series

Applications of Taylor Series
6.7.1 Estimation of Taylor Series

CONTENTS



Chapter 1

Preface

In order to learn Calculusiit's crucial for you to do all the assignedproblems and then
some. When | was a student and started doing well in math (instead of poorly!), the
key di®erencewasthat | started doing an insanenumber of problems (e.g., every single
problem in the book). Push yourselfto the limit!

1.1 Computers

| think the best way to use a computer in learning Calculus is as a sort of solutions
manual, but better. Do a problem rst by hand. Then verify correctnessof your
solution. This is way better than what you get by using a solutions manual!

2 You cantry similar problems(not in the homework) and also verify your answers.
This is like playing solitaire, but is much more creative.

2 You can verify key stepsof what you did by hand using the computer. E.g., if
you're confusedabout one of part of your approach to computing an integral, you
can comparewhat you get with the computer. Solution manuals either give you
only the solution or a particular sequenceof stepsto get there, which might have
little to do with the brilliantly original strategy you inverted.

For this courseits most useful to have a program that does symbolic integration.
I recommend maxima, which is a fairly simple completely free and open source
program written (initially) in the 1960sat MIT. Download it for free from

http://maxima.sourceforge.net

It's not insanely powerful, but it'll instantly do (something with) pretty much any
integral in this class,and a lot more. Plus if you know lisp you can read the source
code. (You could also buy Maple or Mathematica, or usea TI-89 calculator.)

Here are somemaxima examples:

(%i2) integrate(x*2 + 1 + 1/(x"2+1), X);
3
X
(%02) atan(x) + -- + X
3
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(%i3) integrate(sqrt(5/x), X);

(%03) 2 sqrt(5) sqrt(x)
(%i4) integrate(sin(2*x)/sin(x), X);

(%04) 2 sin(x)
(%i5) integrate(sin(2*x)/sin(x), X, 0, %pi);
(%05) 0

(%i6) integrate(sin(2*x)/sin(x), X, 0, %pi/2);

(%06) 2



Chapter 2

De nite and Inde nite
In tegrals

2.1 The De nite Integral

2.1.1 The de nition of area under curve

Let f be a continuous function on interval [a;b]. Divide [a;b] into n subintervals of
length ¢ x = (bj a)=n. Choose (sample) points x;* in ith interval, for ead i. The
(signed) area betweenthe graph of f and the x axis is approximately

An » f(x])e x + ¢ee+ f (xp)¢ x
X
= f (x7)¢ x:
i=1
P
(The is notation to make it easierto write down and think about the sum.)

De nition 2.1.1 (Signed Area). The (signed) area between the graph of f and the
X axis betweena and b is A I

. X1 a
nIlllm B f(xi')¢ x

(Note that ¢ x = (bj a)=n dependsonn.)

It is a theorem that the areaexists and doesn't depend on the choice of x;'.

2.1.2 Relation between velocity and area

Supposeyou're reading a car magazineand there is an article about a new sports car
that hasthis table in it:

Time (seconds)| 0| 1|2 |3 |4 |5 |6
Speed (mph) 0| 5]15|25|40| 50| 60

They claim the car drove 1=8th of a mile after 6 seconds,but this just \feels" wrong...
Hmmm... Let's estimate the distance driven using the formula

distance = rate £ time:

7
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We overestimateby assumingthe velocity is a constart equalto the max on ead interval:

. 1 .
estimate = 5¢1+ 15¢1+ 25¢1+ 40¢1+ 50¢1+ 60¢1 = Wgosomlles = 0:.054::

(Note: there are 3600secondsn an hour.) But 1=8 » 0:125,sothe article is inconsistert.
(Doesn't this sort of thing just bug you? By learning calculusyou'll be able to double-
ched things like this much more easily)

Insigh t! The formula for the estimate of distance travelal alove looks exactly like
an approximation for the area under the graph of the speed of the car! In fact, if an
object hasvelocity v(t) at time t, then the net changein position from time a to bis

Zy
v(t)dt:

a

We'll comebadk to this obsenation frequertly.

2.1.3 De nition of Integral

Let f be a cortinuous function on the interval [a;b]. The de nite integral is just the
signedarea betweenthe graph of f and the x axis:

De nition 2.1.2 (Denite Integral). The de nite integral of f (x) from ato bis
z, A !
f (x)dx = lim f(x{)¢ x
a n'l i=1
Properties of Integration:
Rb Ra
2 fdx = Jf(x)dx
, Ro Ry Ry ) . .
2 Gf1(X) + fo(X)dx=c; [ f1(x)+ ¢ , Fa(x)dx: (linearity)
R R
2 If f(x), g(x) onforall x 2 [a;b], then °f(x)dx, . g(x)dx.

There are many other properties.

2.1.4 The Fundamen tal Theorem of Calculus

Let f bea cortinuousfunction on the interval [a;b]. The following theorem is incredibly
useful in mathematics, physics, biology, etc.

Theorem 2.1.3. If F(x) is any di®erentiable function on [a; b suchthat F 4x) = f (x),
then 7
b
f(x)dx=F(b)j F(a):

a
One reasonthis is amazing, is becauseit says that the areaunder the ertire curveis
completely determined by the valuesof a (\magic") auxiliary function at only 2 points.
It's hard to believe. It reducescomputing (2.1.2) to nding a single function F, which
one can often do algebraically, in practice.Whether or not one should usethis theorem
to ewvaluate an integral depends a lot on the application at hand, of course. One can
alsousea partial limit via a computer for certain applications (numerical integration).
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Example 2.1.4. I've always wonderedexactly what the areais under a \h ump" of the
graph of sin. Let's "gure it out, using F(x) = | cogx).
Zy,

. sin(x)dx=j cog¥) i (j cod0)) =i (iDi (i =2

But doessud an F always exist? The surprising answer is \y es".
R
Theorem 2.1.5. LetF(x) = ;f(t)dt. Then FYx) = f (x) for all x 2 [a;1b].

Note that a \nice formula" for F canbe hard to "nd or even provably non-existert.
The proof of Theorem 2.1.5is somewhatcomplicated but is givenin complete detail
in Stewart's book, and you should de nitely read and understand it.

Sketchof Proof. We usethe de nition of derivative.

F(x+h)i F(x)

0 — .
FA(x) = r!llmo - h |
X+ h z X ’
= lim f (t)dt f(t)dt =h
ht o 4 a
|
z X+ h ’
= lim f(t)dt =h

X

R
Intuitiv ely, for h suzciently smallf is essetially constart, so X“h f (t)dt » hf (x) (this
can be made preciseusing the extreme value theorem). Thus

|
Z><+h

fm o fOdt =h= (0

which provesthe theorem. O

2.2 Inde nite Integrals and Change

(William  Stein, Math 20b, Win ter 2006)

Homework: Do the following by Tuesday, January 17.

* Section 5.3: 13, 37, 55, 67

* Section 5.4: 2, 9, 13, 27, 33, 39, 45, 47,51, 53

* Section 5.5: 11, 23, 31, 37, 41, 55, 57, 63, 65, 75, 79

The rst quiz will be on Friday, Jan 20 and will consist of two problems from this homework.
Ace the Trst quiz!

2.2.1 Inde nite Integrals

The notation  f (x)dx = F(x) meansthat F9x) = f (x) on some (usually speci ed)
domain of de nition of f (x).
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De nition 2.2.1 (An ti-deriv ativ €). We call F(x) an anti-derivative of f (x).

Prop osition 2.2.2. Supmsef is a continuous function on an interval (a;b). Then
any two antiderivatives di®er by a constant.

Proof. If F1(x) and F,(x) are both antiderivativesof a function f (x), then
(Fi(x) i F200)°= Fx) i Fx)=f(x)i f(x)= 0

ThusFi(x)i F2(x) = cfrom someconstart ¢ (sinceonly constart functions have slope 0
everywhere). Thus F1(x) = F2(x) + ¢ as claimed. O

We thus often write Z
f(xX)dx = F(x) + ¢c;

where c is an (unspeci ed xed) constart.

Note that the proposition neednot be true if f is not de ned on a whole interval.
For example, f (x) = 1=x is not de ned at 0. For any pair of constarts c;, ¢, the
function
In(jxj)+ ¢ x< 0;

Inx)+ ¢, x>0;

F(x)=

satis esFx) = f (x) for all x 6 0. We often still just write 1=x = In(jxj) + c anyways,
meaningthat this formula is supposedto hold only on one of the intervals on which 1=x
is de ned (e.g.,on (j1 ;0) or (0;1)).
We pauseto emphasizethe notation di®erencebetweende nite and inde nite inte-
gration.
Zy
f (x)dx
2
f (x)dx

a speci ¢ number

a (family of) functions

One of the main gaals of this courseis to help you to get really good at computing
f (x)dx for various functions f (x). It is useful to memorize a table of examples(see,
e.g.,page406 of Stewart), sinceoften the trick to integration is to relate a given integral
to a known one. Integration is like solving a puzzleor playing a game,and often you win
by moving into a position where you know how to defeat your opponert, e.g., relating
your integral to integrals that you already know how to do. If you know how to do
a basic collection of integrals, it will be easierfor you to seehow to get to a known
integral from an unknown one. R
Whenewer you successfullycompute F(x) = f (x)dx, thlsn you've constructed a

mathematical gadgetthat allows you to very quickly compute ;f (x)dx for any a; b (in
the interval of de nition of f (x)). The gadgetis F(b) i F(a). This is really powerful.

2.2.2 Examples

Example 2.2.3.
z z z z

X2+ 1+ dx= x%dx+ l1dx+

X2+ 1 X2 + 10IX

1 :
= éxz + x + tanl }(x) + c:
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Example 2.2.4.

Zr — Z
gdx - Pogirege = Pea2s
Example 2.2.5.
z z z
sin(2x) 2sin(x) cogx) .
__ 7 = —__ Y77 = 2 =2 +
Sin() d sin) cogx) sin(x) + ¢

2.2.3 Physical Intuition

In the previous lecture we mertioned a relation between velocity, distance, and the
meaning of integration, which gave you a physical way of thinking about integration.
In this section we generalizeour previous obsenation.

The following is a restatemert of the fundamenal theorem of calculus:

Theorem 2.2.6 (Net Change Theorem). The de nite integral of the rate of change
F9x) of somequantity F(x) is the net changein that quantity:
z b
FUx)dx = F(b) i F(a):
a

For example, if p(t) is the population of students at UCSD at time t, then pXt) is
the rate of change. Lately pt) has beenpositive since p(t) is growing (rapidly!). The
net changeinterpretation of integration is that

Z,,

pt)dt = p(t2) i p(t1) = changein number of studerts from time t; to ty:
t1

Another very common example you'll seenin problems involves water °ow into or
out of something. If the volume of water in your bathtub is V(t) gallons at time t (in
seconds) then the rate at which your tub is draining is V {t) gallons per second.If you
have the geekiestdrain imaginable, it prints out the drainage rate VYt). You can use
that printout to determine how much water drained out from time t; to t;:

Z,,
Vt)dt = water that drained out from time t; to t,
ty

Someproblemswill try to confuseyou with di®eren notions of change. A standard
exampleis that if a car hasvelccity v(t), and you drive forward, then slamit in reverse
and drive backward to whereyou start (say 10 secondgotal elapse?_.(then v(t) is positive
some of the time and negative some of the time. The integral Olo v(t)dt is not the
total distance registered on your odometer, since v(t) is partly positive and partly
negative.RIf you want to expresshow far you actually drove going badk and forth,

compute Olojv(t)jdt. The following example emphasizeshis distinction:

Example 2.2.7. An ancient dragonis pacing on the cli®sin Del Mar, and has velcity
v(t) = t?j 2t 8. Find (1) the displacemen of the dragon from time t = 1 until time
t = 6 (i.e., how far the dragonis at time 6 from where it was at time 1), and (2) the
total distance the dragonpaced fromtime t= 1tot= 6.
For (1), we compute
Ze ' 6 10

1
2. . — 3. 42, — . .
) (t i 2t 8)dt —3t i t°j 8t l— i —3.
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For (2), we compute the integral of jv(t)j:
Z 6 ) 9} 1 ﬂ, 4 ) 1 5 6
jt2; 2t gdt= ; =t3j t?j 8 o+ Zt3; t?j 8 =18+
1 3 1 3 4

2.3 Substitution and Symmetry

Homework reminder.

Quiz reminder: Friday, Jan 20 (Ace the “rst quiz!).

Ozce Hours: Tue 11-1.

Monday is a holiday!

Wednesdy { areasbetween curvesand volumes

First midterm: Wed Feb 1 at 7pm (review lecture during day!)
Quick 5 minute discussion of computers and Maxima.

Quiz format: one question on front; one on back.

Remarks: R
1. The total distance traveld is :12 jv(t)jdt since jv(t)j is the rate of change of F(t) =
distance traveled (your speedometerdisplays the rate of change of your odometer).
R
2. How to compute abjf (x)jdx.
(a) Find the zerosof f (x) on [a;b], and usetheseto break the interval up into subin-
tervals on which f (x) is always, O or always - O.

(b) On the intervals where f (x) , 0, compute the integral of f, and on the intervals
where f (x) - 0, compute the integral of j f.

(c) The sum of the above integrals on intervals is  jf (x)jdx.

This section is primarly about a powerful technique for computing de nite and
inde nite integrals.

2.3.1 The Substitution Rule

In “rst quarter calculus you learned numerous methods for computing derivatives of
functions. For example,the power rule assertsthat

(x*)%= a¢xdi b
We can turn this into a way to compute certain integrals:

x3dx = ixf”1 if a6 i 1
a+1
Just as with the power rule, many other rules and results that you already know
yield techniquesfor integration. In generalintegration is potentially much trickier than
di®erertiation, becauseit is often not obvious which technique to use, or even how to
useit. Integration is a more exciting than di®erentiation!
Recall the chain rule, which assertsthat

d - :
ax! @A) = f %g(x)) g%x):

We turn this into a technique for integration as follows:
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Prop osition 2.3.1 (Substitution Rule). Letu = g(x), we have
Z z
f(g(x)gx)dx = f(u)du;

assumingthat g(x) is a function that is di®erentiable and whoserangeis an interval on
which f is continuous.

Proof. Sincef is continuouson the range of g, Theorem 2.1.5 (the fundamental theorem
of Calculus) implies that there is a function F sud that F°= f. Then

4 y4
f (9(x)) gAx)dx

F%g(x)) g%x)dx
Z U 1
&F (g(x)) dx

F(g(x)) + CZ 7
F(u+C= FYudu= f(u)du:

O

If u = g(x) then du = g¥x)dx, and the substitution rule simply says if you let
u = g(x) formally in the integral everywhere,what you naturally would hope to be true
basedon the notation actually is true. The substitution rule illustrates how the notation
Leibniz invented for Calculus is incredibly brilliant. It is said that Leibniz would often
spend days just trying to nd the right notation for a concept. He succeeded.

As with all of Calculus, the bestway to start to get your headaround a new concept
is to seese\erally clearly worked out examples. (And the bestway to actually be able to
usethe newideais to do lots of problemsyourself!) In this sectionwe presert examples
that illustrate how to apply the substituion rule to compute inde nite integrals.

Example 2.3.2. z

x2(x3 + 5)%dx

Let u= x%+ 5. Then du = 3x2dx, hencedx = du=(3x?). Now substitute it all in:
Z Z

1
x2(x® + 5)%x = ulf = %(x3 + 5)10:

1
3 30

There's no point in expanding this out: \only simplify for a purpose"

Example 2.3.3. z
¢ dx
1+ e
Substitute u = 1+ €. Then du = €*dx, and the integral above becomes

z du
o - Injuj=Injl+ €= In1+ €&):

Note that the absolute valuesare not needed,sincel+ e > 0 for all x.
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Example 2.3.4. 7
XZ
p——dx
1 X
Keeping in mind the power rule, we make the substitution u= 1j x. Then du = j dx.
Noting that x = 1 u by solving for x in u = 1 x, we seethat the above integral
becomes

Z Z
Y o+ 2
i (ibau;)du = j ]Jj%du
z
=i ul 2 202+ u¥du
u 1
= 2ul2; ﬁluszz_l_ gu5:2

3 5
L 4 L 2 ]
=020 )T S 0P S 0T

2.3.2 The Substitution Rule for De nite Integrals

Prop osition 2.3.5 (Substitution Rule for Denite Integrals). We have
Zp Z (v
f(9(x)) gAx)dx = f (u)du;

a g(a)

assumingthat u = g(x) is a function that is di®erentiable and whoserangeis an interval
on which f is continuous.

Proof. If FO= f, then by the chain rule, F(g(x)) is an antiderivative of f (g(x))g%x).
Thus

Z, h iy Z 4(n)
a

f(9(x))g%x)dx = F(g(x)) = F(g(0) i F(g(a) = @ f (u)du:
a g(a

Example 2.3.6.
Zpy,

x cosfx?)dx
0

We let u = x?, sodu = 2xdx and xdx = %du and the integral becomes

Z(p1742

1 1 . 3 1
=¢ cosu)du = = ¢[S|n(u)]g“ = -¢0j 0)=0:
27 2 2 2

2.3.3 Symmetry

An odd function is a function f (x) sud that f (j x) = i f (x), and an evenfunction one
for which f (j x) = f (x). If f is an odd function, then for any a,
Z a
f(x)dx = 0O

ia
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If f is an even function, then for any a,
Z a Z a
f(x)dx=2 f(x)dx:
0

ia

Both statemerts are clear if we view integrals as computing the signed area between
the graph of f (x) and the x-axis.

Example 2.3.7. z, z, =
x?dx=2 x%dx=2 =x® = Z:
i1 0 3 5, 3
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Chapter 3

Applications to Areas,
Volume, and Av erages

3.1 Using Integration to Determine Areas Between
Curv es

Today is 2006-01-18.

Quiz reminder: Friday, Jan 20 (describe format)

How was your weekend?

Mine was great|l wrote open source math software nonstop for days on end!

This sectionis about how to compute the area of fairly generalregionsin the plane.
Regionsare often described asthe area enclosedby the graphs of seweral curves. (\My
land is the plot enclosedbyFEhat river, that fence,and the highway.")

Recall that the integral ;f (x)dx has a geometric interpretation asthe signedarea
betweenthe graph of f (x) and the x-axis. We de ned area by subdividing, adding up
approximate areas(use points in the intervals) as Riemann sum, and taking the limit.
Thuswe de ned areaasa limit of Riemann sums. The fundamertal theorem of calculus
assertsthat we can compute areasexactly when we can nding antiderivatives.

Instead of consideringthe areabetweenthe graph of f (x) and the x-axis, we consider
more generally two graphs,y = f (x), y = g(x), and assumefor simplicity that f (x) ,
g(x) on an interval [a;b]. Again, we approximate the area between thesetwo curvesas
before using Riemann sums. Each approximating rectangle has width (bj a)=n and
height f (x) i 9(x), so

X
Area bounded by graphs» [f(x)i g(xi)]e x:

Note that f (x) i g(x) , O, sothe areais nonnegative. From the de nition of integral
we seethat the exact areais
Zy
Area bounded by graphs = (f(x)i g(x))dx: (3.1.1)
a
Why did we make a big deal about approximations instead of just writing down
(3.1.1)? Becausehaving a senseof how this areacomesdirectly from a Riemann sumis

17
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very important. But, what is the point of the Riemann sum if all we're going to do is
write down the integral? The sum enbodiesthe geometric manifestation of the integral.
If you have this picture in your mind, then the Riemann sum has done its job. If you
understand this, you're more likely to know what integral to write down; if you don't,
then you might not.

Remark 3.1.1. By the linearity property of integration, our sough for area is the
di®erence Z, Z,

f)dxi  g(x)dx;

a
of two signedareas.

3.1.1 Examples

Example 3.1.2. Find the areaenclosedby y = x+ 1,y = 9j x?, x=j 1, x= 2.

9 —

ol

Figure 3.1.1: What is the enclosedarea?

Zh i
Area = Qi x?)j (x+ 1) dx
il
We have reducedthe problem to a computation:

Z2 Z2 ' 1, 1.4°
[(9i x?)i (x+ Dldx= (8 xj x?)dx= 8xj =x?; =x® = =

il il 2 3
The above example illustrates the simplest case. In practice more interesting situ-

ations often arise. The next exampleillustrates "nding the boundary points a; b when
they are not explicitly given.

Example 3.1.3. Find areaenclosedby the two parabolasy = 12j x? andy = x?j 6.

Problem: We didn't tell you what the boundary points a;b are. We have to gure
that out. How? We must 'nd exactly wherethe two curvesintersect, by setting the two
curvesequal and nding the solution. We have

x?i 6= 12 x?%
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20

12:x2

X*¥2-6 -----=-

15 N

-15

. . . . .
4 2 0 2 4

Figure 3.1.2: What is the enclosedarea?

so0= 2x?; 18= 2(x?j 9)= 2(xi 3)(x + 3), hencethe intersect points areat a= j 3
and b= 3. We thus 'nd the areaby computing

Z 3 a Z 3 Z 3
127 x%2j (x%j 6) dx= (18] 2x¥)dx=4 (9 x?)dx = 4¢18= 72
i3 i3 0
Example 3.1.4. A common way in which you might be tested to seeif you really
understand what is goingon, is to beaskedto nd the areabetweentwo graphsx = f (y)
and x = g(y). If the two graphs are vertical, subtract o®the right-most curve. Or, just
\switc h x and y" everywhere (i.e., re°ect about y = x). The areais unchanged.

Example 3.1.5. Find the area(not signed area!) enclosedby y = sin(¥x), y = x?j X,
and x = 2.

si‘n(pi*x)
XH2X == /]
35 L 0 - /1

L L L L L
-0.5 0 05 1 15 2 25

Figure 3.1.3: Find the area

Write x? | x = (xj 1=2)%?j 1=4, sothat we can obtain the graph of the parabola
by shifting the standard graph. The areacomesin two pieces,and the upper and lower
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curve switch in the middle. Tednically, what we're doing is integrating the absolute
value of the di®erence.The areais
z 1 z 2 4
sin(vx) i (x?i x)dx (x%i x)i sin(¥x)dx = 7t 1
1
Somethingto take away from this is that in order to solve this sort of problem, you
needsomefacility with graphing functions. If you aren't comfortable with this, review.

3.2 Computing Volumes of Surfaces of Revolution

Everybody knows that the voluem of a solid box is
volume = length £ width £ height:

More generally, the volume of cylinder is V = ¥r2h (crosssectional areatimes height).
Even more generally, if the base of a prism has area A, the volume of the prism is
V = Ah.

But what if our solid object looks like a complicated blob? How would we compute
the volume? We'll do somethingthat by now should seemfamiliar, which is to chop the
object into small piecesand take the limit of approximations.

[[Picture of solid sliced vertically into a bunch of vertical thin solid discs.]]

Assumethat we have a function

A(X) = crosssectional areaat x:

P
The volume of our potentially complicated blob is approximately — A(X;)¢ x. Thus

X
volume of blob = nIIiJI:T] A(Xi)¢ x

i=1
Zy

= A(x)dx
a
Example 3.2.1. Find the volume of the pyramid with height H and squarebasewith
sidesof length L.

For corveniencelook at pyramid on its side, with the tip of the pyramid at the
origin. We needto "gure out the crosssectionalareaas a function of x, for0- x - H.
The function that givesthe distance s(x) from the x axis to the edgeis a line, with
s(0) = 0 and s(H) = L=2. The equation of this line is thus s(x) = ﬁx. Thus the cross
sectional areais

x2L2
A(X) = (2s(x)? = 5
The volume is then
Zy Zy 22 ' H
x2L x3L2’ H3LZ 1
A(x)dx = o—dx = = = ZHLZ:
0 o H 3H2 0 3H?2 3
Today: Quiz!
Next: Polar coordinates, etc.

Questions:?
Recall: Find volume by integrating crosssection of area. (draw picture)
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Figure 3.2.1: How Big is Pharaoh's Place?

Example 3.2.2. Find the volume of the solid obtained by rotating the following region
about the x axis: the regionenclosedby y = x? andy = x3 betweenx = Oand x = 1.

1

X**2 //
X3 - 7

0.8

0.6

04

0.2 -

L L L
0 0.2 0.4 0.6 0.8 1

0

Figure 3.2.2: Find the volume of the “ower pot

The crosssectionis a \w asher”, and the area as a function of x is
A(X) = Yro(x)? i ri(x)?) = ¥x* | x°):

The volume is thus
Z, Zqu )l : .1
_ 1s 15 _115.17_2.
. A(x)dx = . §X i 7x dx = Y §X i 7x 0— 3—51/4
Example 3.2.3. One of the most important examplesof a volume is the volume V of

a sphereof radius r. Let's 'nd it! We'll just compute the volume of a half and multiply
by 2. The crosssectional areais
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Sqr(lx2) ——
-sqri(1-x**2) -------
r J—

05 |

-05 |

Figure 3.2.3: Crosssection of a half of spherewith radius 1

A(x) = Ya(x)? = 1/(p r2j x2)2=yr2;j x?):

x

Then z )
1y - r Yr2i x?)dx = Ya r2x ENCREEYE i Lpe = 2y,
27 3, 3 37

ThusV = (4=3)¥s 3.

Example 3.2.4. Find volume of intersection of two spheresof radius r, where the
certer of eat spherelies on the edgeof the other sphere.
From the picture we seethat the answer is
Z r
2 AX);
r=2
where A(x) is exactly asin Example 3.2.3. We have
Z, 5
2 Yr?i x®)dx= —=w?:
~ {rei x°) 7

3.3 Average Values

Quiz Answers: (1) 29, (2) 3In x*+ 1 + tan’ *(x)
Exam 1: Wednesdy, Feb 1, 7:00pm{7:50pm, here.
Today: x6.5{ Average Values

Today: x10.3 { Polar coords

NEXT: x10.4 {Areas in Polar coords

Why did we skip from x6.5to x10.3? Later we'll go back and look at trig functions and complex
exponertials; these ideaswill 't together more than you might expect. We'll go back to x7.1
on Feb 3.
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In this section we use Riemann sumsto extend the familiar notion of an average,
which provides yet another physical interpretation of integration.

moved here. The averagerainful per day is

y1+ et y, 1 X

Yavngzﬁ Yi:

De nition  3.3.1 (Av erage Value of Function). Supposef is a continuousfunction
on an interval [a;b]. The averagevalueof f on [a;b] is

favg = ! ‘ bf(x)dX'

% bia, -

Motiv ation: If we samplef at n points x;, then

1 X _ (bj a) ® o1 X _
fan » E__ f(X|)— n(bl a) : (X|)— m._ f(X|)¢ X,
i=1 i=1 i=1
. bj a .. .
since¢ x = . This is a Riemann sum!
| X f ! be d
im Xi)¢ X = X)dx:
(b7 o TOOEXE gy T

This explains why we de ned f 54 as above.

Example 3.3.2. What is the averagevalue of sin(x) on the interval [0; %3?

1

09

08

0.7

06 -

05

04

03

02

01r

0 I I I I I I
0 0.5 1 15 2 25 3

Figure 3.3.1: What is the averagevalue of sin(x)?

Ly 1 h iy,

Vi 0 . sin(x)dx = 1/‘1#]—0 i cos) 0
1 v 2
—;4|(|1)1 (|1)0—§4



24 CHAPTER 3. APPLICATIONS TO AREAS, VOLUME, AND AVERAGES

Obsenation: If you multiply both sidesby (bj a) in De nition 3.3.1, you seethat
the averagevalue times the length of the interval is the area, i.e., the average value
givesyou a rectanglewith the sameareaasthe areaunder your function. In particular,
in Figure 3.3.1the area betweenthe x-axis and sin(x) is exactly the sameasthe area
betweenthe horizontal line of height 2=%and the x-axis.

Example 3.3.3. What is the averagevalue of sin(2x)eti ©s2X) on the interval [j ¥%¥4?

) sl (Z*X)‘exp(lrl:os(z*x)&

Figure 3.3.2: What is the averagevalue?

1 Zl/4

Yai (i) v

Theorem 3.3.4 (Mean Value Theorem). Supmsef is a continuous function on
[a;l]. Then there is a number cin [a;b] suchthat f (C) = fayg.

sin(2x)eti ©°@¥)dx = 0 (sincethe function is odd!)

This says that f assumests averagevalue. It is a usedvery often in understanding
why certain statemerts are true. Notice that in Examples 3.3.2and 3.3.31it is just the
assertionthat the graphs of the function and the horizontal line interesect.

R
Proof. Let F(x) = :f(t)dt. Then FYx) = f(x). By the mean value theorem for
derivatives, there is ¢ 2 [a;b] sudh that f(c) = FYc) = (F(b j F(a))=(bj a): But by
the fundamertal theorem of calculus,
z
Fi F@_ 1 °°

G bi a bi a ,

f(x)dx = fayg:



Chapter 4

Polar Coordinates and
Complex Num bers

4.1 Polar Coordinates

Rectangular coordinates allow us to describe a point (x;y) in the plane in a di®eren
way, hamely

xy)$ (rw;

wherer is any real number and p is an angle.
Polar coordinates are extremely useful, especially when thinking about complex
numbers. Note, however, that the (r; 1) represertation of a point is very non-unique.
First, pis not determined by the point. You could add 2¥4to it and get the same

point: 3 - 1 s . H q
Ya 7 Ya i T4
2,— = 22— = 2, + 2 1= 2
"7 7 "7 389¢2Y4 2
Also that r can be negative intro ducesfurther non-uniqueness:
R A
’ 2 - | ’ 2 .

Think about this as follows: facing in the direction 3%#2 and backing up 1 meter gets
you to the samepoint aslooking in the direction ¥#2 and walking forward 1 meter.
We can convert back and forth between cartesian and polar coordinates using that

X = r cos() (4.1.2)
y = rsin(W); (4.1.2)
and in the other direction
r2=x%2+y? (4.1.3)
tan(y) = ¥ (4.1.4)

(Thusr = §p X2+ y2 and p= tani }(y=x):)

Example 4.1.1. Sketch r = sin(y), which is a circle sitting on top the x axis.
We plug in points for one period of the function we are graphing|in this case[0; 2¥J:

25



26 CHAPTER 4. POLAR COORDINATES AND COMPLEX NUMBERS

1

0.9

0.8

0.7

0.6

05

0.4

0.3

0.2

0.1

o

L L L L L L
0.5 0.4 0.3 0.2 0.1 0 0.1 0.2 0.3 0.4 0.5

Figure 4.1.1: Graph of r = sin(y).

0 sin(0)= 0

=3 sin(v/#6) = 1=2

Y4 sin(v#4) = -2

Y2 sin(¥#2) = o
V=4 sin(3ve4) = 2

Ya sin(g=0

Yo+ Y6 | sin(Ya+ Ye6) = | 1=2

Notice it is nice to allow r to be negative, sowe don't have to restrict the input. BUT
it is really painful to draw this graph by hand.

To more accurately draw the graph, let's try cornverting the equation to oneinvolving
polar coordinates. This is easierif we multiply both sidesby r:

r2 = rsin(y):

Note that the new equation hasthe extra solution (r = 0; u= anything), sowe have to
be careful not to include this point. Now corvert to cartesian coordinates using (4.1.1)
to obtain (4.1.3):

X2+ y?=y: (4.1.5)

The graph of (4.1.5) is the sameasthat of r = sin(4). To con'rm this we complete the
square:

X2+ yi=y
x2+y*i y=0
X2+ (yi 1=2)* = 1=4

Thus the graph of (4.1.5) is a circle of radius 1=2 certered at (0; 1=2).

Actually any polar graph of the form r = asin(y) + bcog) is a circle, as you will
seein homework problem 67 by generalizingwhat we just did.
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4.2 Areas in Polar Coordinates

Exam 1 Wed Feb 1 7:00pm in Pepper Canyon 109 (not 106!! di®erert classthere!)

Ozce hours: 2:45pm{4:15pm

Next: Complex numbers (appendix G); complex exponertials (supplement, which is freely
available online).

We will not do arc length.

People were most confusedlast time by plotting curvesin polar coordinates. (1) it is tedious,
but easierif you do a few and know what they look like (just plot somepoints and see);there's
not much to it, except plug in values and seewhat you get, and (2) can sometimes convert to
a curvein (x;y) coordinates, which might be easier.

GOAL for today: Integration in the context of polar coordinates. Get much better at working
with polar coordinates!

Example 4.2.1. (From Stewart.) Find the areaenclosedby one leaf of the four-leaved
roser = cos(qy). To nd the areausing the methods we know so far, we would need

Figure 4.2.1: Graph of y = cos(X) and r = cos(3y)

to nd afunction y = f (x) that givesthe height of the leaf.
Multiplying both sidesof the equationr = cos(3u) by r yields

r2=rcos(Ql) = r(cos? uj sin’p) = r}((r cosp)? i (rsinp)?):
Becauser? = x?+ y2 and x = r cos() and y = r sin(y), we have
Xty = pt (i YY)
x2+y

Solving for y is a crazy mess,and then integrating? It seemsimpossible!

But it isn't... if we remenber the basicidea of calculus: subdivide and take a limit.
[[Draw a section of a curve r = f (W) for pin someinterval [a;b], and shadein the
areaof the arc.]]

Remark 4.2.2. Wewill almost nevertalk about anglesin degrees|w e'll almost always
useradians.
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We know how to compute the area of a sector, i.e., piece of a circle with angle L.

[[draw picture]]. This is the basic polar region. The areais
pooT 1
A = (fraction of the circle) ¢(area of circle) = 2—5/ tvr? = Erzu:
4

We now imitate what we did beforewith Riemann sums. We chop up, approximate,
and take a limit. Break the interval of anglesfrom a to b into n subintervals. Choose
W in ead interval. The areaof ead slice is approximately (1=2)f (u")?p2. Thus

X
A = Area of the shadedregion » %f ()2 ¢( p):
i=1
Taking the limit, we seethat
R B 1 %o )
A= lim Ef(H')q:(IJ):Eq: f (W dp

nil
i=1 a

Amazing! By understanding the de nition of Riemann sum, we've derived a formula
for areasswept out by a polar graph. But doesit work in practice? Let's revisit our
clover leaf.

4.2.1 Examples

Example 4.2.3. Find the areaenclosedby one leaf of the four-leaved roser = coq2p).
Solution: We needthe boundariesof integration. Start at p= j ¥#4 and goto p= Y#4.
As a ched, note that cos((j ¥&4) ¢2) = 0= cos(/#4) ¢2): We evaluate

1 z Y4 Z Y4
5 ¢ cos(d)%du = cos(q)?du  (even function)
i YF4 0
1 z Y4
=5 (1+ cos(4y)du
) s Vied
= % M+ %¢sin(4u)
0
_
=3
We usedthat
cog(x) = (1+ cos(X))=2 and sin®(x) = (1 sin(2x))=2; (4.2.1)

which follow from
cog2x) = cog(x) j sin®(x) = 2coS(x)i 1= 1j 2sin?(x):

Example 4.2.4. Find area of region inside the curve r = 3cogq) and outside the
cardiod curver = 1+ cos({y).

Solution: This is the sameas before. It's the di®erenceof two areas. Figure out the
limits, which are where the curvesintersect, i.e., the p such that

3coqp) = 1+ cos@):
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15 T
3*cos(t)
L+cos(t) -

05

05

15

L L L
0.5 0 05 1

Figure 4.2.2: Graph of r = 3coq) andr = 1+ cos()

Solving, 2coql) = 1, socos() = 1=2, hencep= ¥&=3 and u= j ¥&3. Thus the areais

z Y&=3
A= @codW)?i (1+ cosi)’dp
i ¥&3
z Y3
= (BcogW)?i (1+ cogu)2du  (even function)
0
Z i3
= (8cog(W) | 2coqy) i 1)du
0
Z yez M l
= 8¢5 (1+ cos(3y) i 2coqW) i 1 du
0
z Y3

3+ 4coq2y) i 2coqp)du
h’ s
3u+ 2sin(2p) i 2sin(p) o
r r

i 2

Vet 2¢C

i 0j 2¢0j 2¢0

N w|
NI W]

=Y,

4.3 Complex Num bers

A complex number is an expressionof the form a+ bi, where a and b are real numbers,
andi? = j 1. We add and multiply complex numbers as follows:

(a+ bi)+ (c+ di) = (a+ ¢) + (b+ d)i
(a+ bi) ¢(c+ di) = (acj bd) + (ad+ bdi

The complex conjugate of a complex number is

a+ bi=aj bi
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Note that
(a+ bi)(a+ bi) = a% + 1Y
is a real number (has no complex part).
If c+ di 6 0, then
a+ bi _ (a+ bi)(ci di) _

1 .
crdi 2+ & il dz((ac+ bd + (bcj ad)i):

Example 4.3.1. (1 2)8j 3i)=2j 19 and1=1+i)= (1 i)=2= 1=2j (1=2)i.

Complex numbersare incredibly usefulin providing better ways to understand ideas
in calculus, and more generally in many applications (e.g., electrical engineering,quan-
tum medanics, fractals, etc.). For example,

2 Every polynomial f (x) factors asa product of linear factors (x j ®), if we allow
the ®s in the factorization to be complex numbers. For example,

f(x)=x2+ 1= (xj i)(x+i):

This will provide an easierto use variant of the \partial fractions" integration
technique, which we will seelater.

2 Complex numbers are in corresp ondence with points in the plane via (x;y) $
X + iy. Via this corresppndencewe obtain a way to add and multiply points in the
plane.

2 Similarly, points in polar coordinates correspond to complex numbers:
(r;k) $ r(cog(p) + isin(W):

2 Complex numbers provide a very nice way to remenber and understand trig
iden tities .

4.3.1 Polar Form

The polar form of a complex number x + iy is r(cog(l) + i sin(l)) where (r; 1) are any
choice of polar coordinates that represen the point (x;y) in rectangular coordinates.
Recall that you can 'nd the polar form of a point using that

p——— .
r= x2+y2 and p=tani (y=x):

NOTE: The \existence" of complex numberswasn't generally accepteduntil people
got usedto a geometricinterpretation of them.

Solution. We haver = 2, so
LI B
1+i= 2 p=+ p—é = 2(cosW/#4) + i sin(Ve4)) :

Example 4.3.2. Find I{,he polar form of 1+ i.

N

Example 4.3.3. Find lr)he polar form of P 3 .

Solution. Wehaver = = 3+ 1= 2, s0
A !
p_ P31

3ii=2 5+ i'7 = 2(cos( ¥#6) + isin(j ¥#6))

[[A picture is useful here.]]
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Finding the polar form of a complex numker is exactly the same problem as "nding
polar coordinates of a point in rectangular coordinates. The only hard part is “guring
out what p is.

If we write complex numbersin rectangular form, their sum is easyto compute:

(a+ bi)+ (c+ di)=(a+ ¢c)+ (b+ d)i

The beauty of polar coordinates is that if we write two complex numbersin polar form,
then their product is very easyto compute:

ri(cos(py) + isin(py)) era(cos(pe) + isin(ke)) = (rar2)(cos(py + po) + isin(ly + Le)):

The magnitudes multiply and the anglesadd. The above formula is true becauseof the
double angle identities for sin and cos(and it is how | remenber those formulas!).

(cos(u) + isin(pa)) ¢(cos(e) + i sin(i))
= (cog(pu) cog(i) i sin(p) sin(pe)) + i(sin(pa) cogl) + cos(u) sin(ik)):

For example, the power of a singular complex number in polar form is easy to
compute; just power the r and multiply the angle.

Theorem 4.3.4 (De Moivre's). For any integer n we have
(r(cog(p) + isin(W))" = r"(cos(ny) + i sin(np)):

Example 4.3.5. Compute (1 + i)209,
Solution. We have

(IO 2 (cosW/=4) + i sin(¥#4)))200®
P 2% (cos(2008/4) + i sin(2006/4)))

21903 (cos(3/#2) + i sin(3¥#2)))
= ; 21003;

(1 + i)2006

To get cos(2008#4) = cos(3/#2) we use that 20064 = 5015, so by periodicity of
cosine,we have

c0s(2006/#4) = cos((5015)¥j 250(24) = cos(15%) = cos(3/#2):

EXAM 1: Wednesday 7:00-7:50pmin Pepper Canyon 109 (!)

Today: Supplemert 1 (get online; also homework online)

Wednesdy: Review

Bulletin board, online chat, directory, etc. { seemain course website.

Review day { | will prepare no LECTURE; instead | will answer questions.

Your job is to have your most urgent questions ready to go!

Ozce hours moved: NOT Tue 11-1 (since nobody ever comesthen and I'll be at a conference);
instead I'll be in my otce to answer questions WED 1:30-4pm, and after classon WED too.
Ozce: AP&M 5111
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Quick review:

Given a point (x; y) in the plane, we can also view it asx + iy or in polar form asr(cos(y) +
i sin(k)). Polar form is great since it's good for multiplication, powering, and for extracting
roots:

ra(cos(i) + i sin(pa))ra(cos(ie) + i sin(pe)) = (rarz)(cos(py + Ke) + isin(py + )):

(If you divide, you subtract the angle.) The point is that the polar form works better with
multiplication than the rectangular form.

Theorem 4.3.6 (De Moivre's). For any integer n we have

(r(cos() + isin(w))" = r"(cos(nu) + i sin(nw)):

Since we know how to raise a complex number in polar form to the nth power, we
can nd all numberswith a given power, hence nd the nth roots of a complex number.

Prop osition 4.3.7 (nth roots). A complex number z = r(coql) + isin(W) hasn

distinct nth roots:
. “u+ 21/kw
+isin ———— :

TR T
(1 cos BT X 2/

for k= 0;1;:::;nj 1. Herer®™ is the real positive n-th root of r.

As a double-chek, note that by De Moivre, ead number listed in the proposition
has nth power equalto z.

An application of De Moivre is to computing sin(ny) and cos() in terms of sin(l)
and cos(). For example,

cos(3) + i sin(3y) = (cog() + i sin(H)*
= (cos(W)® i 3cos(l) sin(W)?) + i(3cogW?sin(W) i sin(K)°)

Equate real and imaginary parts to get formulas for cos(34) and sin(3y). In the next
section we will discussgoing in the other direction, i.e., writing powers of sin and cos
in terms of sin and cosine.

Example 4.3.8. Find the cube roots of 2.
Solution.  Write 2 in polar form as

2= 2(codq0) + i sin(0)):
Then the three cube roots of 2 are
2173 (cog(2¥k=3) + i sin(2¥k=3));
for k= 0;1;2. lLe.,
2159, 2% 1=+ i” 3=2), 2% 1=2; i 3=2):

4.4 Complex Exp onentials and Trig lden tities
Recall that

ri(cos(u) + isin(u))ro(cos(pp) + isin(p)) = (rir2)(cos(y + o) + isin(u + [b)):
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The anglesadd. You've seensomething similar before:
eleP = a?*Pb:

This connection between exponertiation and (4.4) givesus an idea!
If z= x + iy is a complex number, de ne

e = e (cogly) + isin(y)):

We have just written polar coordinates in another form. It's a shorthand for the polar
form of a complex number:

r(co(p) + i sin(y)) = re*:

Theorem 4.4.1. If z;, z, are two complex numkers, then

efl1e?2 = e21+ Z3
Proof.
ere” = e*(cogly) + i sin(ly)) ¢e*?(cogly) + i sin(ky))
= €M7 % (cog(by + bp) + i sin(by + by))
= g1t
Here we have just used (4.4). O

The following theorem is amazing, sinceit involvescalculus.

Theorem 4.4.2. If wis a complexnumker, then

d
WX = weWx:
dx

for x real. In fact, this is eventrue for x a complex variable (but we havert de ned
di®erentiation for complex variablesyet).

Proof. Write w = a+ bi.

d avx = ieax+ bix

dx dx
= %(eﬁx (cog(bx) + i sin(bx)))

= %(eﬁx cospx) + ie™ sin(bx))

= %(e""x cos(px)) + i%(eﬁx sin(bx))

Now we usethe product rule to get

%(e""x cos(px)) + i%(eax sin(bx))

ae™ cospx) | be™ sin(bx) + i(ae® sin(bx) + bé™ cosfpx))
e*(acogbx) j bsin(bx) + i(asin(bx) + bcos(x))
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On the other hand,

wex = (a+ bi)eax+ bxi

(a+ bi)e™ (cogbx) + i sin(bx))

e (a+ bi)(cos(bx) + i sin(bx))

e ((acogbx) i bsin(bx)) + i(asin(bx)) + bcogbx))

Wow!! We did it! O

That Theorem 4.4.2is true is pretty amazing. It's what really gets complex analysis
going.

Example 4.4.3. Here'sanother fun fact: e+ 1=0:
Solution. By de nition, have €” = cos@) + isin(¥) = j 1+ i0=j 1.

441 Trigonometry and Complex Exp onentials

Amazingly, trig functions can also be expressedbadk in terms of the complex expo-
nertial. Then everything involving trig functions can be transformed into something
involving the exponertial function. This is very surprising.

In order to easily obtain trig identities like cosx)? + sin(x)? = 1, let's write cos)
and sin(x) as complex exponertials. From the de nitions we have

e* = cosf) + i sin(x);
o) '
e ™ = cos( x)+ isin(j x) = cosf) j isin(x):

Adding thesetwo equationsand dividing by 2 yields a formula for cos), and subtract-
ing and dividing by 2i givesa formula for sin(x):

_eix+eiix ] _eixieiix.
cosf) = 5 sin(x) = Y
We can now derive trig identities. For example,
] B ei2>< i @i i2x
sin(2x) = s
B (eix i @i ix )(e|x + @ iX)
- 2i
iX . i X aX + @ ix
= 2° Izie € 2e = 25sin(x) cogx):

I'm unimpressed,given that you can get this much more directly using
(cos(X) + isin(2x)) = (cos(x) + isin(x))? = cos(x) i sin?(x) + i2cox) sin(x);
and equating imaginary parts. But there are more interesting examples.

Next we verify that (4.4.1) implies that cos()? + sin(x)? = 1. We have

M 12

i X . Qi ix
4(005()()2 + Sin(x)z) = leix + @l ix + 6”76'

|
GZiX+2+ei2ixi (e2i><i 2+ei2i><):4:

The equality just appearsas a follow-your-nosealgebraic calculation.
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Figure 4.4.1: What is sin(x)3?

Example 4.4.4. Compute sin(x)® asa sum of sinesand cosineswith no powers.
Solution. We use(4.4.1):

l‘l eix | ei ix ﬂ3
sin(x)® = T
(VR I _ _
- z (eIX i ei ix )3
(VR _ _ _ _ ) _
— E (e|x | ei X )(elx | ei X )(eIX | ei |X)
HoTs
- Z (eix i el ix )(eZiX i 2+ @ 2i><)
(VR I
_ 2_1| (6% | 26" + @ X | @ 4 26 ™| @ 3)
(VI
- 2_]; ((eBix P @ 3iX)i 3(eix i @ ix )
o ulﬂ'e’o’ixi g 3ix - 3¢eixi ai ix *
B} 2i ‘ 2i

3sin(x) j sin(3x)
) :
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Chapter 5

Integration Techniques

5.1 Integration By Parts

Quiz next Friday

Today: 7.1: integration by parts

Next: 7.2: trigonometric integrals and supplement 2{functions with complex values
Exams: Average19.68 (out of 34).

Tetrahedron problem:

1" b a . abh
5 |HX+b ]ﬁX"'a dX—¢¢¢— T
(The function that givesthe base of the triangle cross section is a linear function that is b
at x = 0 and 0 at x = h, which allows you to easily determine it without thinking about
geometry.)

Di®eren tiation In tegration
Chain Rule Substitution
Product Rule Integration by Parts

The product rule is that

% [f (09001 = f (x)g¥x) + f Ax)g(x):

Integrating both sidesleadsto a new fundamertal technique for integration:
Z Z

f(x)g(x) = fx)gx)dx+  g(x)f qx)dx: (5.1.1)

Now rewrite (5.1.1) as
Z Z

f()g°x)dx = f(x)g(x) i g(x)f Ax)dx:
Shorthand notation:

u=f(x) du = f Yx)dx
v = g(x) dv = g%x)dx

37
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Then have Z Z
udv = uv j vdu:

So what! But what's the big deal? Integration by parts is a fundamental
technique of integration. It is alsoa key stepin the proof of many theoremsin calculus.

R
Example 5.1.1. xcogx)dx.

u= X v = sin(x)
du = dx dv = cogx)dx
We get 7 7
x cogx)dx = xsin(x) i sin(x)dx = x sin(x) + cogx) + c:

\Did this do anything for us?" Indeed, it did.
Wait a minutelho w did we know to pick u = x and v = sin(x)? We could have
picked them other way around and still written down true statemerts. Let's try that:

u = cos) V= %xz
du=j sin(x)dx dv = xdx
VA VA

x cosi)dx = %x cos) + %xz sin(x)dx:

Did this help!? NO. Integrating x?sin(x) is harder than integrating x cogx). This
formula is completely correct, but is hampered by being uselessn this case.Sohow do
you pick them?

Choosethe u sothat when you di®ereriiate it you get something simpler;
when you pick dv, try to choosesomething whoseantideriv ative is simpler.

Sometimesyou have to try more than once. But with a good erasernodoby will know
that it took you two tries.

Question 5.1.2. If integration by parts once is good, then sometimestwice is even
better? Yes,in someexamples(seeExample 5.1.5). But in the above example,you just
undo what you did and basically end up where you started, or you get something even
worse.

Z 1

2
Example 5.1.3. Compute sin' 1(x)dx: Two points:
0

1. It's a de nite integral.

2. There is only one function; would you think to do integration by parts? But it is
a product; it just doesn't look like it at “rst glance.

Your choice is made for you, since we'd be back where we started if we put dv =
sin 1(x)dx.

u = sini (x) V=X
du = 91: dv = dx

1; x2



5.1. INTEGRATION BY PARTS 39

We get
Z 1 Z:
z £ o oI} 2 X
sint Y(x)dx = xsin' *(x) | p——dx:
0 1 x2
Now we use substitution with w= 1| x2, dw = j 2xdx, hencexdx = j %dw.
Z Z
% X 1 1 1 p A . o
p——dx=j - w2dw=jwz+c=i 1j x2+¢c:
o 1 x2 2
Hence .
2 g B, P w Pa
sinl *(x)dx = xsin *(x i X = 4 —
sin' 10 %) 5 X = o

But shouldrt we changethe limits because we did a substitution? (No, since we com-
puted the inde nite integral and put it back; this time we did the other option.)

Is there another way to do this? | don't know. But for any integral, there might be
seeral di®erent techniques. If you canthink of any other way to guessan antideriv ative,
do it; you can always di®erertiate asa ched.

Note: Integration by parts is tailored toward doing inde nite integrals.

Example 5.1.4. This exampleillustrates how to useintegration by parts twice. We
compute 7

x%el 2Xdx

1.
— v2 - . i 2X

u= x V= Ze

12
du = 2xdx dv = e Zdx
We have v 7
x%e 2dx = %xzei X+ xel Zdx:

Did this help? It helped, but it did not nish the integral o®. However, we can deal
with the remaining integral, again using integration by parts. If you do it twice, you
what to keep going in the same direction. Do not switch your choice, or you'll undo
what you just did.

1
u=x v=i§e'zx
du = dx dv = e 2dx
Z Z
. 1 . 1 . 1 . 1.
xel Zdx = Zxel ¥+ = e Zdx=j Zxel ¥ Ze X+ ¢:
'2 2 12 2

Now putting this above, we have
Z
. 1 . 1 . 1 1.
240 2x - i Ty2a 2x . = |2x._|2x+:._,2x 2+ + +c
Xe “*dx = j 2x € i 2xe i 4e c=j 4e (2x X+ 1)+c

De, you think you might have to do integration by parts three times? What if it
were x3el Zdx? Grrr { you'd haveto do it three times.
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z
Example 5.1.5. Compute € cosf)dx. Which should be u and which should be v?

Taking the derivativesof ead type of function doesnot changethe type. As a practical

matter, it doesn't matter. Which would you prefer to "nd the antiderivative of? (Both

choiceswork, aslong as you keepgoing in the samedirection when you do the second
step.)

u = cosk) v=¢*
du= i sin(x)dx dv = e*dx
We get 7 Z

e cosfk)dx = € cosi) + € sin(x)dx:

We have to do it again. This time we choose(going in the samedirection):

u = sin(x) v=¢
du = cos)dx dv = €“dx
We get Z Z

€ cosX)dx = €‘ cosfx) + € sin(x) i € cosik)dx:

Did we get anywhere? Yes! No! First impression: all this work, and we're badk where
we started from! Yuck. Clearly wg don't want to integrate by parts yet again. BUT.
Notice the minus signin front of €* cosik)dx; You can add the integral to both sides
and get Z

2 €e*cos(dx) = € cos) + € sin(x) + c:
Hence Z

€ cos@dx) = %ex(cos(x) + sin(x)) + c:

5.2 Trigonometric Integrals

Friday: Quiz 2
Next: Trig subst.

1+ cos()
2

1; sin(2x) .

cof(x) =

and  sin®(x) =
(5.2.1)

R
Example 5.2.1. Compute sin®(x)dx.

We usetrig. identities and compute the integral directly as follows:
Z z

sind(x)dx = sin?(x) sin(x)dx
Z
[1i cog(x)]sin(x)dx

i cosi) + %co?(x) +cC (substitution u = cos(x))
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INTEGRALS

This always works for odd powers of sin(x).

R
Example 5.2.2. What about evenpowers?! Compute sin*(x)dx. We have

sin®(x) = [sin?(x)]?
_ ' 1 cos(2<)’2
- 2
1 £ a
=3 ¢ 1i 2cog2x) + cog(2x)
= % 1 2coq2x) + %+ %cos(ﬁk)
Thus
z zZ - .
sin*(x)dx = g i %cos@() + %cos(éb() dx

3 1. 1 .
—Xi = + — + C:
8x i sin(2x) 5 sin(4x) + c:

41

Key Trick: Realizethat we should write sin*(x) as(sin?(x))2. The rest is straightfor-

ward.

Example 5.2.3. This example illustrates a method for computing integrals of trig
functions that doesn't requirenowing any trig identities at all or any tricks. It is very
tedious though. We compute  sin®(x)dx using complex expnentials. We have

_eix+eiix ) _eixl-eiix.
cosi) = — % sin(x) = —
hence
z Zu o w s
sin®(x)dx = e'|4.e dx
7 2
- = X . A ix)3
i 8iZ(e i e ")%dx
= g (eix i ei ix )(eix i ei ix )(eix i ei ix )dX
VA
= g (eZix i 2+ ei 2ix )(eix i ei iX)dX
VA
= 87]; e3i>< i eix i Zeix + Zej ix + ei ix i e‘ 3ix dx
Z
= 8_]; e3i>< i ei 3ix + 3ei ix i 3eix dx
. 1 "‘leBix . @i 3ix 3ei ix . 3e|xﬂ
Tig F T3 ' Te

i i
11 3 3 f
2 §cos( )i 3cogx) +¢c

1 3
7 cos(X) i 2 cosk) + ¢

The answer looks totally di®eren, but is in fact the samefunction.
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Here are somemore identities that we'll usein illustrating sometric ks below.

d _
g an(x) = sec(x)

and

d _ .
ax sedx) = secf) tan(x):

Also,

1+ tan?(x) = sed(x):

R
Example 5.2.4. Compute tan3(x)dx. We have
z

Z
tan3(x)dx = tan(x) tan?(x)dx
Z £ o
=  tan(x) seé(x)j 1 dx
Z Z

= tan(x)sed(x)dxj tan(x)dx

tan?(x) i Injseck)j+ c

NI =

Here we usedthe substitution u = tan(x), sodu = sed(x)dx, so
z

tan(x) se¢(x)dx =  udu = %uz +c= %tanz(x) +C:

Also, with the substitution u = cogx) and du = j sin(x)dx we get
Z

tan(x)dx =

sin(x) . _ .
cos) X=

Key tric k: Write tan3(x) astan(x) tan?(x).

%du: i Injuj+c=j Injseck)j+ c:

Example 5.2.5. Here's one that combinestrig identities with the funnest variant of
integration by parts. Compute sec(x)dx.
We have Z z

seC(x)dx =  sedx) sec(x)dx:

Let's useintegration by parts.

u = segx) v = tan(x)
du = sedx) tan(x)dx dv = secd(x)dx
The above integral becomes
z z
seck) seé(x)dx = seck) tan(x) i sec) tan?(x)dx

z

= seck) tan(x) i seck)[sed(x) i 1]dx

Z Z

= seck)tan(x)i secG(x)+ secf)dx

Z

seck) tan(x) i sed(x) + Injseck) + tan(x)j
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R
This is familiar. Solve for sed(x). We get

Z h i

sec(x)dx = % secx)tan(x) + Injseck) + tan(x)] + ¢

5.2.1 Some Remarks on Using Complex-V alued Functions

Consider functions of the form
f (x) + ig(x); (5.2.2)

where x is a real variable and f ; g are real-valued functions. For example,

e* = cosf) + i sin(x):

We obsened before that

WX

e WX

— = we'
dx

hence 7

1
edx= —e" + ¢
W

For example, writing it €* asin (5.2.2), we have
Z Z 4
eXdx = cosi)dx+i sin(x)dx

sin(x) j icosk) + ¢
i i(cogx) + isin(x)) + c

- }eix.
€
1 . . . .
Example 5.2.6. Let's compute mdx. Wouldn't it be nice if we could just write

In(x + i) + ¢? This is uselessfor us though, since we haven't even de ned In(x + i)!
However, we can \rationalize the denominator" by writing

4 4 .
i_dx= i_¢¥dx
X+ i ZXX-IiX|I
i
= dx
2
z x*+1 z
= de| de
x2+ 1 X2+ 1

1, . . .
EIan2+ 1 itani 1(x) + ¢

This informs how we would de ne In(z) for z complex (which you'll do if you take a
coursein complex analysis). Key tric k: Get the i in the numerator.

The next exampleillustrates an alternativ e to the method of Section5.2.
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Example 5.2.7.
z ) ZueiSXi eii5xﬂu ei5x+eii5xTI
sin(5x) coq3x)dx = 5 ¢ 5 dx
zZ
- 4_1; 'ei8x i ei i8x + ei2x i ei i2x¢dx+ c
1 p‘ei8x @i i8x ei2x @i i2xﬂ
= = —+ -+ 4+ . +C
4 8i 8i 2 2

B

11
i 2 ZCOS(&)+ cos(X) +c¢

This is more tedious than the method in 5.2. But it is completely straightforward. You

don't needany trig formulas or anything else. You just multiply it out, integrate, etc.,
and remenber that i2 = j 1.

5.3 Trigonometric Substitutions

Return more midterms?
Rough meaning of grades:

29{(34 is A

23{28 is B

17{22 is C

11{16 is D
Regarding the quiz|if you do every homework problem that was assigned,you'll have a sewere
caseof deja vu on the quiz! On the exam, we do not restrict ourselveslik e this, but you get to
have a sheet of paper.

The rst homework problem is to compute

z 2
1

Your st ideamight be to do somesort of substitution, e.g.,u = x2j 1, but du= 2xdx
is nowhereto be seenand this simply doesn't work. Likewise,integration by parts gets
us nowhere. Howeer, a technique called \in versetrig substitutions" and a trig identity
easily dispenseswith the above integral and seweral similar ones! Here's the crucial
table:

EXpression | Inverse Substitution Relevant Trig Identity
i X2 [ x=asin(;i - U 7 1i sin*(y) = coS (k)
A&+ x2 [ x=atan(W);i 2 < u< 7 1+ tan?(p) = sed(y)
"xZj a2 | x=asedW;0- p< Zor¥ p< 3| sed(wi 1= tan?(y)

Inversesubstitution works as follows. If we write x = g(t), then
Z Z
f(x)dx = f(g(t))g¥t)dt:
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This is not the same as substitution. You can just apply inverse substitution to any
integral directly|usually you get something even worse, but for the integrals in this
section using a substitution can vastly improve the situation.
If gisa lij 1 function, then you can even use inverse substitution for a de nite
integral. The limits of integration are obtained as follows.
Z, Z 4 1)
f(x)dx = f (g(t)) g(t)dt: (5.3.2)
a gi (a)
To help you understand this, note that ast varies from gi 1(a) to g' 1(b), the function
g(t) varies from a = g(g' *(a) to b= g(gi (b)), sof is being integrated over exactly
the same values. Note also that (5.3.2) once again illustrates Leibniz's brilliance in
designingthe notation for calculus.
Let's giveit a shot with (5.3.1). From the table we usethe inversesubstition

X = secfy):

We get

P
S se@(W) ; lsedp)tan(pd
Py ijm ’ sedp) (W i L) (Wdu

1
= ———tan(p) secq) tan(u)d
z% sedl) (1) secfy) tan(p)du

= 7 cod ) dp

)

Z y

3

1+ cos(Qdu

EbS

Ya
>3

NI NI

U+ % sin(2p)

Ya p§_

24" g !

AR

1
4

Wow! That was like magic. This is really an amazing technique. Let's useit again
to nd the areaof an ellipse.

Example 5.3.1. Consideran ellipse with radii a and b, soit goesthrough (0; § b) and
(8 a;0). An equation for the part of an ellipsein the “rst quadrant is
x2 _ bP ———
= D = = 2 . 2.
Yy b 1i 2 a asj X<
Thus the areaof the entire ellipseis
Z a
p___
A=4 b aZzj x2dx:
o @
The 4 is becausethe integral computes 1=4th of the area of the whole ellipse. So we

needto compute 7
a

a2 x2dx
0
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Obvious substitution with u = a?j x2...? nope. Integration by parts...? nope.
Let's try inverse substitution. The table above suggestsusing x = asin(l), so
dx = acoqudu. We get

Z uq Z w
2 2
a2 aZsin’(Wdu= a®>  coS(Wdu (5.3.3)
0
a’ 2 z
= > 1+ cos(u)du (5.3.4)
0
_a_2' +}sin(2)=1§ (5.3.5)
- HT SR A
a2 Y. Ya?
- ? E - T. (5-3-6)
Thus the areais b e
_/i = l/ab
a 4

Consistency Check: If the ellipseis a circle, i.e., a = b= r, this is ¥ 2, which is a
well-known formula for the areaof a circle.

Bemark 5p3'2' Trigonometric substitution is usefulfor functions that involvep aZij x2,
X2+ a2, x2j a, but not all at once!. Seethe above table for how to do ead.

One other important technique is to use completing the square.

Rp_
Example 5.3.3. Compute P 5+ 4x i x2dx. We completethe squae:
5+ 4x i x2=5j (xi 2%+ 4=9; (xi 2)%

Thus Z b z D
5+ 4x | x2dx = 9i (xj 2)2dx:

We do a usual substitution to getrid of the x j 2. Let u= xj 2,sodu= dx. Then
z p z p——
9i (xj 2)2dx = 9 y2dy:

Now we have an integral that we can do; it's almost identical to the previous example,
but with a= 9 (and this is an inde nite integral). Let y = 3sin(l), sody = 3cogu)dL
Then
Z Z
P 9i (xj 2)2dx = P 9 y2dy
Zg__
32 32sin?(W3cogpdu

z

9 cog (M) du
Z

NI© NI ©

1+ cos(Q)du
M 1
1
M+ éS|n(2u) +cC
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Of course,we must transform badk into a function in x, and that's a little tricky. Use
that

Xi 2=y=3sin(l);

sothat ho 2'”
w=sini b X7
z pP—
9j (xij 2)2dx = ¢e¢
ot 1 T
= > pn+ ésm(Zp) +c
: O | .
:g sini X'—32 + sin(y) cogp) + ¢
" 1 1 Apil#
:gsiniluxiz +“x12 ¢ 9i (xj 2)2 .
2 3 3 3 '

P
Here we usethat sin(2u) = 2sin(l) cog ). A}BSO' to compute cos(sin * I x_|3_2 ), we draw
aright triangle with sidelengthsx i 2and  9j (x 2)2, and hypotenuse 3.

Example 5.3.4. Compute 7
1

pP———dt
tZ2j 6t+ 13
To compute this, we complete the square, etc.

y z
bt g g
2] 6t+ 13 (ti 3)2+4

[[Draw triangle with sides2 andti 3 and hypotenusep (ti 3)2+ 4. Then
tj 3= 2tan(u)
p
i 2 = = —
(ti 3)2+ 4= 2secfy) cos()
dt = 2seé(y)du

Back to the integral, we have

z 1 dt = z 2sed()

(ti 32+ 4 7 2seqp)
sec{ydu
Injsecqy + tan(wj+c _

n® (ti 3)2+ 42+ ti 3 123:+ c:
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5.4 Factoring Polynomials

Quizes today! '

How do you compute something like
Z

X2+ 2
i Dix+ 2+ 37

So far you have no method for doing this. The trick (which is called partial fraction

decomposition), is to write
z X2+ 2 z 1 2 11

dx = ' + d
x3+4x2+x56X axi 1) x+2 4(x+3)X

(5.4.1)

The integral on the right is then easyto do (the answer involvesin's).

But how on earth do you right the rational function on the left hand side as a
sum of the nice terms of the right hand side? Doing this is called \partial fraction
decomposition”, and it is a fundamental ideain mathematics. It relieson our ability to
factor polynomials and saolwe linear equations. As a “rst hint, notice that

X2+ 4x%+ xj 6= (xj 1)¢(x + 2)¢(x + 3);

sothe denominatorsin the decomposition correspond to the factors of the denominator.
Before describing the secret behind (5.4.1), we'll discusssome background about
how polynomials and rational functions work.

Theorem 5.4.1 (Fundamen tal Theorem of Algebra). If f(x) = ayx"+ ¢¢¢ax+ ag
is a polynomial, then there are complexnumbers c;®;;:::®, suchthat

f(X)=c(xi ®)(xi ®)CCHX | ®,):

Example 5.4.2. For example,

H 1ﬂ
3%+ 2xj 1= 3¢ Xxj 3 ¢(x + 1):

And
(x2+1)= (x+ )2 ¢(xj i)
If f (x) is a polynomial, the roots ® of f correspond to the factors of f . Thus if
f(x)=cxi ®)(xi ®)WHxi ®);
then f (®) = O for eadh i (and nowhere else).

De nition  5.4.3 (Multiplicit y of Zero). The multiplicity of a zem ® of f (x) is the
number of times that (x | ®) appearsasa factor of f .

For example,if f (x) = 7(xj 2)°¢x+ 17)°dx; %32, then 2is a zerowith multiplicit y
99, Y4is a zero with multiplicit y 2, and j 1 is a \zero multiplicit y 0".
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De nition 5.4.4 (Rational Function). A rational function is a quotient

_ 9(x).
f(x)= hex)’
where g(x) and h(x) are polynomials.
For example,
x10

f(x) = (5.4.2)

(xi 1)2(x+¥Y)(xji 3)°
is a rational function.

De nition 5.4.5 (Pole). A pole of a rational function f (x) is a complex number ®
such that jf (x)j is unboundedasx! ®.

For example, for (5.4.2) the polesare at i, ¥ and 3. They have multiplicit y 2, 1,
and 3, respectively.

5.5 Integration of Rational Functions Using Partial
Fractions

Today: 7.4: Integration of rational functions and Supp. 4: Partial fraction expansion
Next: 7.7: Approximate integration

Our goal today is to compute integrals of the form

“ P

o)™

by decomposingf = gg; This is called partial fraction expansion.

Theorem 5.5.1 (Fundamen tal Theorem of Algebra over the Real Num bers).
A real polynomial of degree n , 1 can be factored as a constant times a product of linear
factors x | a and irr educible quadratic factors x? + bx + c.

Note that x2+ bx+ c= (xj ®)(Xxi ®), where®= z+ iw, ®= zj iw are complex
conjugates.

Types of rational functions f (x) = ghJ. To do a partial fraction expansion, st
make sure deg(P (x)) < dedg(Q(x)) using long division. Then there are four possible
situation, ead of increasinggenerality (and di+cult y):

1. Q(x) is a product of distinct linear factors;
2. Q(x) is a product of linear factors, someof which are repeated;

3. Q(x) isaproduct of distinct irreducible quadratic factors, alongwith linear factors
someof which may be repeated; and,

4. Q(x) is hasrepeatedirreducible quadratic factors, along with possibly somelinear
factors which may be repeated.
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The general partial fraction expansiontheorem is beyond the scope of this course.
However, you might 'nd the following special caseand its proof interesting.

Theorem 5.5.2. Supmsep, g. and g are polynomials that are relatively prime (have
no factor in common). Then there exists polynomials ® and ®, suchthat

P&, ®
W 4 %

Proof. Sinceq, and @, are relatively prime, using the Euclidean algorithm (long divi-
sion), we can nd polynomials s; and s, such that

1= s101 + Sptp!

Dividing both sidesby q,p and multiplying by p yields

P _®, &
® G %
which completesthe proof. O
Example 5.5.3. Compute
x3j 4xi 10 o
X2i Xij 6

First do long division. Get quotient of x + 1 and remainder of 3x | 4. This meansthat

x354x510_X+1+ 3Xi 4
X2] Xj 6 X2i Xj 6
Sincewe have distinct linear factors, we know that we can write
i 4 _ A B
2 xi 6 Xj3 x+2

JOESS

for real numbers A; B. A clever way to nd A; B isto substitute appropriate valuesin,
as follows. We have
Xij 4 X

i 3
=A+B !
X+ 2 ¢x+2

fOO(xi 3)=

Setting x = 3 on both sideswe have (taking a limit):

3¢3j 4 5
A=f(@3)= =>=1
3) 3+ 2 5
Likewise,we have
3¢(j 2); 4
B=f(j2)=z ——————=2
(i 2 31 3
Thus
ZX3i4Xi10dX_ZX+1+ 1 N 2
X2p xi 6 Xi 3 x+2
X2+ X

+ 2logjx + 2j + logjx i 3j+ c:
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Example 5.5.4. Compute the partial fraction expansionof

2 .
MW' By the partial
fraction theorem, there are constarts A; B; C suc that

x2

A B
(xi 3)(x+ 2?2

C
+
Xi 3 XxX+2

(x+ 22"

Note that there's no possible way this could work without the (x + 2)? term, since
otherwise the common denominator would be (x j 3)(x + 2). We have

A= [f WU G
= [FX)(Xi 3=z = WJX:?) = o5

£ a 4

— 2 — . .

C=Te(x+2° . ,=i¢

This method will not get us B! For example,
X2 X+ 2 C
f(xX)(x+2)= i X+ D) A¢x1 3+

X+ 2
While true this is useless.

s, B, i3
=025 2" @7

Instead, we usethat we know A and C, and evaluate at another value of x, say 0.

soB = 18 Thus nally,
z 2 Z o 16 .4
X 2%, 25 ., _i5 .
(xi 3)(x+2)? Xi 3 x+2 (x+2)?

. .16, . .

ﬁln]xi 3+ 2—5In]x+ 2+
R

Example 5.5.5. Let's compute

root. We have

4
5

+ constart:
2
1
X3+1

dx. Notice that x + 1 is a factor, sincej 1lis a
X3+ 1= (x+ 1)ix2,' X + 1¢:
There exist constarts A; B; C sud that

1 A

_ Bx+ C .
x3+1 x+1
Then

X2 x+1

. 1
A= X+ Djx=g 1= 3
You could 'nd B;C by factoring the quadratic over the complex numbers and getting
complex number answers. Instead, we evaluate x at a couple of values. For example, at
x = 0 we get

1 C
fO)=1= >+ =;
(0) L
soC = 2. Next, usex = 1to getB.

I B(1) +
0= 1" w1 @ @
+

2
3
+1
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o)
3 1 4 1
B=2j 2j == =
6' 6' 6 '3
Finally,
z z 1 1 2
Loax= 3 3% o 5 4
x3+ 1 Xx+1 x2jxi 1l x%jxij1
. . Xi 2
= -Injx+ 1jj = d
3 X JI3 X2 x+1
It remainsto compute
VA
dex'
X2p x+1 7
First, complete the squareto get
1
x21x+1:uxi ! 2+§'
2 4
Letu= (xj 3), sodu=dxandx = u+ 3. Then
Z Z
ui 3 7 udu 3 1 . 4
3 T 3! 5 N
u2+Z u2_+Z _2 u2+ st
—}Ini12+§E §’¢2tan'1lvl2 ﬂ+c
=5 05 % P=
1 = = opo Mo d!
:Elnx2|x+1| 3tani ! —pé— +c

Finally, we put it all together and get

Z Z
o dx—:—LIn'x+1"} Xi 2
X3+ 1%~ 3" I3 X2 x+1
1, . R — Moy 1!
=§|n]X+1ji 6In X2i x+ 1+ tani * ﬁeg— +c
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Discuss second quiz groblem.
Problem: Compute cog(x)e' **dx using complex exponertials. The answer is
1, s 1
i =€ 7+ —¢€

'6 13

i 3% sin(2x) %e‘ 3 cos(X) + c:

Here's how to get it.

z 2ix i 2ix
: +2+ ¢ )
cog(x)e' ¥ dx = #e‘ 3 dx
1 ’ el2ii 3)x 2 eli 2ii x>
:—%i—e'3x+_4+c
4 2iij 3 3 i2ii 3
1 . 3 ei 3x ezix ej 2ix »
=j e 7+ . i +c
'6 4 2ij3' 2i+3

Simplify the inside part requires someimagination:

e2i>( ei 2ix

_ %(i 2ie* | 3eP* + el 2X | 3el 2X)

2i+ 3

5 (4sin(20) | 6c0s(20)

5.6 Appro ximating Integrals

Today: 7.7 { approximating integrals
Friday: Third QUIZ and 7.8 { improper integrals

Problem: Compute

Hmmm... Any ideas?

Today we will revisit Riemann sumsin the context of nding numerical approxi-
mations to integrals, which we might not be able to compute exactly. Recall that if
y = f (x) then

Z, 30
FOdx = lim f(x{)¢ x:

a i=1
The fundamertal theogem of calculus says that if we can 'nd an antiderivative of f (x),
then we can compute abf (x)dx exactly. But antiderivativescan be either (1) hard to
Eslbd' and sometimesworse (2) impossibleto nd. However, we can always approximate
a [ (X)dx (possibly very badly).' | R, '
For example, we could use Riemann sumsto approximate  f (x)dx, say using left
endmints. This givesthe approximation:

1
L, = f(xi)¢ x; Xo;:i1;Xn; 1 left endpoints
i=0
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Using rightpoints gives

whereX; = (xj; 1+ Xi)=2. The midpoint is typically (but not always) much better than
the left or right endpoint approximations.
Yet another possibility is the trapezoid approximation, which is

1
Ty = é(l—n + Rp);

this is just the averageof the left and right approximations.

Question 5.6.1. But wouldn't the trapezoid and midpoint approximations be the
same?{certainly not (seeexamplebelow); interestingly, very often the midpoint approx-
imation is better.

Simpsors approximation
1 2
Son = §Tn + §Mn
givesthe areaunder best-'t parabolasthat approximate our function on ead interval.
The proof of this would be interesting but takestoo much time for this course.
Many functions have no elemerary antideriv atives:
1+ x3: @ 2. 1 sin(x) ...
’ "log(x)’ X

NOTE { they do have antideriv atives;the problem is just that there is no simple formula
for them. Why are there no elemenary antideriv atives? R

Someof thesefunctions are extremly important. For example,the integrals i)i el v=2qy
are extremely important in probability, even though there is no simple formula for the
antideriv ative.

If you are doing sciertic researth you might spend months tediously computing
values of somefunction f (x), for which no formula is known.

1 . P
e *dx.

Example 5.6.2. Compute

1. Trapezoidwith n = 4
2. Midpoint with n= 4

3. Simpson'swith with 2n = 8
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ex‘p(-sq rt(x))

0.9

08

0.7 -

06

05

04|

0.3

L L L L
0 0.2 0.4 0.6 0.8

Figure 5.6.1: Graph of e P

k=8 | f (k=8)

0 | Vo= 1:000000
I [V, = 0702189
IV, = 0:606531
$ V3 = 0:542063
1TV, = 0:493069
> Vs = 0:453586
S Ve = 0:420620
TV, = 0:392423
1 | Vs= 0:367879

1
Ly = (Vo + Vo + Vg + Ve) ¢Z = 0:630055
1
Rs= (Vo+ Va+ Ve + Vg) ¢4_1 = 0:472025
1
Mg= (Vi + Va+ V5+ V) ¢Z = 0:522565
1
Ta= 5(La+ Rq) = 0:551040
1

2
= -Tqg+ M4 = 0:532057
Sg 3Tat 3Ma 0:53205

Maxima gives0:5284822353142308nd Mathematica gives0:528482.

55

Note that Simpsons'sis the best; it better be, sincewe worked the hardestto get it!

Method | Error

jL4i 1j | 0.101573
jR4i Ij | 0.056458
M4 1j | 0.005917
iT4i 1j | 0.022558
iSsi 1j | 0.003575
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5.7 Improp er Integrals

Exam 2 Wed Mar 1: 7pm-7:50pm in ??

Today: 7.8 Improp er Integrals

Monday { presidert's day holiday (and almost my bday)
Next | 11.1 sequences

R
Example 5.7.1. Make senseof 01 e *dx. The integrals

Z t
e *dx
0
make sensefor eat real number t. So consider
Z t
lim e *dx= lim[j & *]f = L
til 0 til

Geometrically the area under the whole curve is the limit of the areasfor "nite values
of t.

' exp(-x)

0.9

0.8

0.7

0.6

05

0.3

0.2

0.1

Figure 5.7.1: Graph of el *

R
Example 5.7.2. Consider 01 pﬁdx (seeFigure 5.7.2). Problem: The denominator

of the integrand tends to 0 as x approadesthe upper endpoint. De ne
Z, 1 Z,

p———dx = lim pl—dx
1 x2 1o 1j x?

0
- | ini 1 . eini 1 — ojni 1 _1/4
= II|n11_ sint “(t) j sin' *(0) = sin' *(1) = >
t!o1i

Heret! 1 meansthe limit ast tendsto 1 from the left.
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sqrdx"2) ——

L L L
0 0.2 0.4 0.6 0.8 1

Figure 5.7.2: Graph of pﬁ

Example 5.7.3. There can be multiple points at which the integral is improper. For
example, consider z
1

1
. 1+ %2 dx:

A crucial point is that we take the limit for the left and right endpoints independertly.
We usethe point 0 (for convenienceonly!) to break the integral in half.

“ ! dx—ZO ! dx+Zl ! dx
g 1ex2 T 1+ x2 o 1+x2
Z, Z,
= lim ——dx+ lim de
slil s 1+ x2 ti1 o 1+ x2

Jim (tani 1(0) j tani 1(s)) + lim (tan' L) tani 1(0))

Jim (i tan! (s)) + Jlim (tan’ (1))
i Va Y

=i —+ — = Y;
P2 27"

The graph of tani *(x) is in Figure 5.7.3.

Example 5.7.4. Brian Conrad's paper on impossibility theorems for elemerary in-
tegration begins: \The Certral Limit Theorem in probability theory assignsa special
signi cance to the cumulativ e area function

1 Z x
©O(X) = p— e Y udu
(x) P>, .
under the Gaussianbell curve
1 2l
= p=—¢e V%
y 2Y,

It is known that ©(1 )= 1."
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alan‘(x)

L L L L L L
-20 -15 -10 -5 0 5 10 15 20

Figure 5.7.3: Graph of tani (x)

What doesthis last statemert mean? It meansthat

Z 0 z X
im p— e udu+ lim pe & Y’udu= 1
tI1 78 x11 s o '
R
Example 5.7.5. Consider ii xdx. Notice that
z 1 z 0 z t
xdx = lim xdx + lim xdx:
il slil s th 0
This divergessince ead factor divergesindependtly. But notice that
z t
lim xdx = O:
tl

it
R
This isnot what - xdx means(in this course{ in alater courseit could beinterpreted

1
this way)! This illustrates the importance of treating ead bad point separately (since
Example 5.7.3) doesn't.

Ry
Example 5.7.6. Consider °, #dx. We have

z 1 1 z s z 1 1
%dx: lim X' 3dx + lim X! 3dx
i1 X s! 0i i1 t! 0* t
H H f
= om S8 2 o+ aim S 3 =o
sl 0i 2 : t! 0* 2l 2

This illustrates how to be careful and break the function up into two pieceswhen there
is a discortin uity.

NOTES for 2006-02-22

Midterm 2: Wednesdyg, March 1, 2006, at 7pm in Pepper Canyon 109
Today: 7.8: Comparison of Improp er integrals

11.1: Sequences

Next 11.2 Series
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R
Example 5.7.7. Compute i3 L dx. A few weeksago you might have done this:

1xj2
Z3

” 2dx = [Injx i 2j]i3l =1In(3) i In(1) (totally wrong!)
il I

This is not valid becausethe function we are integrating has a pole at x = 2 (see
Figure 5.7.4). The integral is improper, and is only de ned if both the following limits
exists: z, A

lim ! dx and lim

2 g Xj 2 th2r ¢ X

2dx:

Howewer, the limits diverge,e.g.,
Z3

lim
o2t o X

dx= lim (Inj3ji Injtj 2= Ilim Injtj 2= il
2 2+ to2¢

R, L
Thus °) 15dx is divergert.

40 T T
1(x-2)

20 F

a0 b

60 |

80 |

-100

L L L L L L
-1 -0.5 0 0.5 1 15 2 25 3

Figure 5.7.4: Graph of .15

5.7.1 Convergence, Div ergence, and Comparison

In this section we discussusing comparisonto determine if an improper integrals con-
vergesor diverges. Recall that if f and g are continuous functions on an interval [a; b]
and g(x) - f(x), then

9(x) - f(x) z, z,

g(x)dx - f (x)dx:
a a
This obsenation can be incredibly useful in determining whether or not an improper
integral converges.
Not only doesthis technique help in determing whether integrals corverge, but it
alsogivesyou someinformation about their values,which is often much easierto obtain
than computing the exact integral.
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Theorem 5.7.8 (Comparison Theorem (special case)). Letf and g be continuous
functions with 0- g(x) - f(x) for x , a.

R1 1
1. If Ra f (x)dx converges,thelg . 9(x)dx converges.
1 . 1 .
2. 1f [ g(x)dx divergesthen _° f (x)dx diverges.
Proof. Sinceg(x) , O for all x, the function
z t
G(t) = g(x)dx
a

R
is a non-decreasingfunction. If al f (x)dx convergesto somevalue B, then for any
t, awehave 7 7
t t

G(t) = g(x)dx - f(x)dx - B:

Thus in this caseG(t) is a non-decreasingfunction bounded above, hence the limit
limy;  G(t) exists. This provesthe rst statemert.
Likewise,the function 7
t

F(t)=  f(x)dx

is also a non-decreasingfunction. If Ral g(x)dx divergesthen the function G(t) de ned
above is still non-decreasingand lim;;; G(t) doesnot exist, so G(t) is not bounded.
Sinceg(x) - f (x) wehave G(t) - F(t) for all , a, henceF (t) is alsounbounded, which
provesthe secondstatemen. O

The theorem is very intuitiv e if you think about areasunder a graph. \If the bigger
integral convergesthen so doesthe smaller one, and if the smaller one divergesso does
the bigger ones."

Ry cos?(x)
0 1+x?

Example 5.7.9. Does dx corverge? Answer: YES.

1K

cos(x)**‘z/(hx‘*z) —
\ LU(A4x2) -~
09 1\

0.8 \'\
0.7
0.6
05
0.4
0.3
0.2

0.1

0 L ! ! B
0 2 4 6 8 10

Figure 5.7.5: Graph of <®)° and -1

Since0 - cog(x) - 1, we really do have

cog(x) 1
1+ x2 1+ x2’
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asillustrated in Figure 5.7.5. Thus
z 1

- = i il =
, 1+x2dX tI!llm tan' “(t)

Ya
>

Rl 2
cos” (x)
o “1+xz dx converges.

But why did we use -1~ ? It's aguessthat turned out to work. You could have used
somethingelse,e.g., ;> for someconstart c. This is anillustration of how in mathematics
sometimesyou have to useyour imagination or guessand seewhat happens. Don't get
anxious|instead, relax, take a deepbreath and explore.

For example, alternativ ely we could have done the following:

SO

Z Z
1 co(x) 1
dx - —dx = 1;
. 1+ x2 1 X2

cos?(x)
1+ x2

Ry cos?(x)
0 1+x2

and this works just aswell, since

R

Example 5.7.10. Consider 01 Heﬁdx. Doesit corvergeor diverge? For Iargﬁvalues

of x, the term e 2 very quickly goesto 0, sowe expect this to diverge, since 11 %dx
diverges.For x , 0, we have el 2* - 1, sofor all x we have

dx corverges(as is cortin uous).

1 1
X+e X x+1

(verify by crossmultiplying) :

But zZ, 1 t
. X+ 1dx = tIlllm [In(x+1)];=1
R
Thus 01 = dx must also diverge.

Note that there is a natural analogueof Theorem 5.7.8for integrals of functions that
\blow up" at a point, but we will not state it formally.

Example 5.7.11. Consider

z 1 el X z 1 gl X
p=dx = lim p—=dx:
0o X th ot ¢ X
We have
e x 1

(Coming up with this comparison might take somework, imagination, and trial and
error.) We have

Z1gx 214
p—=dx p=dx=Ilim 2 1j 2 t=2
0 o X tl o

thus Rol S‘s%dx corverges,even though we haven't "gured out its value. We just know
that it is - 2. (In fact, it is 1:493648265::.)

What if we found a function that is bigger than %7 and its integral diverges??So
what! This doesnothing for you. Bzzzt. Try again.
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Example 5.7.12. Considerthe integral
14 x
el
—dx:
0 X
This is an improper integral sincef (x) = eT has a pole at x = 0. Doesit converge?
NO.
On the interal [0;1] we have el * | e 1. Thus

Zl i X Zleil
lim dx, lim —dx
ot ¢ X ot ¢ X
Z1
= e 1¢lim —dx
ot ¢ X

e 1¢|Iin8 In(1) i In(t) = +1
t! o+

Rygix
Thus ; =—dx diverges.



Chapter 6

Sequences and Series

Exam 2: Wednesdy at 7pm in PCYN 109
Today: Sequenceand Series(x11.1x11.2)
Next: x11.3 Integral Test, x11.4 Comparison Test

Our main goal in this chapter is to gain a working knowledge of power seriesand
Taylor seriesof function with just enoughdiscussionof the details of corvergenceto get

by.

6.1 Sequences

What is
lim i’?
n!ll n
You may have encourtered sequencedong ago in earlier coursesand they seemed
very dizcult. You know much more mathematics now, so they will probably seem
easier. On the other hand, we're going to go very quickly.

We will completely skip seveal topics from Chapter 11. | will try to make what we skip clear.
Note that the homework has been modi e d to re°ect the omitted topics.

A sequencas an orderedlist of numbers. Thesenumbersmay bereal, complex, etc.,
etc., but in this book we will focusertirely on sequence®f real numbers. For example,

1111 1 1 1 1

Sincethe sequencds ordered, we can view it asa function with domain the natural
numbers= 1;2;3;:::.

De nition  6.1.1 (Sequence). A seuene fa,gis afunction a: N! R that takesa
natural number n to a, = a(n). The number a, is the nth term.

63
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For example,
a(n) = a, = 2—n;
which we write asf Zing. Here's another example:
(bh)poy = uLﬂl = };3;3_::
n+1 ., 234

Example 6.1.2. The Fibonacci sequence(Fn)ﬁ:l is de ned recursively as follows:
Fi=1 F;=1 Fy=Fn2+Fy;1 forn, 3

i, ¢ L .
Let's return to the sequence zi i:l . We write limnn; zi = 0, sincethe terms get
arbitrarily small.

De nition  6.1.3 (Limit of sequence). If (an),lu1 is a sequencethen that sequen@
convergesto L, written limny a, = L, if a5 gets arbitrarily closeto L as n get
suzciently large. Secret rigor ous definition:  For every " > 0 there exists B suc
that forn, B wehaveja,j Lj<"

This is exactly like what we did in the previous coursewhen we consideredlimits
of functions. If f (x) is a function, the meaning of limy;; f(x) = L is essetially the
same. In fact, we have the following fact.

Prop osition 6.1.4. If f is a function with limy;; f(x) = L and (an)ﬁ:l is the se-
guene given by a, = f (n), thenlim,; a, = L.

As a corollary, note that this implies that all the facts about limits that you know
from functions also apply to sequences!

Example 6.1.5.

lim = |lim
n!l n+ 1 x!1 X+ 1

Example 6.1.6. The converseof Proposition 6.1.4is falsein geneal, i.e., knowing the
limit of the sequencecorvergesdoesn't imply that the limit of the function corverges.
We have lim,;  cos(2/n) = 1, but limy,; cos(2x) diverges. The corverseis OK if
the limit involving the function corverges.

Example 6.1.7. Compute lim nf+n+s Answer;
ple ©.L.7. PUte 1" 17037 20060 + 15 ST
6.2 Series
What is
1 1 1 1 1
B e 4
2 4 8 16 32
What is
1 1 1 1 1
-+ -+ —+ —+ —+ ::?
3 9 27 81 243
What is
1 1 1 1 1
S+ T+ D+ = ?
1 4 9 16 25
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Consider the following sequenceof partial sums:

X1 101 1
= — = 4+ T+ +
ay =5t 2 (0 N
n=1
Can we compute
X
1
n=1 2
These partial sumslook as follows:
an = 1 a = 3, 4 = 1023 4 = 1048575
T 2T 07 1024 0™ 1048576
X
It looks very likely that on = 1, if it makesany sense.But doesit?
n=1

In a momert we will de ne

xoq Xq

2n N1 on -
n=1 n=1

lim ay:
N1 N

: _ . . P
A little later we will show that ay = 23i-L, henceindeed 1, & = 1.

De nition  6.2.1 (Sum of series). If (an)ﬁ:1 is a sequencethen the sum of the series

IS

b3 X _
a, = lim a, = lim sy
N 11 N1
n=1 n=1

P
provided the limit exists. Otherwise we say that i:l a, diverges

Py

Example 6.2.2 (Geometric series). Considerthe geometric series _, ar"i ! for

a6 0. Then
nil_— a(li rN).

SN = ar
N 1ijr

n=1

To seethis, multiply both sidesby 1 r and notice that all the terms in the middle

cancel out. For what values of r does limy 1 a(ll‘lirrN) corverge? If jrj < 1, then
limyiy N = 0and
. a(lj rN a
lim (Li )= :
N1 1jr 1ir
If jrj> 1,thenlimyi. rN diverges,so i:1 ar"i 1 diverges.If r = § 1, it's clear since

a 6 0 that the seriesalso diverges(since the partial sumsare sy = § N a).

For example,if a= 1andr = % we get

. 1
ar"il= _—_

NI

n=1

as claimed eatrlier.
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6.3 The Integral and Comparison Tests

Midterm Exam 2: Wednesdy March 1 at 7pm in PCYNH 109 (up to last lecture)
Today: x7.3{7.4: Integral and comparison tests

Next: x7.6: Absolute convergence;ratio and root tests

Quiz 4 (last quiz): Friday March 10.

Final exam: Wednesdg, March 22, 7-10pm in PCYNH 109.

What is ;. %? Whatis ., 1?
Recall that Section 6.2 beganby asking for the sum of sewral series. We found the
“rst two sums (which were geometric series)by nding an exact formula for the sum

sy of the rst N terms. The third serieswas

xoq

n2
n=1

A =

1 1 1 1
=S 24+ D 3.
4 9 16 25 (6.3.2)

Rl

It is dizcult to 'nd a nice formula for the sum of the “rst n terms of this series(i.e., |
don't know how to do it).

Remark 6.3.1. Sincel'm a number theorist, | can't help but make somefurther re-
marks about sums of the form (6.3.1). In general, for any s > 1 one can consider the
sum
X g
3(s) = —
n=1 n

The number A that we are interestedin above is thus 3 (2). The function 3(s) is called
the Riemann zeta function. There is a natural (but complicated) way of extending 3 (s)
to a (di®erertiable) function on all complexnumberswith apoleat s = 1. The Riemann
Hypothesisassertsthat if s is a complex number and 3(s) = 0 then either s is an even
negative integeror s = % + bi for somereal number b. This is probably the most famous
unsolved problems in mathematics (e.g., it's one of the Clay Math Institute million
dollar prize problems). Another famousopen problem is to show that 3 (3) is not a root
of any polynomial with integer coexcients (it is a theorem of Apefry that zeta(3) is not
a fraction).

The function 3(s) is incredibly important in mathematics becauseit governs the
properties of prime numbers. The Euler product represertation of 3(s) givesa hint as
to why this is the case:

x y H 1 il
ns 1j pis

n=1 primes p

To seethat this product equality holds whens is real with Re(s) > 1, useExample 6.2.2
with r = pi 5 and a = 1 from the previous lecture. We have

1

TR
i |
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Thus
y H 4 T y H 1 1 {
= 1+ =+ — + ¢¢¢
' 1| pls ) pS p2s
primes p rimes p
i 11 Ty L
= 1+§+%+¢¢¢ ¢ 1+§+%+¢¢¢ ¢ee
u 1
1 1 1
A A
R
n::Lns

where the last line usesthe distributiv e law and that integers factor uniquely as a
product of primes.

Finally, Figure 6.3.1is agraph 3 (x) asafunction of areal variable x, and Figure 6.3.2
is a graph of j3(s)j for complexs.

P
Figure 6.3.1: Riemann Zeta Function: f (x) = ,11:1 nlx

This sectionis how to leveragewhat you've learned sofar in this book to say some-
thing about sumsthat are hard (or even\imp ossibly ditcult") to evaluate exactly. For
example, notice (by consideringa graph of a step function) that if f (x) = 1=x2, then
for positive integer t we have

Xt i 1

. — 4 R
2 2 2
aog N 1 1 X
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Figure 6.3.2: Absolute Value of Riemann Zeta Function

Thus
% 1 1 %1 1,
nz 12 xz X
n=1 1
Ztl
=1+ lim —2dx
til X
1>t
=1+ lim j -
ti1 Xl
11
=ltdm ity =2

P
We concludethat ﬁzl corverges,sincethe sequenceof partial sumsis getting bigger
and bigger and is always - 2. And of course\f_.ge also know something about i:l nlz
even though we do not know the exact value: . _; L . 2. Using a computer we nd

n
that

P I
t n=1 p?
1 1
2 2=1:25

Oo-b

5 | 559 = 14634
10 | 1568309 = 154976773117
100 | 1:63498390018
1000 | 1:64393456668
10000 | 1:64483407185

100000| 1:6449240669

P
The table is consistert with thefact that i _, 7= corvergesto a number - 2. In fact

Euler wasthe rst to compute i -, exactly; he found that the exact value is

1
%% = 1:644934066848226436472415166646025189218949901206 7785437 : :

There are many proofs of this fact, but they don't belongin this book; you can nd
them on the internet, and are likely to seeoneif you take more math classes.
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We next considerthe harmonic series
X
= (6.3.2)
n=1 n
Doesit corverge? Again by inspecting a graph and viewing an in nite sum asthe area
under a step function, we have

Jim [In(x)]}

tI!|1m In(t)j 0= +1:

Thus the in"nite sum (6.3.2) must also diverge.
We formalize the above two examplesas a generaltest for corvergenceor divergence
of an in nite sum.

Theorem 6.3.2 (In tegral Test and Bound). Suppsef (x) is a continuous, positive,
g,e:reasing function on [1;1 ) and let a, = f¢n) for integersn , 1. Then the series
ﬁzl a, convergesif and only if the integral 11 f (x)dx convemes. More geneally, for
any positive integer k,
Z, R Z

f(x)dx - an, - a+t f (x)dx: (6.3.3)

k k

n=k

The proposition meansthat you can determine corvergenceof an in nite seriesby
determining corvergenceof a corresponding integral. Thus you can apply the powerful
tools you know already for integrals to understanding in"nite sums. Also, you can use
integration along with computation of the rst few terms of a seriesto approximate a
seriesvery precisely

Remark 6.3.3. Sometimesthe rst few terms of a seriesare \funny" or the series
doesn't evenstart at n = 1, e.g.,

X
nea (M03)%
In this caseuse (6.3.3) with any specic k > 1.

P P
Prop osition 6.34 (Comparison Test). Suppse a, an by, are two serieswith
po,gtive terms. If b, convergesand a, - bnpfor all n. then a, convemges. Likewise,
if b, divergesand a, , b, for all n. then a, must also diverge.

P
Example 6.3.5. Does ;. s conveme? No. We have
* 4 %1 .
p=. p=dx = im(2pti2 1)=+1
'n . X ti1
n=1
P

Example 6.3.6. Does Ll ﬁ converge? Let's apply the comparisontest: we have

1 1
=7 < nz for every n, so
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Alternativ ely, we can usethe integral test, which also gives as a bonus an upper and
lower bound on the sum. Let f (x) = 1=(1 + x?). We have

2171 dx—limZti1 dx
. 1+x277 T 1+ x2

i i1 Ya Y
= |lim ! i = = i =
i tan’ “(t) i 2

1 Y
L+
n2+1 2 4

P
the actual sumis 1:07:::, which is much di®erert than niz = 1:64:::.

We could prove the following proposition using methods similar to those illustrated
in the examplesabove. Note that this is nicely illustrated in Figure 6.3.1.

Prop osition 6.3.7. The series . _;

is convergentif p> 1 and divergentif p- 1.

6.3.1 Estimating the Sum of a Series

P
Suppose ap is a corvergert sequenceof positive integers. Let

b3 x b3
Rm = an i an = am

n=1 n=1 n=m+1

P -
which is the error if you approximate  a, usingthe rst n terms. From Theorem 6.3.2
we get the following.

Prop osition 6.3.8 (Remainderp Bound). Supmsef is a continuous, positive, de-
creasing function on [m;1 ) and a, is convergent. Then
z 1 z 1
f(x)dx - Ry - f (x)dx:

m+1 m

Proof. In Theorem 6.3.2setk = m + 1. That gives

Z 4 ¥ Z,
f(x)dx - a - ama t f (x)dx:
m+1 n=m+1 m+1
But Z, Z,
am+1 t f (x)dx - f (x)dx
m+1 m
sincef is decreasingand f (m+ 1) = am+1 - O
P —
Example 6.3.9. Estimate 3(3) = ,1]:1 L using the rst 10 terms of the series. We

have

0
= 19164113947: 1:197531985674193 :

., 16003008000
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The proposition above with m = 10 tells us that

21 S 1 1
:004132231404 1:= —dx - 3(3)j —dx= —— = — = 0:005
0:0041322314049586 o ngx ()i . " Xsdx 5¢1 ~ 200 0:005
In fact,
3(3) = 1:202056903159594285399738161511449990
and we hvae
0
3(3) i = 0:0045249174854010:;
n=1
sothe integral error bound was really good in this case.
P
Example 6.3.10. Determine if ., 1772295 corvergersor diverges. Answer: It

converges,since
2006 2006 _ 2006 1

1172+ 4In+ 3 1172~ 117 n2?’

P 1
and 5 corverges.

6.4 Tests for Convergence

Final exam: Wednesdg, March 22, 7-10pm in PCYNH 109.
Quiz 4: Next Friday

Today: 11.6: Ratio and Root tests

Next: 11.8 Power Series

11.9 Functions de ned by power series

6.4.1 The Comparison Test

P P
Theorem 6.4.1 (The Comparison Test). Suppse a, and h, are serieswith
all a, and by, positive and a, - b, for eachn.

P P

1. If b, convemges,then sodoes a,.
P P

2. If  a, diverges,thensodoes k.

Proof Sketch. The condition of the theorem implies that for any k,

X X

from which ead claim follows. O

P 1
7
n=1 3n7n - FOr ead n we have

LA P
3n2+2n 3 n?’

Example 6.4.2. Considerthe series

n=1 3n2+2n

Py

Since | _;

L converges, Theorem 6.4.1implies that also corverges.
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P
Example 6.4.3. Consider the series ., ™" |t divergessincefor eacy n, 3 we
have
In(n) 1.
n °n’

and Pa s diverges
n=3 n g )

6.4.2 Absolute and Conditional Convergence

— .. P
De n|t!0r|;_, . 6.4.4_ (Con verges Absolutely). We say that i:l a, converges abso-
lutely if ~ __, jan] corverges.

For example,

1
G " n
n=1
converges, but does not converge absolutely (it converges\conditionally”, though we
will not explain why in this book).

6.4.3 The Ratio Test

Recall that i '_, a, is a geometric seriesif and only if a, = ar"i ! for some xed a
and r. Here we call r the common ratio. Notice that the ratio of any two successie
termsisr:
an+ _ ar"

5 a, arnil’
Moreover, we have ﬁzl ar"i  converges(to liir) if and only if jrj < 1 (and, of course
it divergesif jrj, 1).
1 ¢ni 1

3 = P i3
7= 9. Howewer, ._, 3 3

P 1 | 2¢r‘|i 1
Example 6.4.5. Forexample, ._, 3 3 convergesto

n 1j
diverges.

P
Theorem 6.4.6_(Ratio Test). Consider a sum ﬁzl a,. Then

—An+1 —
an

P
1. If limgn L < 1 then Ll an is absolutelyconvergent.

P
2. If limyy  22L7= L > 1then ;_ a, diverges.

3. If limpyp _a;—:l_: L = 1 then we may conclude nothing from this!

Proof. We will only prove 1. Assume that we have lim; _a;—:l_: L < 1. Let

r= LzlyandnoticethatL<r<1(sinceo. L<1,501- L+1<2s01=2- r<1,

andalsorj L=+ H=2; L=(1; L)=2> 0).

Sincelimp; 22 7= |, thereis an N suc that for all n > N we have
a1 - S
0 < r; S0 jans] < jan] o
an
Then we have
X . . . . X
janj < jansj¢  r":
n=N+1 n=0

Here the common ratio for the secondoneis r < 1, hencethus the right-hand series
cornverges,so the left-hand seriescorverges. O
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X oy . . .
Example 6.4.7. Consider I The ratio of successie terms is
n=1
:(i 1O)n+1 -
- - 10+t ! 10
:(I‘.1+1r)1 —= LI I 0< 1
— (10" = (n+1n! 100 n+1
n!

Thus this seriesconvergesabsolutely Note, the minus sign is missing above sincein the
ratio test we take the limit of the absolute values.

b3 n
Example 6.4.8. Consider LU We have
31+3n

n=1
“(n+ 1) = q
307 = (n+ Y+ 1" 27 n+1 Hnea'n .
- " - 27¢27 nn 27 n '

31+3n

o inep @
Thus our seriesdiverges. (Note here that we usethat % " e)

P
Example 6.4.9. Let's apply the ratio test to !

1
n=1 - Wehave

-1 =

. n+1-—_ 1 .n_ n |
nl!'lrnZ} Z_n+1¢1_n+l'
n

This tells us nothing. If this happens... do something else! E.g., in this case,usethe
integral test.

6.4.4 The Root Test
Sincee and In are inverses,we have x = €"(*), This implies the very useful fact that

X& = eIn(xa‘) - ealn(x):
As a sampleapplication, notice that for any nonzeroc,
. 1 . 1
lim cv = lim en'°9(9 = & = 1:
n'l nll

Similarly, . )
lim nv = Iim env'9(M = &0 = 1
n'l n'l

where we've usedthat limp % = 0, which we could prove using L'Hopital's rule.
P
Theorem 6.4.10 (Ro ot Test). Consider the sum ﬁ:l an.
P
1. If limpyy janjnL = L < 1, then Ll a, convemgestabsolutely.

1
n

P
2. If limyyy  jasjs = L > 1, then '_ a, diverges.

3. If L = 1, then we may conclude nothing from this!
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Proof. We apply the comparisontest (Theorem 6.4.1). First supposelimni; janjnl =
L < 1. Then thereisa N such that forn, N \ye have_janjnl < k< 1.PThus for such
n we have ja,j < k" < 1. The geometric series -, ki converges;,so L\ janj also
does, by Theorem 6A.1. If janjnl > 1for n, N, then we seethat ilzN janj diverges
by comparingwith = -, 1. O

Example 6.4.11. Let's apply the root test to
X ar"i a .
n=1 n=1

We have )

SRS U
nI!|1m irj jrj:

Thus the root test tells us exactly what we already know about cornvergenceof the
geometry series(except when jrj = 1).
3 .

P n
Example 6.4.12. Thesum }_, z?nzz—’fl is a candidate for the root test. We have

L N RN P
a T 2nZy 1 Tl Znz+ 1 a2+ L2

S
[N

Thus the seriescorverges.
3 .

P n
Example 6.4.13. Thesum ', 27+ s acandidate for the root test. We have

u

L

—_— on2+ 107 ~ im n2+ 1 im 2+ %
nil n2+ 1 “hll n2+1 a1 14+ L

hencethe seriesdiverges!
P
Example 6.4.14. Consider ,_, L. Wehave

so we conclude nothing!
P n
Example 6.4.15. Consider ﬁ:l 3&(2#)- To apply the root test, we compute

lim =" %— Iimulﬂ%
ni 3¢(27") a1 3

n
¢ -=+1:
27

Again, the limit diverges,asin Example 6.4.8.
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6.5 Power Series

Final exam: Wednesdg, March 22, 7-10pm in PCYNH 109. Bring ID!
Quiz 4: This Friday

Today: 11.8 Power Series,11.9 Functions de ned by power series
Next: 11.10 Taylor and Maclaurin series

Recall that a polynomial is a function of the form

f(X) = G+ CiX + Cox2 + COC+ gxX:

Polynomials are easy!!’

They are easyto integrate, di®erertiate, etc.:

A !
d X X .
I X" = neyx"i?t
X n=0 n=1
Lx X e
= + :
chx"dx=C cnn+ 1
n=0 n=0

De nition 6.5.1 (P ower Series). A power seriesis a seriesof the form

f(x)= C X" = o+ CiX + CoxZ + ¢6C;
n=0

where x is a variable and the ¢, are coezcients.
A power seriesis a function of x for those x for which it corverges.

Example 6.5.2. Consider

f(x)=  x"=1+x+ x%+ ¢e¢:
n=0

When jxj < 1,i.e.,j 1< x < 1, we have

1
f(x)= ——:
(x) 1 x
But what good coulgj this possibly be? Why is writing the simple function 1+x as
the complicated series _, x" of any value?

1. Power seriesare relatively easy to work with. They are \almost" polynomials.
E.g.,
d % R . X
—  x"= nx"i 1= 1+ 2x+ 3x? + ¢te= (m+ 1)x™;
dx _ _ _
n=0 n=1 m=0
wherein the last step we \re-indexed" the series. Power seriesare only \almost"
polynomials, since they don't stop; they can go on forever. More precisely a
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power seriesis a limit of polynomials. But in many caseswe can treat them like
a polynomial. On the other hand, notice that
H 1 N

d 1 _ 1 _ m.
d7 1] X - (1| X)Z_ m:O(m+ 1)X .

2. For many functions, a power seriesis the best explicit representation available

Example 6.5.3. Consider Jo(x), the Besselfunction of order 0. It arisesas a
solution to the di®erertial equation x?y%+ xy®+ x2y = 0, and has the following
power seriesexpansion:

o0\~) = 2 2
Al QD)
1, 1., 1 4 1

=1lj - x°+ X" + CCC:

+ 8 . 10
25 T 62" 1 2304 T 147458 ' 14745608

This seriesis nice sinceit corvergesfor all x (one can prove this using the ratio
test). It is also one of the most explicit forms of Jg(X).

6.5.1 Shift the Origin

It is often usefulto shift the origin of a power series,i.e., considera power seriesexpanded
about a di®eren point.

De nition 6.5.4. The series

X
Ch(xi @"=co+ ca(xi @)+ Ca(xi a)®+ 6o¢
n=0

is called a power series centered at x = a, or \a power seriesabout x = a".

Example 6.5.5. Consider

(xi 3)" =1+ (xi 3)+ (xi 3)*+ ¢¢¢
n=0
1 . . L
ETRCTE) equality valid whenjxi 3j< 1
_ 1
T 45 x

Here conceptually we are treating 3 like we treated 0 before.
Power seriescan be written in di®erert ways, which have di®erert advantagesand
disadvantages. For example,

1 1
4 x

1
1j x=4
) SR
¢
n=0

4
1 L
2 corvergesfor all jxj < 4:

X

Notice that the secondseriesconvergesfor jxj < 4, whereasthe rst convergesonly for
iXi 3j < 1, which isn't nearly as good.
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6.5.2 Convergence of Power Series

P
Theorem 6.5.6. Given a power series ﬁzo ch(xi a)", there are exactly three possi-
bilities:
1. The seriesconvggesonly whenx = a.
2. The series convggesfor all x.

P
3. Thereis an R > 0 (called the \r adius of convemgene") suchthat ﬁzo Ch(xj a"
convemgesfor jx j a < R and divergesfor jx i aj > R.
P
Example 6.5.7. For the power series r11:0 x", the radius R of corvergenceis 1.
De nition 6.5.8 (Radius of Convergence). As menioned in the theorem, R is
called the radius of convemgene.

If the seriescorvergesonly at x = a, we sy R = 0, and if the seriescorverges
everywherewe sgy that R= 1 .

The interval of convemgene is the set of x for which the seriescorverges. It will be
one of the following:

(ai R;a+ R); [ai R;a+ R); (aj R;a+R]; [ai R;a+ R]

The point beingthat the statemert of the theorem only assertssomethingabout corver-
genceof the serieson the openinterval (aj R;a+ R). What happensat the endpoints
of the interval is not speci ed by the theorem; you can only gure it out by looking
explicitly at a given series.

P
"F;heorem 6.5.9. If ﬁzo ch(x i a)" hasradius of convegene R > 0, then f (x) =

ﬁzo ch(xi a" is di®erentiableon (aj R;a+ R), and

X .
1. f9x) = nec,(xi a"i?!
n=1
Z

2. f(x)dx=C+ (xj a"t,

Ch
+1

n=0
and both the derivative and integral have the sameradius of convemgene asf .
Example 6.5.10. Find a power seriesrepreseration for f (x) = tani *(x). Notice that

1 1 _X
1+x2 1i (j x2)

%) = (i "

n=0

which hasradius of corvergenceR = 1, sincethe above seriesis valid whenjj x?j < 1,
i.e., jxj < 1. Next integrating, we nd that

X2n+1

X n
fe0=c+ (U5
n=0

for someconstart ¢. To nd the constart, compute ¢ = f (0) = tani 1(0) = 0. We
concludethat
- R ] x2n+1
tan' ~(x) = i1l :
0= (Dgey
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Example 6.5.11. We will seelater that the function f (x) = € ** has power series
: 1 1
e =1 x2+ x4 x5+ ¢oe:
! 2 ' 6
Hence Z

) 1 1 1
e dx = c+ x| §x3+ Ex51 4—2x7+ ¢ee:

This despite the fact that the antideriv ative of el x* is not an elemenary function (see
Example 5.7.4).

6.6 Taylor Series

Final exam: Wednesdg, March 22, 7-10pm in PCYNH 109. Bring ID!
Last Quiz 4: This Friday

Next: 11.10 Taylor and Maclaurin series

Next: 11.12 Applications of Taylor Polynomials
Midterm Letters:

A, 32{38

B, 26{31

C, 20{25

D, 14{19

Mean: 23.4, Standard Deviation: 7.8, High: 38, Low: 6.

Example 6.6.1. Supposewe have a degree-3(cubic) polynomial p and we know that
p(0) = 4, pA0) = 3, p°}0) = 4, and p°°f) = 6. Can we determine p? Answer: Yes! We
have

p(x) = a+ bx+ cx? + dx®

p%(x) = b+ 2cx + 3dx?

p°{x) = 2c+ 6dx

p®%x) = 6d
From what we mentioned above, we have:
a=p0)=4
b= p%0) = 3
_pX0) _
c= 5 = 2
_ p%%0) _
d= 5 - 1

Thus
p(x) = 4+ 3x + 2x2 + x3:

Amazingly, we can usethe idea of Example 6.6.1to0 compute power seriesexpansions
of functions. E.g., we will shaw below that
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Corvergen seriesare determinedby the valuesof their derivatives.'

Consider a general power series

%
f(X)=  c(xi @"=co+ ci(xi @)+ Ca(xi a)?+ ¢o¢

n=0
We have
c = f(a)
¢ = f%a)
f %%a
C = —g )
¢ee
_ (),
T

where for the last equality we usethat
f(M(x) = nle, + (x| a)(¢ee+ ¢ee)

Remark 6.6.2. The de nition of 0!is 1 (it's the empty product). The empty sumis 0O
and the empty product is 1.

Theorem 6.6.3 (Taylor Series). If f(x) is a function that equals a power series
centered alout a, then that power series expansion is

X fm
fog= n.(a) (xi a)"
n=0 ’
0
=f(a)+ fYa)(xj a)+ f ((a)(xi a)? + ¢

2

Remark 6.6.4. WARNING: There are functions that havr;,\ all derivativesde ned, but
do not equal their Taylor expansion. E.g., f(x) = e ™" for x 6 0 and f (0) = O.
It's Taylor expansionis the 0 series(which corvergeseverywhere), but it is not the 0
function.

De nition  6.6.5 (Maclaurin  Series). A Maclaurin seriesis just a Taylor serieswith
a= 0. | will not usethe term \Maclaurin series"ever again (it's commonin textb ooks).

Example 6.6.6. Find the Taylor seriesfor f (x) = € about a= 0. We have f (") (x) =
€. Thusf (M (0) = 1 for all n. Hence
3 2 3

e = ix“:1+x+x—+x—+¢¢¢
T 2 6

What is the radius of convergence?Use the ratio test:

1 yn+l |
im =T o gim Y gy
nls T Ixn Tt (n+ 1)
T . = :
= nI!|lm 1 0; for any xed x:

Thus the radius of cornvergenceis 1 .
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Example 6.6.7. Find the Taylor seriesof f (x) = sin(x) about x = 15/“.1 We have
. . ¢ ,
Xofpmlye gt

o= nt X2

n=0
To do this we have to puzzleout a pattern:
f (x) = sin(x)
f9x) = cosk)
f9Ux) = i sin(x)
f2%x) = i cogx)
f @ (x) = sin(x)
First notice how the signsbehave. For n = 2m ewven,
fM(x) =M (x) = (i 1)"?sin(x)
and for n = 2m + 1 odd,
FM() = 16™D (x) = (i Y cosf) = (i D D2 cos)
For n = 2m even we have

f W (e2) = £Cm = (i ™

® 1/4,
2
and for n = 2m + 1 odd we have

. -
1
f (M (yE2) = £ @M+ 5/4 = (j 1)™ cos{/=2) = O:

Finally,
3 (n) (1/=
sin(x) = ﬂ(x i v&2)"
o n! ,
gy’ v
= i = :
_, (2m)! 2

Next we usethe ratio test to compute the radius of corvergence.We have

E (;j ™+ 3 . 1/4, 2(m+1)E )
N CCESO o - i @m)! 3Xi vi 2
mi1 (i ™ " Ya 2m— mil (2m + 2)! 2
emi "' 2

i ¢
Xi %

= al Zm+2em+ 1)

which corvergesfor eadh x. HenceR =1 .

1Evidently this expansion was Tst found in India by Madhava of Sangamagrama (1350-1425).
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Example ;6.6.8. Find the Taylor seriesfor cosf) about a = 0. We have cosi) =

sinlx + %‘ . Thus from Example 6.6.7 (with in nite radius of convergence)and that

the Taylor expansionis unique, we have
3 ]/’

cosfx) = sin x + {

_R Gyt v v

ey T2t 2
R G,
- ) x®
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6.7 Applications of Taylor Series

Final exam: Wednesdg, March 22, 7-10pm in PCYNH 109. Bring ID!
Last Quiz 4: Today (last one)

Today: 11.12 Applications of Taylor Polynomials

Next; Di®erertial Equations

This sectionis about an examplein the theory of relativit y. Let m bethe (relativistic)
massof an object and my be the massat rest (rest mass) of the object. Let v be the
velocity of the object relative to the obsener, and let ¢ be the speed of light. These
three quartities are related as follows:

m= —— (relativistic) mass
V2
1i —
C

The total energy of the object is mc?:

E = mc2:I

In relativit y we de ne the kinetic energyto be

K = mc?j moc?: (6.7.1)

What? Isn't the kinetic energy%movz?
Notice that

mc? | moc® = Hmocz i Mo =moe® 1i — i1

.ov2
1| C_Z

Let
Fo)=@ix) 7j1

Let's compute the Taylor seriesof f . We have
FO)= (@i % 21
(%0 = i %}
(%= S ea(1i %) !

1¢3¢5¢¢e(2n i 1 o+
N Da

f(M(x) =

Thus
1¢3¢5¢¢¢(2n 1),
2n '

f(M(0) =
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Hence

X ()

Xn
n!

f(x)
n=1

X 1¢3¢5000(2n 1) ,
- 20 ¢n!

1 3, 5 4

35 4
§x+ éx +1_6X +1_28X + ¢CC

We now usethis to analyzethe kinetic energy (6.7.1):

vl
mc? i moc® = moc? ¢f -
H 2 2 ﬂ
1 v 3 v
= ¢+ S ¢— +
MoC" ¢ 5 ¢+ 2 ¢+ 00
H, oo f

1 2 v
“movZ + mec? ¢ == + ¢¢¢
2 0 0 C2

And we can ignore the higher order terms if ‘é—; is small. But how small is \small"
enough, given that ‘C’—z appearsin an in nite sum?

6.7.1 Estimation of Taylor Series

Suppose %
(n)
=" @i a
n=0 '
Write "
(n)
Ry = 1001 P a
n=0 ’
We call "
(n)
= @ gy
n=0 )

the Nth degreeTaylor polynomial. Notice that

Jim T (0 = £ ()

if and only if
Nllgn Ry (x) = O
We would like to estimate f (x) with Ty (x). We needan estimate for Ry (x).

Theorem 6.7.1 (Taylor's theorem). If jf (N*D (x)j- M for jxi aj - d, then

) . M . N+ . .
JRN (X)] - m]xi aJN ! for jxi aj - d.
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For example,if N = 0, this says that
IR =jf(x)i f(@j- Mjxi aj;
ie., Z -
F ()i f(@)=
Xi a

M;
which should look familiar from a previous class(Mean Value Theorem).

Applications:
1. OnecanuseTheorem6.7.1to prove that functions corvergeto their Taylor series.

2. Returning to the relativit y exampleabove, we apply Taylor's theoremwith N = 1
anda= 0. With x = j v2=¢ and M any number sud that jf °{x)j - M, we have

. . M
jR1(X)j - 7x2:

For example, if we assumethat jvj - 100m=s we use
if ) - g(li 100°=c?)! 52 = M:

Using c = 3£ 10®m=s, we get
jR1(X)j - 4:17¢10 1° ¢my:

Thus for v - 100m=s » 225mph then the error in throwing away relativistic
factorsis 10' 1°mg. This is like 200feet out of the distance to the sun (93 million
miles). So relativistic and Newtonian kinetic energiesare almost the same for
reasonablespeeds.



Chapter 7

Some Di®eren tial Equations

Final exam: Wed March 22 7-10pm in Pepper canyon 109.
Today: Section 9.5

Friday: Review (with special guest John Eggers).

Extra Oxce Hours: Monday 11-2pm

Introduction { not written.

7.1 Separable Equations

A semrabledi®erential equation is a rst order di®ereriial equation that can be written
in the form
dy _ f(x).

dx  h(y)’
These can be solved by integration, by noting that

h(y)dy = f (x)dx;
hence Z Z
h(y)dy= f (x)dx:

This latter equation de nes y implicitly as a function of x, and in some casesit is
possibleto explicitly solve for y asa function of x.

7.2 Logistic Equation

The logistics equation is a di®erertial equation that models population growth. Often
in practice a di®ereriial equation models somephysical situtation, and you should\read
it" asdoing so.
Exponential growth:

1dP _

Pdt
This says that the \relativ e (percertage) growth rate" is constart. As we sav before,
the solutions are

P(t) = Py cekt:

85
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Note that this model only works for a little while. In everyday life the growth couldn't
actually continue at this rate inde nitely . This exponertial growth model ignores limi-
tations on resources,disease etc. Perhapsthere is a better model?

Over time we expect the growth rate should level o®,i.e., decreasdo 0. What about

H 1

1dP P

Pl - k 1; i (7.2.1)
where K is somelarge constart called the carrying capacity, which is much bigger than
P = P(t) at time 0. The carrying capacity is the maximum population that the erviron-
ment can support. Note that if P > K, then dP=dt < 0 sothe population declines. The
di®erertial equation (7.2.1) is called the logistic model (or logistic di®ererial equation).
There are, of course,other models one could use, e.g., the Gompertz equation.

First question: are there any equilibrium solutions to (7.2.1), i.e., soluqus with
dP=dt= 0, i.e., constart solutions? In order that dP dt= Othen 0= k' 1j , sothe
two equilibrium solutions are P(t) = 0 and P(t) =

The logistic di®erertial equation (7.2.1) is separable,so you can separatethe vari-
ableswith one variable on one side of the equality and one on the other. This means
we can easily solve the equation by integrating. We rewrite the equation as

P _ kK

P
K

L KP(Pi K):
Now separate: K dp
W = i k ¢dt;
and integrate both sides .
P(lgi?PK): i kedt=j kt+ C:
On the left side we get
Z o kap _EM o 4T . o
W: Pi—KiE dP = InjP i Kjj InjPj+ o
Thus
InjK i Pji InjPj=j kt+ c;
S0

Inj(K j P)=Pj=j kt+ c:
Now exponertiate both sides:
(Ki P)=P=¢ K"c¢= pel kt;  whereA = €"

Thus
K = P(1+ Aei ¥);
SO K
PM) = i aa vt

Note that A = 0 also makes senseand gives an equilibrium solution. In general we
have limy; P(t) = K. In any particular casewe can determine A as a function of
Py = P(0) by using that

K K K'i Po.

o] A= —j 1=

PO= 54 P, Po




