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conjecture. We then deduce the following conditional theorem, up to an explicit finite set of primes: (a) the set of
indexes [E(K) : W] is finite, and (b) the subgroups W), with [E(K) : W,] maximal satisfy a higher-rank generalization
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1 Introduction

Let E be an elliptic curve defined over Q. The order of vanishing r,, at s =1 of the Hasse-Weil L-series
L(E/Q,s) of E is defined because E is modular (see [BCDTO01l [Wil95]). The Birch and Swinnerton-Dyer (BSD)
rank conjecture [Bir65] asserts that 7., is equal to the algebraic rank a1, of E(Q). The BSD formula then gives
a conjectural formula for the leading coefficient of the Taylor expansion about s = 1 of L(E/Q, s); this formula
resembles the analytic class number formula. The BSD rank conjecture is known for curves with r,, < 1, but
there has been relatively little progress toward the BSD rank conjecture when r,, > 2.

In the late 1980s, Kolyvagin wrote several landmark papers that combined the Gross-Zagier theorem [GZ86]
about heights of Heegner points over quadratic imaginary fields K, a theorem [BFH90] about nonvanishing of
special values of twists of L-functions, and relations involving Hecke operators between Heegner points over ring
class fields of K to prove that if 7., < 1, then the BSD rank conjecture is true for E. Kolyvagin wrote [Kol91a]
on the case of general rank, in which he computes the elementary invariants of the Selmer groups of any elliptic
curve F of any rank in terms of properties of Heegner points, assuming a certain nontriviality hypothesis. It was
until recently unclear whether or not this hypothesis was ever satisfied for any curve with r,, > 2. Fortunately,
this hypothesis has now been confirmed numerically (with high probability) in one case of a rank 2 curve [JLS0S].

We review some of Kolyvagin’s results and conjectures from [Kol91a], then make a new conjecture that
refines Kolyvagin’s conjectures. Using reduction modulo p of Heegner points, we introduce a definition of finite
index subgroups W, C E(K), one for each prime p that is inert in K. Let yx € E(K) be the associated Heegner
point as in Equation below. Then these subgroups W,, generalize the group Zyx in the case r,, = 1. For any
Tan > 1, we give a description of W,,, which is conditional on truth of the BSD conjecture and our conjectural
refinement of Kolyvagin’s conjecture. We then deduce the following conditional theorem (see Theorems and
[7.7), up to an explicit finite set of primes: (a) the set of indexes [E(K) : W] is finite, and (b) the subgroups W),
with [E(K) : W,] maximal satisfy a higher-rank generalization of the Gross-Zagier formula (see below). We
also give numerical data and a new conjecture about the existence of Gross-Zagier subgroups.

We leave open far more questions than we answer, and we intend to follow up on these questions in
subsequent papers. For example, perhaps the definition of the groups W, can be refined and generalized in
various ways, and results similar to those in this paper proved about them. It would be interesting to find a
practical algorithm that can provably compute the groups W), for a particular p, assuming that E(K’) has already
been computed. We also hope to find a higher-rank analogue of the Gross-Zagier formula over the Hilbert class
field of K, involving the Petersson inner product, modular forms, and Rankin-Selberg convolutions L 4(f, s), as
in [GZ86], which is consistent with the results we prove about the groups W), in this paper. It would also be
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valuable to give proofs of the results of [Kol91al] building on [McC91] instead of [Kol91b], possibly using results
from the present paper.

We briefly outline the structure of this paper. In the first few sections, we state the BSD conjecture and
Gross-Zagier formula, define Kolyvagin points, state Kolyvagin’s conjectures, and then define certain finite index
subgroups W, of E(K). In the rest of the paper, we study reduction mod p, conditionally deduce the structure
of W), and give some numerical examples.

More precisely, we do the following. In Section [2| we state the full Birch and Swinnerton-Dyer conjecture
over an imaginary quadratic field K, and state a generalized Gross-Zagier formula for elliptic curves of any
rank. In Section [3} we introduce the Kolyvagin points Py on E over ring class fields of K, and deduce some key
properities of these points. We state Kolvagin’s conjectures from [Kol91a] along with some of their consequences
in Section @] We also state a conjecture that refines Kolyvagin’s conjectures and also refines a conjecture of
Gross-Zagier. In Section [5| we use reductions of Kolyvagin points to define, for every prime p that is inert in K,
a finite index subgroup W, of E(K). Section |§| lays some general foundations for our later determination of the
structure of W), by studying the image of a fixed Q € E(K) in E(IF,2)/(p + 1). Section [7| presents a conditional
proof that (up to primes not in the set B(E)) maximal index subgroups exist and that they satisfy our generalized
Gross-Zagier formula. Finally, in Section [§| we numerically investigate the existence of Gross-Zagier subgroups
of E(K), and give evidence for a higher-rank generalization of a conjecture of Gross-Zagier.

Acknowledgement: We thank R. Bradshaw, K. Buzzard, C. Citro, J. Coates, C. Cornut, M. Flach, R.
Greenberg, B. Gross, D. Jetchev, K. Lauter, B. Mazur, R. Miller, and Tonghai Yang for helpful conversations.
We thank Amod Agashe and Andrei Jorza for carefully reading a draft of the paper and providing many helpful
comments, and we thank the anonymous referee for much helpful feedback.

“It is always good to try to prove true theorems.”

— Bryan Birch

1.1 Notation and Conventions

Let A be an abelian group. Let A, be the subgroup of elements of A of finite order and let A, = A/A¢or
denote the quotient of A by its torsion subgroup. Let A[n] be the subgroup of elements of A of order n, and for
any prime ¢, let A(¢) be the subgroup of elements of ¢-power order. For z € A, let e = ordy(z) be the largest
integer e such that z = £y for some y € A, or ordy(z) = oo if the set of e is unbounded. If a4, ..., a, are elements
of an additive or multiplicative group A, we let (a1, ..., a,) denote the subgroup of A generated by the a;.

Throughout this paper, E' denotes an elliptic curve defined over Q of conductor N, and K is a quadratic
imaginary field with D = disc(K) coprime to N that satisfies the Heegner hypothesis—each prime dividing N
splits in K. We fix an ideal N in Ok such that Ok /N is cyclic of order N. Let H be the Hilbert class field of
K, let m: Xo(IN) — E be a fixed choice of modular parametrization (see Section [3| below), and let

yx = Ty r(r((C/Ox , N71/0k))) € B(K) (1)

be the Heegner point associated to K.
Let ¢ denote the Manin constant of E (see Section , and ¢, the Tamagawa numbers of E at primes ¢ | N.
Unless otherwise stated, everywhere in this paper p denotes a prime that is inert in K.

2 Gross-Zagier Subgroups

In this section, we fix our notation and conventions, and define the Manin constant. Then we recall the statement
of the full Birch and Swinnerton-Dyer conjecture over an imaginary quadratic field K. We give a new definition
of Gross-Zagier subgroups of E(K) and prove that they all satisfy a Gross-Zagier style formula. When r,, = 1,
we prove that Zyy is the unique Gross-Zagier subgroup, up to torsion.

Let E be an elliptic curve over Q and let K be a quadratic imaginary field that satisfies the Heegner
hypothesis — so K has discriminant D < —4, each prime dividing the conductor N of E splits in K, and
ged(D, N) = 1. Let O be the ring of integers of K. Let E¥ denote the quadratic twist of E by D. Throughout
this paper, except briefly in Section |8] we always assume that

ran(E/Q) > ran(E” /Q) <1 (2)

Recall that under the Heegner hypothesis the sign of the functional equation of

L(B/K,s) = L(E/Q,s) - L(E/Q,5)
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is —1, so the sign in the functional equations for L(E/Q, s) and L(EP /Q, s) are different, hence
ord,—; L(E/Q, s) # ord,—1 L(EP/Q,s) (mod 2).

Proposition 2.1. Suppose E is an elliptic curve with r.n(E/Q) > 0. Then there exist infinitely many D
satisfying the Heegner hypothesis with

ran(E/Q) > Tan(ED/@) <1.

Proof. The main theorem of [BFH90] implies the existence of infinitely many D with r,,(EP/Q) < 1. Since
Tan(E/Q) > 0 and 7., (E/Q) # ran(EP/Q) (mod 2), the inequality 7., (E/Q) > 74n(EP /Q) also holds.

Let w = 2micf(z)dz be the pullback of a minimal invariant differential on E, where f(z) € S3(I'o(N)) is a
cuspidal newform, and c is the Manin constant of E (see [ARS06]). For each prime g | N, let ¢, be the Tamagawa
number of E at q. Set r = ry,(E/K) = ords—1 L(E/K, s), which is defined since every elliptic curve over Q is
modular. Let ||w|? = fE(C) w Aiw = 2 - Vol(C/A). The Shafarevich-Tate group of E over a number field M is

HI(E/M) = ker (HI(M, E) - P H (M,, E)) .

The following is a formulation of the Birch and Swinnerton-Dyer conjecture [GZ86) pg. 311] over K.

Conjecture 2.2 (Birch and Swinnerton-Dyer). The Mordell-Weil group E(K) has rank r = ords—1 L(E/K, s),
the Shafarevich-Tate group I(E/K) is finite, and

L0@/K,1)  AE/K) - ol Reg(B/K) - (T 1)

(3)
r! #E(K)gor Y |D|
Let III,,, be the order of III(E/K) that is predicted by Conjecture The existence of the Cassels-Tate
pairing implies that if III(F/K) is finite, then #II(E/K) is a perfect square, so Conjecture implies that
VI, is an integer. Recall from Section [L.1]that A, = A/A¢or.

Definition 2.3 (Gross-Zagier subgroup). A Gross-Zagier subgroup W C E(K) is a torsion-free subgroup such
that EP(Q) C W + E(K )tor, the quotient E(K) sor/W is cyclic, and

(B(K):W]=c []eq- vIlan. (4)

For any set S of primes, we say that a subgroup W C FE(K) is a Gross-Zagier subgroup up to primes not
in S if W has no p-torsion for p € S and all the conditions of Definition holds up to primes not in S.

We will numerically investigate the existence of Gross-Zagier subgroups in Section assuming that
Conjecture is true. Even the existence of Gross-Zagier subgroups of every E(K) is far from clear, since
if they exist, then #E(K )sor divides ¢[]¢g - vVIay,. In fact, we will give an example of an E(K) that does not
have any Gross-Zagier subgroups (this example does not satisfy (2)).

In the following proposition we do not assume the Conjecture Thus I,, a priori could just be some
meaningless transcendental number. Also, for any subgroup H C E(K), we write Reg(H) for the absolute value
of the determinant of the height pairing matrix on any basis for H modulo torsion.

Proposition 2.4. If W is a Gross-Zagier subgroup, then W satisfies the generalized Gross-Zagier formula:

L"(E/K, 1 wl|?
i - \/|D|
More generally, a torsion-free subgroup W C E(K) satisfies the generalized Gross-Zagier formula if and only if
it has index c- [[cq - vIay in E(K).

Proof. The BSD formula (3]) with #I1(E/K) replaced by IIl,, implies that holds if and only if

2
ol gy — o Wl - RealB/K) (M1 c0)
_— . eg =
02'\/|D| #E(K)gor\/|D|
Our hypotheses that [E(K) : W] is finite and that W is torsion free imply that
2 _ Reg(W) ) #E(K)%or (7)
Reg(E/K)
Manipulate @ by cancelling everything in common on both sides and putting the regulators and torsion on the
2
left, and everything else on the right. The substitution (7)) then shows that [E(K) : W]? = ¢? - (H N cq) -,y
if and only if holds. Taking square roots proves the proposition.

(6)

[E(K) : W]
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Corollary 2.5. Let yx € E(K) be the Heegner point after fizing a choice of ideal N as in Equation , and
assume that E has analytic rank 1. Then the Gross-Zagier subgroups of E(K) are the cyclic groups (yx + P),
for all P € E(K)or-

Proof. By [Kol88|, E(K) is of rank 1, and by Proposition the Gross-Zagier formula [GZ86, Thm. 2.1,
pg. 311] implies that [E(K) : (yx)] = c]] cqv/Ian (see also, [GZ86, Conj. 2.2, pg. 311]). Since E(K) /¢, is free of
rank 1 and (yx) is torsion free, E(K) o/ (yx) is cyclic, so (yx) is a Gross-Zagier subgroup. The same argument
proves this with yx replaced by yx + P for any P € E(K)ior, since yx and yx + P have the same height.
If W is any Gross-Zagier subgroup, then since F(K) has rank one we must have W = (yg) (mod E(K)tor), SO
W = (yx + P) for some P € E(K)or.

3 Heegner and Kolyvagin Points

In this section, we define certain subsets A’Zn C Z of positive square-free integers. For each integer A\ € A’gn, we
consider the corresponding ring class field K, and we define elements Iy, Jy € Z[Gal(K,/K)]. We then apply
these group ring elements to the Heegner points y) € E(K}) to obtain the Kolyvagin points Py € E(K}). Finally,
we prove the Gal(K,/K)-equivariance of the equivalence class Py + ("E(K) in E(K)/{("E(K).

For any integer m, let a,, = a,,(E) be the mth coefficient of the L-series > a,,/m® attached to E. Let ¢
be any prime and n any positive integer. For any nonnegative integer k, let A?n be the set of squarefree positive
integers A = pjy ...pr coprime to N, where each p; is inert in K and

ap, =p; +1=0 (mod ¢™).

When k = 0, we set A9, = {1}. The Chebotarev density theorem implies that Aifn is infinite for any k& > 1.

Recall from Section that we fixed an ideal N in Ok such that Ok /N is cyclic of order N, and let
Oy =Z + MOk be the order in Ok of conductor A. Let Xo(N) be the compact modular curve defined over Q
that classifies isomorphism classes of elliptic curves equipped with a cyclic subgroup of order N. Fix a choice of
minimal modular parametrization 7 : Xo(IN) — E, which exists by the modularity theorem [BCDTO0I1l [Wil95].
For each A € Aé?n, the Heegner point

zx = [(C/Ox, (NN Ox)"1/O))] € Xo(N)(K»)

is defined over the ring class field K of K of conductor A.

Definition 3.1 (Heegner point). The Heegner point yy associated to X € A}, is
Y\ = w(m)\) € E(K)\)

We emphasize that that y, depends on the choice of modular parametrization 7z and the ideal N in O
with O /N = Z/NZ. However, once we fix that data, the Heegner points for all A are defined.
For A € Ak, let G\ = Gal(K,/K;) and note that we have a canonical isomorphism

Gr=]]6G,.

p|A

where the group G, = Gal(K,/K1) = (t,) is cyclic of order p+ 1, with some (non-canonical) choice ¢, of
generator. Let

-

Il
=

I,=> it, € Z|G,] and I =]]1, € Z[G)].

7 p|A

Let R be a set of representatives in Gal(K/K) for the quotient group Gal(K»/K)/ Gal(K) /K1) = Gal(K;/K),
and let

=Y g€ LG,

geR

Definition 3.2 (Kolyvagin Point). The Kolyvagin point Py associated to A € A’Zn is

Py = Jxlhyx € E(K)).
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Note that P, = yx € E(K).

Let R=End(E/C) and let B(E) be the set of odd primes ¢ that do not divide disc(R) and such
that the f-adic representation Gal(Q/Q) — Autgr(Tate,(E)) is surjective. By a theorem of Serre [Ser72], the
set B(E) contains all but finitely many primes (see |[GJPT09] for algorithms to bound B(FE)). Let T, be
the pth Hecke operator on the Jacobian Jo(N) of Xo(IN), and for each prime p | A, let Tr, be the trace
Jo(N)(Kx) — Jo(N)(Kx/p)-

Proposition 3.3. The points yx form an Euler system, in the sense that if A = pX\ for a prime p and X\ € Ay,
then yx = Froby,(yx) (mod @) for all primes o of Kx over p, and Try(xx) = Tp(zx) in Jo(N).

Proof. See [Gro91l, Prop. 3.7].

Proposition 3.4. We have
[Iya] € (B(K)) /0" B(E))™ and  [PA] € (E(K)/0"E(K )G/ 5)

Proof. Though standard (see, e.g., [Gro91l, Prop. 3.6]) this proposition plays a key role in Section [5 so we
give a proof here for the convenience of the reader. The first statement implies the second, since [Py] is the
Gal(K1/K) trace of [I,y,]. It remains to prove the first inclusion. For this, it suffices to show that [Iyy,] is fixed
by t, for all primes p | A, as these elements generate G. We will prove this by showing that (¢, — 1)I y, lies in
"E(Ky).

Write A = p\. We have

(ty — DI, = (t, — 1) - (f: it;;> =p+1—Tr, (8)

i=1

where as above Tr, = Trg, /i, . Note that this is the only place in the proof where we use the explicit definition
of I as 7, it and in fact we could instead replace I, by any element I of Z[G] such that

(tp—DI=p+1—"Tr,

but doing so does not seem to lead to anything interesting. Note that the Euler system relation (see
Proposition [3.3) and our hypothesis that a, =0 (mod ¢") together imply that

Trp IA/y)\ =1y TI‘p Yy = I)\/apy)\/ S EnE(K)\)

We have
(tp - 1)[)\ = (tp - 1)]1,],\/ = (p +1-— Trp)b\/

in Z[G,], so since p+1 =0 (mod £")

(tp = D)Ihyx = (p+ 1) Dvys — Ty Luyy € " E(K)y).

4 Kolyvagin’s Conjectures and their Consequences

For any prime ¢ and positive integer n, let

A= |J A

all k>0

be the set of square-free positive integers A such that ¢ | gcd(a,, p + 1) for each p | A. In this section, we define
maps n,m : Ay — Z U {00} that measure ¢-divisibility properties of A and Pj for all A € A,. We state Kolyvagin’s
“Conjecture A” that there exists A with m(\) # oo, then state Kolyvagin’s structure theorem, which describes
b

the structure of Sel'* ) (E/K), for b sufficiently large, in terms of the maps n and m. Finally, we state Kolyvagin’s
stronger “Conjecture D”, which basically asserts that if f is the smallest nonnegative integer such that m(\) # oo
for some A\ € Af , then for sufficiently large k£ the cohomology classes 7y ¢» with A € A{n 4 generate a subgroup
of Sel'”)(E/K) that equals the image of a subgroup V of E(K). To motivate Conjecture we prove that it
implies that rank(E(Q)) = f + 1 and HI(E/K)(¥) is finite for each ¢ € B(E) and determine the structure of V'
(see Proposition [4.11]).
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Recall that we defined ord, in Section Define two set-theoretic maps
n,m: N — ZU {0}

by
n(A) = max{e: A\ € A} and m(A) = ordg([P2]),

where [Py] denotes the equivalence class of Py in E(K))/¢"™ E(K)). For each integer k > 0, let
my = min(m(A})) and me = min(m(A,)) = min({mex : k£ > 0}).

Also, let
fo=min{k : my ) < oo} < o0, (9)

where we let f; = oo if my = oco.
Kolyvagin proves [Kol91bl Thm. C] that mgo > me1 > me2 > .. ..

Conjecture 4.1 (Kolyvagin’s Conjecture Ay). my < co. Equivalently, there exists X € Ay such that [Py\] # 0.

See [JLS0§] for the first computational evidence for Conjecture For example, for a specific rank 2 elliptic
curve, that paper shows that ms = ms; = 0 and f3 = 1, assuming that the numerical computation of a certain
Heegner point y) was done to sufficient precision. (If the computation were not done to sufficient precision it is
highly likely that we would haved detected this.)

Conjecture [4.1] is quite powerful, as the following theorem shows. For an abelian group A of odd order
with an action of complex conjugation, let AT denote the +1 eigenspace for conjugation and A~ the minus
eigenspace, so A = AT @ A~. As always, we continue to assume our minimality hypothesis that

ran(E/Q) > ran(EP /Q) < 1.

Theorem 4.2 (Kolyvagin). Let ¢ € B(E), suppose Conjecture is true for £, and let f = fo. For every k, let
by = (mermmertl Then for every n > my s, we have

Sel“)(E/Q) = Sel“ (E/K)* ~ (Z/0"2) "+ & (Z/bj11Z)° & (Z/bsysZ)* & - -

and
Sel(EP /Q) = Sel“N(E/K)~ ~ (Z/0"Z)" & (Z/bsL)* & (Z/b122)* & - - -

where h = rank(EP(Q)) < 1.

Proof. The leftmost equality in the above two equations is true because ¢ is odd, and Theorem 1 of [Kol91a]
implies both of the rightmost equalities, but possibly with Sel(en)(E /K)* and Sel(en)(E /K)~ swapped and a
different value for h. Theorem 1 of [Kol91a] is proved by inductively constructing cohomology classes with good
properties with respect to certain localization homomorphisms. To finish the proof, we establish that these two
Selmer groups are not swapped and that h = rank(E? (Q)).

First note that by [Kol88, BFH90], our hypothesis that r,,(E?/Q) <1 implies that 7.,(EP/Q) =
rank(EP(Q)) and III(EP /Q) is finite.

If f = 0, then the Heegner point yx has infinite order, so by [GZ86] we have r,,(E/K) = 1 and by [Kol88],
E(K) has rank 1 and II(E/K) is finite. By our minimality hypothesis, we have r,,(E/Q) > r..(EP/Q),
50 7an(E/Q) = rank(E(Q)) = 1 and r,,(EP/Q) = rank(EP(Q)) = 0. Thus the two displayed Selmer groups
Sel'™)(E/K)* are in the claimed order. Moreover, h = 0 = rank(EP (Q)).

Next assume f > 0. Then one of the two Selmer groups contained (Z/¢"Z)/+! for arbitrarily large n.
Since we know that III(EP/Q) is finite and rank(EP(Q)) < 1 but f +1 > 2, the Selmer group that contains
(Z/e"Z)F+1 must be Sel ) (E/K)T. Thus again we see that the two displayed Selmer groups are in the claimed
order. Also, again h = rank(E?(Q)) follows.

O

Remark 4.3. Suppose the hypotheses of Theorem are satisfied. Then comparing the conclusion about the
choice of signs in Theorem with the statement of Theorem 1 in [Kol91d] shows that f+ 1= r.,(E/Q)
(mod 2), which implies the parity conjecture for the Selmer group of E at L.

Proposition 4.4. Let £ € B(E). Then f, = rank(E(Q)) — 1 if and only if LI(E/Q)(¢) is finite and Conjec-
ture holds for .
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Proof. First suppose f; = rank(E(Q)) — 1. Then f; # oo, so Conjecture[4.1]holds. To prove that III(E/Q)(¢)
is finite, use Theorem and that by our rank hypothesis the image of E(Q) in Sel'“ ) (E/Q) is (Z/¢"Z)/+1.
Thus III(E/Q)[¢"] is a quotient of the £"-torsion subgroup of the finite group (Z/bs1Z)* & (Z/bs3Z)* & - - -,
so LII(E/Q)(¥) is finite.

Conversely, suppose the ¢-primary group HI(E/Q)(¢) is finite and that Conjecture holds. Let b
be a positive integer such that (*III(E/Q)(¢) = 0. Then the map Sel(zb)(E/Q) — HI(E/Q)(¢) is surjective,
and for every integer n > b, the map Sel*") (E/Q)[¢*] — IIL(E/Q)(¢) is also surjective, since Sel(gb)(E/Q) —
Sel“)(E/Q)[(?]. The image of £’ Sel“") (E/Q) in III(E/Q)(¢) is trivial. Since £ € B(E) we have E(Q)o:[] = 0,
so exactness of the sequence

0 — E(Q)/("E(Q) — Sel“")(E/Q) — II(E/Q)(¢) — 0

implies that ¢°Sel”)(E/Q) ~ (*(Z/¢"Z)", where r = rank(E(Q)). On the other hand, if we also choose
" > by, then Theorem [4.2| implies that £° Sel'") (E/Q) ~ (*(Z/£"Z)/+1. We conclude that r = f + 1.
O

—

Kolyvagin’s other conjectures involve H' (K, E[¢(*]) = lim H' (K, E[(™)).

Lemma 4.5. Suppose E(K)[{] = 0. Then for every m > 1, the natural map H*(K, E[(™]) — H (K, E[{*]) is
injective.

Proof. This lemma is of course very well known, but we give a proof for completeness. It suffices to show
that for any pair a, b of nonnegative integers that the map

H' (K, E[¢*]) — HY(K, E[¢**")) (10)

is injective. Taking Galois cohomology of 0— E[(?] — E[¢(*T?] — E[(***]/E[¢*] — 0 we see that
HO(K, E[¢2+)/E[¢?]) surjects onto the kernel of (I0). We have an exact sequence of Galois modules

0 — E[*] — E[e*™) £ B[] - o,

so HY(K, E[(*t*]/E[¢4]) = H)(K, E[¢*]) = E(K)[¢*] = 0, since E(K)[{] = 0.
O

We now define Galois cohomology classes associated to the Kolyvagin points Py. For A € Ay» with £ € B(E),
let 7y on € H'(K, E[¢"]) be the image of Py under the map

(E(K)\)/ZHE(KA))GM(K*/K) N Hl(K/\,E[fn])Gal(KX/K) ~ Hl(K,E[Zn]),

where the last map is an isomorphism because ¢ € B(E) (see, e.g., [Gro91], §4]). Kolyvagin also remarks that one
can define Galois cohomology classes Ty ¢n for £ ¢ B(E) and all A € Ayro+n, where ko is the smallest nonnegative
even integer such that £¥0/2 E(K)(¢) = 0 and K is the compositum of all K for A € A. Of course, for all £ € B(FE)
we have kg = 0.

Let 73 4n be the image in H'(K, E[(*]) of 7y (note that for the moment we are not assuming that
¢ € B(E), so the natural map H'(K, E[¢™]) — H' (K, E[¢(*°]) need not be injective). For any integers a > 0,
k>koandn >1, let

Vien = (Then : X € Afuii) € H'(K, E[¢™])

Since Af, .1 C Af. 4k, we have
Voren D Vi D Valn Dvvv

We have €7y gn+1 = Ty ¢n, because the following diagram commutes, with G = Gal(Ky/K):

(E(K)) /- E(K)))C = H' (K, E[F++1)¢

] |

(E(F)) /0 E(K)) S = H' (K, E[¢*)9

Thus EVk‘fenH C Vk‘fén.
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We say {7 ¢} is a strong nonzero system if there exists a > 0 such that for all k > k¢ there exists n such
that Vi'y. # 0. In other words, if one continues the grid of subgroups of H'(K, E[¢>]) below infinitely far to the
right and up in the obvious way, then it is not the case that sufficiently far to the right every single group is 0.

Vous <= Vilps <= Valps < -
Vor << Vil <= Valpp <— -

Vit~ Vit = Vi~
Conjecture 4.6 (Kolyvagin’s Conjecture By). {Tan} is a strong nonzero system.

Remark 4.7. Kolyvagin remarks [Kol91d, pg. 258] that if ¢ € B(E), then {Tx s} is a strong nonzero system if
and only if there exists n such that Vi's. # 0. By Lemma this is the case if and only if some T is nonzero.
So for £ € B(E), Conjectures is true if and only if Con]ecture 4.0 is true.

The following conjecture is motivated by Theorem and the conjecture that HII(E/K) is finite.
Conjecture 4.8 (Kolyvagin’s Conjecture C). The set of primes { such that my # 0 is finite.

Let 74, = ordgs—1 L(E, s), and let ¢ = (—1)"»~1. For any module A with an action of complex conjugation
o, and v € {0,1}, let A” = (1 — (—=1)"c0)A.

Conjecture 4.9 (Kolyvagin’s Conjecture Dy). There exists v € {0,1} and a subgroup V C (E(K)/E(K )tor)”
such that 1 < rank(V) =v (mod 2) and for alln > 1 and all sufficiently large k, one has

Vka,Z" =V (mOd o (E(K)/ tor))a
where a = rank(V) — 1.

The following conjecture is the natural generalization to higher rank of the hypothesis when r,,(E/Q) =1
that the Hegner point yx has infinite order.

Conjecture 4.10 (Kolyvagin’s Conjecture D). There ezists a single subgroup V of E(K) such that Conjec-
ture [{.9 holds simultaneously for all ¢ with that V.

Conjecture has numerous consequences. Much of the following proposition is implicitly stated without
any proofs in [Kol91al pg. 258-259], so we give complete proofs below.

Proposition 4.11. Assume our running minimality hypothesis that r.,(E/Q) > ran(EP/Q) < 1. Suppose
Conjecture [.9 is true for ¢ € B(E) and let f = f;. Then

(E([‘;)/E(K)tor)y = (B(K)/E(K)tor) ",
rank(B(Q)) = f + 1,

HI(E/K)(£) is finite,

ran(E/Q) = rank(E(Q)) (mod 2), and
V ® Zo = M5 E(Q) ® Zy.

S Grds Lo~

Proof. By Conjecture there exists v € {0,1} and a subgroup V C (E(K)/E(K)to)” such that 1 <
rank(V) = v (mod 2) and for all n > 0 and all sufficiently large k& we have

Viten =V (mod £"E(K)tor),

where a = rank(V') — 1.
If rank(V) = 1, then a = 0, so Vk o 7 0 for some k, so since f is the smallest integer such that kagn #0,
this implies that f =0 giving Part [2| I; thus the Heegner point yx has infinite order and r,, (F/K) = 1. Since

Tan(E/Q) > 1an(EP /Q), we have r,,(E/Q) =1 and 7,,(EP/Q) = 0, so Parts |1 II,I I 5| follows. Finally, Part |§|
follows since V,gen is just the image of the Heegner point yx under the connecting homomorphism, and

ordy(yr) = my.
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Next assume that rank(V') > 1. By our minimality hypothesis, r,,(EP /Q) < 1, so rank(EP(Q)) < 1, hence
V ¢ (E(K)/E(K)ior)~, so V C (E(K)/E(K)or)", which proves Part [Il We have f < a since Vi, # 0 for
some k > 0. Also, since f < co, Theorem [4.2)implies that rank(E(Q)) < f + 1. Since rank((E(K)/E(K )tor) ") =
rank(F(Q)), we have

a+1=rank(V) <rank(E(Q)) < f+1<a+1.

We conclude that the above inequalities are equalities, so a = f which proves Part [2| and rank(E(Q)) = f + 1,
which proves Part [3| Also because rank(E(Q)) = f + 1, Theorem implies that HI(E/Q)(¢) is finite, so
since II(EP/Q)) is also finite, Part 4] is true. Considering the definition of the A" before the statement of
Conjecture we see that 1 — (=1)"(=1)"="lo =1+ 0, so ¥ = r,, (mod 2). Since part of Conjecture
is that rank(V) = v (mod 2), and we proved that rank(V') = rank(E(Q)), we conclude that r,, = rank(E(Q))
(mod 2), which is Part |5l By [Kol91al Thm. 3|, for all & > my the subgroup Vk{en C H' (K, E[(>]) contains
(msZ)enz) I+ = 5(0m B(Q)), so £ E(Q) ®Zy CV @ Zp. On the other hand, by definition of my, every
cohomology class Ty ¢ is contained in £™/ H* (K, E[(*]). Thus §(V) C ¢™ H' (K, E[(*]), so V C £™ E(Q). This
proves Part [6]

O

Recall from Section [2| that ¢ is the Manin constant of F and the ¢, are the Tamagawa numbers of E. We
make the following new refinement of Kolyvagin’s Conjecture |4.8

Conjecture 4.12. We have my = orde(c- ][],y cq)-

Theorem [7.5 and Theorem [7.7] below serve as our motivation to make Conjecture [{.12] In particular,
Kolyvagin proved that at primes ¢ € B(FE), Conjecture is equivalent to [GZ86, Conj 2.2, pg 311] in the
special case when E has analytic rank 1 over K.

5 Mod p Kolyvagin Points and Kolyvagin Subgroups

As always, we assume F is an elliptic curve over Q, that K is a quadratic imaginary field satisfying the Heegner
hypothesis, and p is a prime that is inert in K. The Heegner hypothesis implies that the primes of bad reduction
for E split in K, so p must be a prime of good reduction. For each such prime, we define a finite-index subgroup
W, of E(K). We do this by extending Kolyvagin’s construction of points Py to obtain a new well-defined
construction of elements of the quotient group

EFp)/(p+1) = E(Fp)/(p+ 1) E(Fp)

for any inert prime p. Thus this section takes Kolyvagin’s definition of points Py one step further to define
elements of E(F,)/(p+ 1). We first compute the structure of the odd part of the group E(F,)/(p+ 1) for any
good prime p. We then use properties of splitting of primes in certain ring class fields to define the canonical
reduction R, » € E(F,)/(p+ 1) of the Kolyvagin points Py, and consider the subgroup X, of E(F,)/(p+ 1)
generated by the R, » for certain A\. We then define W), to be the inverse image of X, and finish with some
results about the structure of W,,.

If A is a finite abelian group, the odd part of A is the subgroup of A of all elements of odd order, and if n
is an integer, the odd part of n is n/2°7d2("),

Lemma 5.1. The odd part of E(Fp,)/(p+ 1) is cyclic of order the odd part of ged(p + 1,a,).

Proof. Suppose £ is an odd prime divisor of #(E(F,)/(p + 1)). If the ¢-primary subgroup of E(F,)/(p + 1)
is not cyclic, then since ¢ # p we have E(F,)[{] ~ (Z/¢Z)?. The Weil pairing induces an isomorphism of Galois
modules \* E[f] = 11y and E[(] C E(F,), so juy C Fy, hence £ | (p — 1). Since ¢ divides #(E(F,)/(p+ 1)) and ¢
is prime, we have £ | (p+ 1), so £ | ged(p — 1,p+ 1) = 2, a contradiction, since ¢ is odd.

The group E(F,) has order p+ 1 — a,, and we just proved above that E(F,)(¢) is cyclic for any odd prime
divisor ¢ of p+ 1. Thus the quotient ¢-primary group (E(F,)/(p+1))(¢) = (E(F,)(¢))/(p+ 1) has order £™,
where

m = orde(ged(p + 1, #E(F,))) = orde(ged(p + 1,p+ 1 — ap)) = orde(ged(p + 1, ap)).

Taking the product over all odd primes ¢, shows that the odd part of E(F,)/(p + 1) has order the odd part of
ged(p+1,ap). O
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Remark 5.2. 1. Lemma is true even if p is a good prime that is not inert in K (in fact, the lemma and
proof have nothing to do with K ).
2. Lemma is false if we do not restrict to odd parts. For example, if E is y> = x> —x and p =3, then
E(F3) ~ (Z/27)?, so E(F3)/4 ~ (Z/2Z)? is not cyclic.
3. For every prime {, there exists infinitely many primes p such that E(F,)(¢) is not cyclic. Indeed, by the
Chebotarev density theorem there are infinitely many p that split completely in the field Q(E[{]), and for
these p we have (Z/{Z)? C E(F,).

Lemma 5.3. If p is inert in K and does not divide X\, then the prime ideal pOy of K splits completely in K.
In particular, if p € A}, and X\ € Agn with p1 A, then pOpc splits completely in K.

Proof. (Compare line —3 on page 103 of [Kol91b].) Since p is inert, the ideal pOk is a prime principal ideal
of Ok, hence splits completely in the Hilbert class field K. As explained in [Gro91l pg. 238], class field theory
identifies Gal(K /K1) with C' = (O /A \Ok)*/(Z/NZ)*. The image of p is trivial in C, so the Frobenius element
attached to pOf is trivial, hence pOg splits completely in the ring of integers of Ky, as claimed. O

Define the reduction map E(K) — E(F,2) by reducing the Néron model £ of E over O modulo pO,
and using the natural maps E(K) = E(Ok) — &k , (Fy2) = E(Fy2). Let m,: E(K) — E(F,)/(p+1) be the
composition of reduction modulo the prime ideal pOg with Tr]Fp2 JE, + E(Fp2) — E(F,) followed by quotienting
out by the subgroup (p+ 1)E(F,). Fix a choice p of prime ideal of K over pOg. Extend 7, to a map

o E(Ky) — E(F,)/(p+ 1) by quotienting out by g, as illustrated in the following diagram:

E(Ky)

=

B(K) —=~£(0x)

Tp

E(,)/(p+ 1)

For each ¢ | (p+ 1), let vy = ordy(ged(ap, p+ 1)), and define 7, o : E(K)) — (E(F,)/(p+1))(¢) by

p+1
o) =7 (P55).

We now study how the homomorphism 7, , depends on our choice of prime of p over pOg.

Proposition 5.4. The map m, ¢ induces a well-defined (independent of choice of p) homomorphism
9 (B(EK) /€ B(K)) S5 BE,) /(p +1).

Proof. Let [S] € (E(KA)/W@E(K,\))Gal(K*/K) with S € E(K)). If ¢’ is another prime of K over pOk, then
because the Galois group acts transitively on the primes over a given prime, there is o € Gal(K/K) such that
T 0(S) = mpe(a(S)). Since [S] is Gal(K /K )-equivariant, we have o(S) = S + £V - Q, for some Q € E(K}), so

Toe(o(S
o >

e
(229 i

ﬂ'p[(s +0 19

I([o(

"@

To

where 7,((p + 1)Q) = (p + 1)7,(Q) is 0, since the group E(F,)/(p + 1) is killed by p+ 1. O
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By Proposition [Py] is in the domain of the homomorphism ) of Proposition
Definition 5.5 (Mod p Kolyvagin Point). The mod p Kolyvagin point associated to p € A}, and X\ € Agn is
Ry =9([Pr]) € E(Fp)/(p+1),
where ¥ is as in Proposition [5.4)
As above, let vy = orde(ged(ap, p + 1)). For each k£ > 0, let

Xhp = <R,,,A tA € UA£5,5+1¢> C E(F)/(p+1) (11)
4

be the subgroup generated by all mod p Kolyvagin points associated to A that are a product of f; primes, where
fe¢ is from Equation @[) Note that the subscript of A in is ¢tk and we take the union over all ¢ thus
obtaining a subgroup Xy , that need not be /-primary for any ¢, despite R, » being /-primary. Let

X, = ﬂ Xpp-
k>0

Let W}, be the inverse image of Xy, under the map m,:
Wip =, (Xpp) C E(K),
and
W, =m,'(X,) C E(K).
Since E(F,)/(p + 1) is finite, W}, and W, have finite index in E(K); also, by Lemma the odd part of this
index divides ged(p + 1,a,) .

Remark 5.6. Note that EP(Q) is in the kernel of the trace map, hence in the kernel of m,, so EP(Q) C W,.
Thus it is possible that W), contains torsion, hence W, in general need not be a Gross-Zagier subgroup as in
Definition @ In a future paper, we intend to give a more refined definition of a sequence of groups W, for
each a > 0, which better accounts for torsion. We would then search for a Gross-Zagier style formula for each
group Wy for a < f + 1, in order to more closely relate m.,(E/Q) to f + 1.

6 Controlling the Reduction Map

The main result of this section is a proof that under certain hypothesis, if a point @ has infinite order and n is
a positive integer, then there are infinitely many primes p such that the image of @ in E(F,2)/(p + 1) has order
divisible by n. We prove this using Galois cohomology and by converting a condition on /-divisibility of points
into a Chebotarev condition. We will use this result later to study the maximum index [E(K) : W] that can
occur and prove a generalized Gross-Zagier formula for such W,

Let E, K, etc., be as above, and let £ € B(FE), where B(E) is the set of primes defined on page [5} Suppose
Q@ € E(K) has infinite order, and let n be an odd positive integer. Suppose that for each prime ¢ | n, the set of
cardinalities {# H'(K(E[¢/])/K, E[t7]) : j > 1} is bounded. This hypothesis is satisfied if £ € B(E), since then
HY(K(E[¢'])/K, E[f]) = 0 for all j (see [Gro91, pg. 241] and [GIPT09] Prop. 5.2]).

Proposition 6.1. Let Q and n be as above. Let S be the set of primes p such that p is inert in K, p splits
completely in K(E[n])/K, and the image of Q in E(F,2)/(p+ 1)E(F,2) has order divisible by n. Then S has
positive (Dirichlet) density.

Proof. Let m =[] ¢ with ¢; the distinct primes that divide n, and e; any positive integers, which we
will fix later in the argument. Fix any i, and let L = K(E[[],; ¢;]), which is a Galois extension of K. Define
homomorphisms ¥;, f, g, and h as in the following commutative diagram:

E(K(E[m]))/t; E(K(E[m])) —— H"(K(E[m]), E[({'])

7
o
HYL(E), E[67])

K2

E(K)/Z?E(K)( H' (K, B[¢;])
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The horizontal maps above are induced by the short exact sequence coming from multiplication by £;?, and
the vertical maps on the right are the restriction maps. The diagram commutes so the order of the image of @)
in E(K(E[m]))/¢;' E(K(E[m])) is the same as the order of ¥;(Q).

By hypothesis and the inflation restriction sequence the cardinality of ker(g) is bounded independently of
i and e;. Also, [L : K] depends only on the set of prime divisors ¢; of n, not their exponents, so

#ker(h) = # H' (L(E[(;"]) /K (E[6;)), B[6]) = # Hom(Gal(L(E[(;"])/ K (E[6])), BI(])

is also bounded independent of e;, because every homomorphism has image in the fixed subset F [é‘ﬂ, where d
is the exponent of the group Gal(L/K). Finally, the map f is injective, since

ker(f) = Hl(K(E[m])/L(E[ZfZ]), E[t5))

and # Gal(K(E[m])/L(E[(;'])) is divisible only by the primes ¢; for j #i and these are all coprime to
#E[(5] = 2. We conclude that there is an integer b such that # ker(¥;) < ¢?, and this bound holds no
matter how we increase the numbers e; and e; (for all j).

The above proof that ker(¥;) is uniformly bounded is completely general. See Remark for a sketch of
an alternative proof of this bound in the special case when ¢ € B(E) for all £ | n, which is the only case we will
use in this paper.

Because ker(¥;) is uniformly bounded independent of our choice of e;, for each i, we can choose e; large

enough so that ¥,;(Q) has order divisible by Z?rdzi ™) Then for each 1, let d; be maximal such that E?i divides @
in E(K(E[m])). Note that d; < e; for each i, since ¥;(Q) # 0 and ¥(Q) is an element of a group that is killed
by €. Since m = [[ £, we have £ | m, so

1
M; =K (E[m]a W“Q>

does not depend on the choice of £%1th root of @, is a Galois extension of K (E[m]), and [M; : K(E[m])] is a
nontrivial power of ¢;. Thus the M; for all i are linearly disjoint as extensions of K(E[m]).

Let M be the compositum of the fields M; defined above. Since the M; are linearly disjoint nontrivial
extensions of K(E[m]), there exists an automorphism o € Gal(M/Q) such that o|g(g(m))) is complex
conjugation, and |y, has order divisible by ¢; for each i. By the Chebotarev density theorem, there is a positive
density of primes p € Z that are unramified in M and have Frobenius the class of . Such primes are inert in
K since complex conjugation acts nontrivially on K, split completely in K (FE[m])/K since complex conjugation
has order 2, and each prime over p in K(FE[m]) does not split completely in any of the extensions M; /K (E[m])
since [Froby]|as, = o|a, has order divisible by ¢; > 2. Note that this is the only place in the argument where we
use that n is odd.

Let p be any prime as in the previous paragraph. We have

E(F,2)/€0 E(F2) = (Z/5°2)°

since pOg splits completely in K(E[m]) and £ | m. Also, the Frobenius condition implies that the primes of
M; over pOg do not have residue class degree 1, so since M; is generated by any choice of ﬁ@, the reduction
Q@ of Q modulo any prime over pOg is not divisible by €?f‘+l in E(F,2). Note that 6?" divides @, because the
prime pOp splits completely in K (E[m])/K and ¢% divides Q in K (E[m]), so d; is the largest integer such that
¢4 divides the image of Q in E(FF,2). We conclude that for each i the image of Q in E(F,2)/¢;" E(F,2) has order
the same as the order of ¥;(Q).

By hypothesis, e; > ordy, (n) and ¥;(Q) has order divisible by E?rdei(n) for each 4, so the image of @ in
E(F,2)/mE(F,2) has order divisible by n. For any such p, we also have that the characteristic polynomial of the
class of Frob, in Gal(Q(E[m])/Q) acting on E[m] is 22 — a,z + p (mod m). On the other hand, since [Frob,]
on E[m] is the class of complex conjugation and complex conjugation acts nontrivially (since m is odd) hence
has characteristic polynomial 22 — 1, we have 2% — a,x +p = 2? — 1 (mod m). Thus m | (p + 1), so the image
of @ in E(F,2)/(p+ 1)E(F,2) also has order divisible by n, which completes the proof. O

Remark 6.2. Pmposition is analogous to the statement that if x,n € Z with ged(n,z) =1 and Q(Cy, V)
is an extension of Q((,) of degree n, then there exist a positive density of primes p such that the multiplicative
order of x modulo p is divisible by n. The proof of this statement resembles the proof of Proposition[6.1], except
we work with the field Q((,, /). The idea of the proof of Proposition 18 well-known to experts who study
questions such as the Lang-Trotter conjecture about reduction of points on elliptic curves.
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Remark 6.3. If for every prime £ | n we have £ € B(E), we can alternatively use that K(E[(3°]) and K(E[¢3°])
are linearly disjoint for distinct odd primes {1 and £y in B(E) to give a different proof that the maps V; have
uniformly bounded kernel in Proposition [6.1 In that case we have that Gal(K(E[n])/K) ~ GL2(Z/nZ), so

ker (Hl(K, E[n]) — H'(K(E[n)), E[n])) ~ HY(K(E[n])/K, E[n]) = H (CLy(Z/n7Z), (Z/nZ)?) = 0,

where the last group is 0 by a standard group cohomology argument (see, e.g., [Ste02, §5.1]). This implies that
the maps V; are all injective. The linear disjointness of K(E[¢3°]) and K(E[(5°]) for the distinct odd primes ¢4
and ¥y follows by a Galois theory argument using the structure of GLy(Z/"Z). We thank R. Greenberg for this
observation.

7 Maximal Index Subgroups W,

As above, we assume that E is an elliptic curve over Q with positive analytic rank and that K = Q(\/T))
is a quadratic imaginary field that satisfies the Heegner hypothesis and the minimality hypothesis that
ran(E/Q) > ran(EP/Q) < 1.

Recall that for each inert prime p of K we defined a subgroup X, C E(F,)/(p+ 1) in Equation of
Section [5| This was a group got by reducing Kolyvagin points associated to all primes ¢ modulo a choice
of prime over p. In this section, for all £ € B(E) we conditionally compute, in terms of my ¢, the {-primary
part X, (¢) of this subgroup X, C E(F,)/(p+1). We relate our refinement of Kolyvagin’s conjectures to the
generalized Gross-Zagier formula . We also conditionally compute X, in terms of ¢ - [[ ¢, - v/#II(E/K) using
Theorem We apply our description of X, to prove that, up to primes not in B(E), the subgroups W, with
[E(K) : W,] maximal are all Gross-Zagier subgroups of E(K).

Proposition 7.1. Conjecture implies that for every £ € B(E),

_ptl1

XP(E) 67)2

-mp (£ E(Q)),

where vy = orde(p + 1).

Proof. Let ® be the composite homomorphism
(B(Kx) /07 B(Ey)) SO o 1Y (K, Bleve]) S0 = g (K, Ble]),

and let 6 : BE(K) — H'(K, E[¢**]). We are assuming Conjecture so we may apply Proposition Part |§|
(taking into account Lemma , to see that for all k sufficiently large we have §(¢™+f E(Q)) = ka7 oo~ Thus

St B(Q)) = (®([A]) s A€ AL, ).

Let i : E(K) — (E(K)\)/EWE(KA))GM(K*/K). For any @ € E(K) we have ! - m,(Q) = 9(i(Q)) where 9 is as
in Proposition Since § = ® o4 and ® is injective, the group Xy ,(¢) generated by all 9([Py]) is equal to

9(i(0m E(Q))). Since this is true for all sufficiently large k, the proposition follows for X,. O

Theorem below generalizes [Kol91bl Thm. E] to arbitrary rank. To prove it we first prove some lemmas
and make a definition.

Lemma 7.2. Suppose A is a nonzero finitely generated free abelian group and ¢ : A — Z/dZ is a surjective
homomorphism. For every nonzero integer ¢ we have [A: ¢~ (p(cA))] = ged(c, d).

Proof. Let B = ¢~ !(p(cA)). We have ¢(ker(p)) =0 C p(cA), so ker(p) C B. Since ker(y) C B, the
isomorphism A/ker(y) = Z/dZ induces an isomorphism A/B 2 (Z/dZ)/o(B). But ¢ is surjective, so ¢(B) =
p(e7 (p(cA))) = p(cA) = cp(A) = c(Z/dZ), so A/B = (Z/dZ)/(c(Z/dZ)) = Z ged(d, c)Z. O

Recall (see page [5]) that B(E) is a set of primes that have certain good properties for E. Below, for any
integer n we either let n’ = £°*%¢(") be the (-part of n or the maximal divisor of n divisible only by primes in
B(E), depending on whether we are considering the first or second part of the following lemma.

Lemma 7.3. Assume E(Q) has positive rank and let t be a positive integer.

1. If ¢ € B(E) is such that X, ({) = % - mp(tE(Q)) for all inert primes p, then

max{ord,([E(K) : Wp]) : all inert p} = orde(t).
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2. If for all ¢ € B(E) we have X,(¢) = éfl - mp(tE(Q)) for all inert primes p, then
max{[E(K) : W,]" : all inert p} =1t'.

Proof. Let p be any inert prime, and recall that p is a prime of good reduction, since all bad primes split
in K. By Lemma 5.1} the odd part of the image of m, : E(K) — E(F,)/(p+ 1) is a cyclic group Z/nZ for some
integer n. Since 7,(EP(Q)) = 0 (see Remark [5.6)), we have

mp(tE(Q)) = mp(tE(Q) + tEP(Q)) = my(tE(K))',
so by Proposition W) =n, (X)) = n, (m,(tE(K))"). Thus Lemma implies that [E(K)" : W] is
ged(t,n)". This proves that set of indexes [E(K)" : Wj] all divide ¢'.
We show the maximum equals ¢’ by proving that there is a positive density of primes p such that the n
above is divisible by ¢'. By hypothesis, there is a point P € E(Q) of infinite order. By Proposition there

exists a positive density of primes p that are inert in K such that m,(P) € E(F,)/(p + 1) has order divisible by
t’. For such p, the n above is thus divisible by ¢, so ged(¢,n)’ = ¢/, which completes the proof. O

Let
wy = sup({ord,([E(K) : Wp]) : all inert p}) < oo. (12)

Lemma 7.4. Suppose £ € B(E), that Conjecture is true for E, and assume that p is an inert prime such
that ord([E(K) : Wp]) is mazimal in the sense that it equals we. Then my ; = orde([E(K) : Wp)).

Proof. We are assuming that Conjecture [£.9]is true, so Proposition [7.I]applies and gives an explicit formula
for X, (¢). Namely, we may take t = my s in Lemma. 7.3l Also, by Conjecture |4.9[ (and Proposition |4.11)) we have
E(Q) has rank at least 1. The lemma then follows from Lemma [7.3] O

Theorem 7.5. Suppose £ € B(E), that Conjectures and are true for E, and that p is an inert prime
such that wy = orde([E(K) : W), where wy is as in (12) above. Then W), satisfies the generalized Gross-Zagier
formula up to a rational factor that is coprime to £ if and only if Conjecture is true for L.

Proof. We are assuming Conjecture [1.9] which implies Conjecture so we may apply Theorem [£.2] which
has Conjecture [4.1] as a hypothesis. Let by, be as in Theorem [.2] for our given prime £. Theorem [4.2] implies that

HI(E/K)(£) = #(Z/bs2)* & (Z)bs1Z)? & (Z)bs2Z) 2 @ - --)
:(bf'bf+1"')2

— p2(me p—my ppadme pi—me frotmespa =)
_ gQ(mz,f—mtz)7
so my, —my = ordy(\/#II(E/K)(?)).

We will now show that the generalized Gross-Zagier formula holds up to a rational factor that is coprime
to ¢ if and only if Conjecture that my = orde(c]] ¢q) is true for £. We will repeatedly use Lemma that
me. = ord ([E(K) : W,)).

First, suppose that the generalized Gross—Zagier formula holds up to a rational factor that is coprime
to £. Proposition combined with Conjecture [2.2f (that II1,,, = #I11), implies that this hypothesis means that

ordg([E(K):W])—ordg< e, \/W) Thus:
my, = orde([E(K) : Wp])
= ordy (e[ e - VHILEK)(D))
(chq)Jrordg( HI(E/K) (7))
= ordy (chq) + My r — my,

where in the last equality we use the formula for #II(E/K)(¢) that we derived above using Theorem
Subtracting my, s from both sides shows that m, = orde(c]] ¢q)-
Conversely, suppose that m, = orde(c]] ¢q). From Theorem [4.2| we have

me f— My = Orde( #I_U(E/K)(f)),

” orde([E(K) : Wp]) = my s = orde (chq> + my ; —my = ordy (chq : #HI(E/K)(Z)) .

Proposition @ then implies that W, satisfies the generalized Gross-Zagier formula up to a rational factor
coprime to /. O
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For any integer n, let n’ denote the maximal divisor of n that is divisible only by primes in B(F), and for
any abelian group A, let A’ = A ® Z[1/b], where b is the product of the finitely many primes not in B(E). Let

=c-[[eq- VH#I(E/K).
alN
Proposition 7.6. Conjectures and together imply that X, = m,(TE(Q))".

Proof. Using the calculation in the first paragraph of the proof of Theorem [7.5] along with Conjecture
combined with Theorem shows that for every ¢ € B(E), we have

my, ¢ = ord(T).

Since the integers T'/¢™¢f and (p + 1)/€%¢, for v, = ords(p + 1), both act as automorphisms on any ¢-primary
group,

R TE@)O = (o -l EQ) ) 0
=m0 B@)(0)
2L e @) = X,(0),

where the last equality uses Proposition (which assumes that Conjecture is true). We conclude that
X}, = n(TE(Q)).
P

Theorem [7.7]is a partial converse to Theorem

Theorem 7.7. Assume that E(Q) has positive rank. Then Conjectures and together imply that the
mazimum index [E(K)" : W]] over all inert p is (c-[[ cq - #UI(E/K))".

Proof. The conjectures we’re assuming allow us to use Proposition and hence take t = T in Lemma
This proves the theorem. O]

Conclusion: By Proposition if Wz; has maximal index in E(K)’, then imply that we have an equality

LU(E, 1 wl|?
(B _ Wl powow),

r! c~,/|D|

up to powers of primes not in B(E). Thus the Wzﬁ of maximal index satisfy this generalized Gross-Zagier formula.

Conjecture 7.8. If W C E(K) is any Gross-Zagier subgroup of index €*¢, then there exists an inert prime p
such that W, equals W'.

8 Existence of Gross-Zagier Subgroups

Let E, K, etc., be as in Section [I.1] and let

t=c-[]eq VHI(E/K)an-

alN

In this section we investigate the analogue of the conjectures on pages 311-312 of [GZ86]. In particular, the
existence of any Gross-Zagier subgroup for F(K) combined with the BSD conjecture implies that #E(K )ior | t.
The main theorem of [GZ86] thus led Gross-Zagier to make the following conjecture.

Conjecture 8.1 (Gross-Zagier). If E(K) has rank 1, then the integer t is divisible by #E(Q)tor-

Proposition 8.2. Assume the BSD formula. If there exists any subgroup W of E(K) such that the generalized
Gross-Zagier formula holds for W, then #E(K )ior | t. Note that we do not assume W is torsion free.

Proof. Let W be such a subgroup. Arguing as in the proof of Proposition we see that

2

#E(K)?2, - (Reg(W)/Reg(E/K)) A ]ea| -Man =¢2
q|N

The quotient Reg(W)/Reg(E/K) is a square integer, so taking square roots of both sides yields the claim.
O
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Because of Proposition we view the divisibility #FE (K)o |t as a sort of “litmus test” for whether
there could be a generalization of the Gross-Zagier formula in general. First, we observe that the most naive
generalization of Conjecture to higher rank is false (!), as the following example shows.

Example 8.3. Let E be the curve 65a of rank 1 over Q given by y? + xy = 2% — x and let D = —56. Then
#UL,(E/K)=[]cg=c=1, sot=1, but #E(Q)or = 2. Here EP(Q) has rank 2, so rank(E(K)) =3, and
the rank hypothesis of Conjecture is not satisfied.

Proposition 8.4. Suppose rank(E(Q)) > 0 and that t is a positive integer. Then there exists a Gross-Zagier
subgroup W C E(K) if and only if #E(K )ior | t.

Proof. Suppose W C E(K) is a Gross-Zagier subgroup. Then [E(K) : W] = t. By hypothesis W is torsion
free, so E(K)tor — E(K)/W, so #E(K)ior | #(E(K)/W) =t.

Conversely, suppose that #E(K )0 | t, and note that by hypothesis F(Q) has positive rank. The group
E(K)/(EP(Q) + E(K)tor) is thus a finitely generated infinite abelian group, so has subgroups of all index.
In particular, it has a subgroup W’ such that the quotient by W’ is cyclic of order ¢t/#E(K )ior. Let W be
the inverse image of W’ in E(K), so E(K)or, EP(Q) € W, and [E(K) : W] = t/#F(K )1or. Since W is finitely
generated, there exists a torsion free subgroup W C W such that W & E(K)ior = W. Then

[B(K) : W] = #E(K)ior - [E(K) : W] = #E(K)tor - ——-— = L.

O

Elsewehere in this paper, for technical reasons in order to apply Kolyvagin’s theorems, we made a minimality
hypothesis on ., (E” /Q), and based on extensive numerical data, we conjecture that this is the right hypothesis
to guarantee the existence of Gross-Zagier subgroups W C E(K).

Conjecture 8.5. If 7., (E/Q) > ran(EP/Q) < 1, then #E(K )ior | t. In particular, there exists a Gross-Zagier
subgroup W C E(K).

We obtain evidence for Conjecture using Sageﬂ IST09, [Crebl PAR], Cremona’s tables [Creal,
Proposition and assuming the Birch and Swinnerton-Dyer conjecture. More precisely, we check that
Conjecture is “probably true” for every elliptic curve of rank > 2 and conductor < 130,000 and the first
three D that satisfy the Heegner hypothesis, except possibly for the triples (E, D, #E (K )io:) in Table [1| where
the computation of the conjectural order of #I1I(E/K) took too long.

Table 1: All triples up to conductor 130,000 where we did not yet verify Conjecture [8.5
(8320e1,—191, 2), (9842d1, —223, 3), (9842d1, —255, 3), (9842d1, —447, 3), (7465551, —251, 3),
(87680al1, —119,2), (87680al, —151,2), (87680b1, —119, 2), (87680b1, —151, 2), (89465al, —51,2),
(89465al, —59,2), (89465a1, —71,2), (95545b1, —191, 2), (9554501, —219, 2), (104585b1, —139, 2),
(10458561, —179, 2), (10458561, —191, 2), (114260a1, —231, 2), (114260al, —239, 2), (114260al, —431, 2),
(122486al, —103, 3), (122486al, —55, 3), (122486a1, —87, 3), (12667211, —335,2), (126672r1, —647, 2),
(12667271, —719,2), (129940a1, —111, 2), (129940al, — 71, 2), (129940al, —79, 2)

In our computations, we considered the first three Heegner D, without making the condition r,,(E” /Q) < 1.
The conjecture is false without the hypothesis that 7,,(EP/Q) < 1, as Example above shows. Moreover, we
found two further similar examples in which, however, F has rank 2 and EP has rank 3. First, for the curve
E with Cremona label 20672m1, equation y? = 2® — 431z — 3444 and D = —127, we have rank(E(Q)) = 2,
rank(EP(Q)) = 3, and #F(K)ior = 2, but t = 1. A second example is E given by 18560cl and D = —151, in
which again rank(E(Q)) = 2, rank(EP(Q)) = 3, #E(K)or = 2, but ¢t = 1.

This was a large computation that relies on a range of nontrivial computer code, which we carried out as
follows. First we computed #FE (K )ior for each of the 78,420 elliptic curve of conductor <130,000 with rank > 2
and the first three Heegner D. We then determined whether #E(K )0 divides ¢ - []¢q. Since we are verifying
that something divides ¢ - [] ¢4, there is no loss at all in assuming Manin’s conjecture that ¢ = 1 for the optimal
quotient of Xo(N). We then computed the Manin constant ¢ for non-optimal curves by finding a shortest isogeny
path from the optimal curve in the isogeny graph of E (there is unfortunately a small possibility of error in
computation of the isogeny graph, due to numerical precision used in the implementation). We found only 37
remaining curves E of rank > 2 such that #E (K)o 1 c- [ ¢q, and 37 -3 = 111 corresponding pairs (E, D). It

TRunning on hardware purchased using National Science Foundation Grant No. DMS-0821725.



TOWARD A GENERALIZATION OF THE GROSS-ZAGIER CONJECTURE 17

turns out that all of these curves are optimal hence have ¢ = 1. For each of these pairs (F, D) we attempted
to compute #I(E/K )., using Conjecture and some results of [GJPT09], and the computation finished
in all but 29 cases. The main difficulty was computing Reg(F/K) in terms of Reg(E/Q) and Reg(E”/Q) by
saturating the sum of F(Q) and EP(Q) in E(K). Computing EP(Q) was sometimes very difficult, since £
has huge conductor and rank 1, and this sometimes took as long as a day when it completed. For more details,
the reader is urged to read the source code of the Sage command heegner_sha_an in Sage-3.4.1 and later.
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