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1 Introduction

In this paper we will use tools from analysis to provide an explicit formula for the class
number of a number field. We will then examine an approach to evaluating the formula in
the case of a quadratic field.

This paper assumes basic knowledge of number theory and only minimal complex analysis
(what it means for a function to be analytic, how to find residues, and what an L-series is,
including the zeta function). For an introduction to complex analysis, see for example
[Ah179], and for an introduction to algebraic number theory, read [Ste05]. In particular, we
assume an understanding of the finiteness of the class group of a number field and concepts
related to its proof.

2 The Formula

Here we prove the class number formula, which puts the class number of a number field
in terms of its zeta function. The formula was originally proven in terms of the number
of binary quadratic forms with a given determinant by Dirichlet, and was later proven for
general number fields by Dedekind [Hil97].

2.1 Definitions

From this point on, K will be a number field of degree n = [K : Q] with ring of integers Ok.
The class group of K will be denoted Cx. The units contained in Ok will form a group of
size wy, and K will have discriminant Dg. An ideal i C O will have norm N (i), which will
be understood to be the K/Q norm.

Pick any number field K with S real embeddings o4,...,09 and T = %(n — S) pairs of
complex embeddings 1,77, ..., 7r, 7r. Let O} be the group of units of the ring of integers.
By Dirichlet’s Theorem, O = Z°T1~! x U, where U, is a finite torsion group of even
order, specifically the cyclic group of order wg; let €1, €5, ..., €541 be generators of the free

abelian subgroup. We define the norm of an embedding to be ||a||; = |o;(a)| for 1 <i < S
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and ||a|s4; = |7;()|* for 1 < j < T. We now construct the following (S +7) x (S+T —1)
matrix:

log [|e1][1 log lleafly -+ logllesir-1llx
4 - logllerlz  loglleallz -+ logllesirll2
log [le1]|s4+r logllei|lstr -+ log|lesyr—1lssr

Define A; to be the (S+7 —1) x (S+T — 1) submatrix obtained by deleting the ith row
of A. Then the regulator of K, denoted Ry, is given by |det A;|, which is independent of 1.

We shall also define the space £57 to be the set of points (z1,...,2s; 2541, .., Ts1T),
where the first S coordinates are real and the remaining T are complex. This space has
dimension S+ 27" = n over R, since we have the basis vectors e; for 1 < j < .S and the basis
vectors e; and ie; for S+ 1 < j < S+ T'; as such, we shall at times treat it as a subspace
of R™. With scalar multiplication as well as componentwise addition and multiplication of
points, this forms a commutative ring and a linear space. Last, we define a norm on £57 as
N(z) = |21 ag||rge1|? - |rsir|?>. This now gives us an injection ¢ : K — L5 defined
by ¢(a) = (o1(), ..., o5(a); 11(a),. .., 7r(a)); it is easy to show that ¢ is a homomorphism,
and that N (¢(a)) = N(«).

For convenience, denote in general [(z) = log |zy| for 1 < k < S and lgyx = log |zg 1|?
for 1 < k < T; we may then define for z € L£%7 the vector l(z) = (I1(2),...,lspr(2)).
The set of all points of £57 with nonzero components form a group under componentwise
multiplication, and this mapping is a homomorphism onto the additive group of £>7. If
a € K then write [(a) = I(¢(«)); we note that the vectors [(e;) form the columns of A
above. This geometric representation («) is called the logarithmic representation of «, and
the sum of its components is equal to log |N(«)|.

2.2 The Zeta Function

Analytic number theory places heavy emphasis on the celebrated Riemann Zeta Function,
which is the analytic continuation of the power series ((s) = Y., 75 to the entire complex
plane except for the pole at s = 1. We define an analogue for number fields as:

() = 3 (1)

where i ranges over all distinct integral ideals in Ok. Note that in the trivial case K = Q
each ideal is generated by a distinct positive integer, so (g(s) = ((s). Euler also factored
into a product over all primes p € Z; here we have the analogous Euler product:

Cr(s) = H 1_; (2)
p



where now p ranges over all prime ideals of Of. The proof of this equation is exactly the
same as the standard proof for (g because of the unique factorization of ideals in Ok.
Yet another analogy with (g is the convergence of the series. For (g we have the following.

Theorem 1. ((s) converges on {s € C : Re(s) > 1}, and Ress—1((s) = lim,_,1(s—1)((s ) =1.
Proof. Let s = a + ib, with a,b € R and a > 1. Then |&| = | 25| = & e"blogk‘ . So

Ls| = |kekid| — ka
00
Z :
= ks
k=1

=1
— = ((a).
=> . =C)
k=1
It therefore suffices to consider only real s > 1. Since k—ls monotonically decreases as a
function of k when k is positive, we have

k+1) =, xs“" =

summlng over all k glves C(s) —1< [ & ,or ((s) =1 < =5 < ((s). Reducing this

s

gives L= < ((s) < L5 +1, from which the theorem follows. 0O

k=

Further details about ((s), such as its analytic continuation, are left to any standard text
on analytic number theory.

The main focus of this paper is on the analogous result for an arbitrary (x. This key
theorem followed from the work of Dirichlet and Dedekind.

Theorem 2. (k(s) converges for all s € C satisfying Re(s) > 1, and at s =1 it has residue
given by
(QW)TRK

Wi |D |1/2h

lim (s —1)Cx(s) =

where h = |Ck| is the class number of K.
We will prove this following [BS66] and [Jar03], by splitting the sum as
AeCk \i€A

call the parenthesized sum f4(s). We will evaluate each 1im8_>1(s — 1) fa(s) separately.
Choose a € A%, so that for all i € A, ai is principal. Then multiplication by a gives a
bijection between integral ideals in A and principal ideals divisible by a. Thus

fA(s) :N(a)s Z ‘N(lOé)|s
(a):al(e)

Let A be a set of such «, where from each possible set of associate values we pick exactly
one. Define I' = ¢(a) = {x € L3 : z = ¢(b) for some b € a}, and similarly define
O = {x e L5 : 2z = ¢(b) for some b € A}. Then

1
a)i% N (4)

We now must evaluate this sum, and we will do so geometrically.

(3)
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2.3 Geometry of Number Fields

Lemma 3. Let X be a cone in R" and define a function F' : X — Ryq such that v € X
and £ € Ryg implies F(€x) = "F(x), and F = {x € X : F(z) < 1} is bounded with
v = vol(F) > 0. Also, let ' C R" be a lattice with volume A = vol(I'), which we take to
mean the volume of the parallelepiped formed by basis vectors of I'. Then

1
r)= Y Foy

zel'nX

converges on Re(s) > 1 and has lim,_,(s — 1)(pr(s) = X-

Proof. For any positive real number r, we know vol(iT') = £. Thus v = vol(F) =

l 717L
lim, oo (& #{ICNF}) = Alim, o #{T:;ﬂf}. But by the requirements on F, this nu-

merator is also the number of points in {x € 'N X : F(z) < r"}. Label the points of I' U X
so that 0 < F(z1) < F(zs) < ... and define rj, = F(z,)"/". If we define v(r) = #{1I'n F},
then by this choice of label we have that for e > 0, y(ry —¢) < k < 7y(rg). Dividing by 7}

gives % (%) < % < % Since r} = F(xzy), taking the limit yields limg % =X

Convergence of (pr is a simple exercise akin to the proof of Theorem 1. We may rewrite
the function, though, as

o0

o) = Y 7o 9

k=1

Now given € > 0, by the above inequality there exists kg such that & > ky implies

ety &

Summing over all k& > ko, we multiply by (s — 1) and let s approach 1 on the right to get

(5 — =) Reseadls) < lim(s — 1r(s) < (5 + ) Resyad(s)

A s—1 ’ A

and the desired result follows. O
We may now pick a suitable choice of F' and X. Pick €1,...,€e5,7_1 to be fundamental

units; i.e., as in the definition of the regulator of K. Define A = (1,...,1;2,...,2). Then
{\, é(e1), ..., p(esyr_1)} is a basis for R¥T (see [Ste05], §9), and we may write for 2 € £L57:

l(l’) =cA\ + 61¢(51) + ...+ CS_|.T_1§Z5(ES+T_1)
where ¢ = 1log |N(x)|. Define X to be the cone consisting of all  such that:
1. N(z) #0.

2. The coefficients ¢; satisfy 0 < ¢; < 1 for all 7.



3. 0 <arg(r)) < 3—2, where z; is the first component of z.

This is a cone because [(cx) = (logc)A + I(z), preserving the coefficients of the ¢(g;) terms,
and arg(cxy) = arg(xy).

Lemma 4. Let n(a) C Ok be the set of all elements in Ok which are associates of «
(including « itself ). Then exactly one member of n(«) has image in X.

Proof. To show this, we will show that given y € R™ with nonzero norm, y can be written
uniquely as z - ¢(¢), where x € X (multiplication is componentwise) and ¢ is a unit. Write
ly) =cA+cro(e1)+ ...+ cser_10(essr—1). Split each ¢; as ¢; = m; + p;, where m; € Z and
0 < g <1, and write u = ™ -+ - £ 727", Then define z = y- ¢(u™"), which has coefficients
of each ¢(g;) in the correct range. Now we can correct arg(z;); let r be the unique integer

27i

such that 0 < arg(z) — 2~ < i—’;, and choose a root of unity w such that o(w) = e“x.

Wi

Then z - p(w™) =y - p(u")p(w™) € X, so we conclude that if this value is called z, then
y =x - ¢(uw") as desired, and clearly this construction must be unique. O

We now use the result of Lemma 4 to rewrite (4) as:

(6)

zel'NX N(SL’)S

which we may evaluate as in Lemma 3. We thus need v = vol({z € X : N(z) < 1}) and
A = vol(T'). Recall that here I' = ¢(a) = {x € L5 : z = ¢(b) for some b € a}.

Lemma 5. A = N(a)|Dg|"/2.

Proof. Let a be generated additively by o, . . ., a,, so that I" is generated by ¢(aq), . . ., d(ay).
Let B be the matrix with entries (p;c;), where p; varies over all embeddings (real and com-
plex) of K. Then Disc(a) = det(B)?* = N(a)?Dg. Also, let C' be the matrix consisting of
inner products ((¢(w), ¢(a;))) = (O r_, Te()Te(ay;)) = BYB. Thus |det C|V/? = |det B,
and since vol(I') = | det C|'/? = Disc(a)/2, we have vol(I') = N(a)|Dxg]|"/2. O

25+T 7T Ry

Lemma 6. v =
WK

Proof. Let F be this set whose volume we wish to compute. Define Fj, for 0 < k < wg by

2rk
applying the map x — e“xx to F; since multiplication by a unit is volume-preserving,

we have vol(F) = vol(F;). Define F to be the intersection of UyX F, with the sub-
set {(x1,...,28;%541,.-.,T5e7) : 1 > 0,...,x5 > 0}. Multiplying any point in F by
(£1,...,£1;1,...,1) shows that vol(F) = %vol(?), and so we will compute vol(F) through
multiple changes of variable.

First, we change from the (S + T')-dimensional complex space £ to R" via the trans-
formation which maps a point (z1,...,2g;Tg41,...,2547) € F to the real-valued point
(Pl,--->Ps,Ps+1,SOSJ¢1, .- . Ps+T, Ps+r), where p; = |z;| and ¢; = argz; for all j (we say
x; = y; +1iz; = p;je'¥7). A straightforward computation shows the Jacobian of this trans-
formation to be pgii---psir. Then F is given by the conditions p; > 0,..., pser > 0;
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Hf:lTp? < 1, where e; is the jth coordinate of A = (1,...,1;2,...,2); and 0 < § < 1 in
the formula for each jth coordinate of I(z):

e S+T S+T—-1
log pj’ = 2 log <H pZ’“) + > &l
k=1

k=1

These conditions do not restrict ¢; for any value S +1 < j < S+ T, so they take on all
values in [0, 27). We now change variables again, replacing pi, ..., ps+r With €, &y, ..., Esyr—1

according to
S+T-1

e; €;
log p;’ = gj log&+ Y &ljlew) (7)
k=1

Since the sum of the e; is n, and ZJS:IT lj(er) = 0, we sum all the equations (7) and find

£ = Hf:lT p;. Thus F is now defined by the conditions 0 < £ < 1 and 0 < & < 1 for
1 <k < S+ T; clearly this set has positive volume now. This transformation has Jacobian

Z—z %111(51) %11(€S+T—1)
J = : : :
ps
. olsir(er) e lsir(esr—1)
€1 L(er) -+ lh(eser-1)
_ Pr o PsyT . .
n&2T :
es+r lsyr(e1) - lsyr(esir—1)
n 0 .. 0
p1---ps+rT | €2 b(er) - lb(esir—)
n§2T . . . .
es+r lsyr(e1) - lsyr(esir—1)
This determinant is now exactly nRy, so J = n(pl_._pglp;ps_f;z ol = 2Tp54i7~}ips+q"' We
S+1 S+T

can now compute the volume of F:

vol(F) = 27 / - '/dl"l rdrgdysyidzsia - dysirdzsir
f
= 2" / " '/ﬂs+1 cpser - dpr - dpsirdpsyr - dpsyr
F

1 1
= QT(QW)T/ / Ps+1"'PS+T|J|d€d§1"'§s+T—1
0 0
= 2T(2W)T& =2T7T Rk

Thus vol(F) = %VOI(?) = % as desired. O



At last, we have our goal.

Proof of Theorem 2. Combining (6), Lemma 3, Lemma 5, and Lemma 6, we have that

lims—1(s — 1) fa(s) = N(a )w;fjs\;(Tﬁ;iﬁ/z = i:lTD’TKTlﬁfg . Summing over each class A € Ck
. . S+T T
gives lim,_1(s — 1)(k(s) = %h O

3 Applications

The most immediate (but unnecessary) application of the class number formula is for K = Q.
Here (g(s) has residue 1 at s =1 and values S =1, T =0, Rx = 1, wx = 2 (corresponding
to -1 and 1), and D = 1, from which we compute h = 1. This agrees with our knowledge
that 7Z is a principal ideal domain. We will now explore a less trivial application of this
formula.

We can use (2) to write the class number formula in terms of a Dirichlet L-series. Assume
m € Z is square-free, and let K = Q(y/m) be a quadratic number field with discriminant
Dg. If m = —1 then wg = 4, and we know Q(7) to be a principal ideal domain (i.e., hx = 1).
If m = —3 then wx = 6, and we also know this to have hx = 1. Otherwise, it can be shown
easily that if K/Q is a quadratic extension, then wyx = 2, with £1 the only units in O, so
assume that K is not one of those two special cases. It can also be shown that Dg = m if
m =1 (mod 4) and Dg = 4m otherwise.

First, suppose m > 0. Then S =2 and T = 0, so we have lim,_,;(s — 1)(x(s) = % =

2hEx - By Dirichlet’s theorem on units there is a unique (up to inversion) fundamental unit

VDk '
e, and then Ry = log|e|. Thus h = 2@| limg_1(s — 1)Ck(s).
Second, suppose m < 0, so that S = 0 and 7" = 1. Then instead the residue of (x(s) at

s=11is JM Here, though, the entire group of units has rank S +7 — 1 = 0 and so the

regulator is the trivial determinant; that is, Rx = 1. So h = ~ [Dx| limg_1(s — 1)k (s). We
now wish to evaluate the limit factor, for which we need a lemma about Kronecker symbols.

Lemma 7. If (D7K> = 1, then (p) decomposes into a product of two distinct prime ideal
factors. If (D7K> = —1, then (p) remains prime. Otherwise, if (%) = 0, then (p) is the

square of a prime ideal.

Proof. We know that (p) has at most two prime factors. Suppose first that p does not divide
Dy and that (IZTK) = 1; then 2? = Dg (mod 4p) has a solution, which we will call a. Let

r = “Px and define p = (p,r + DK% Oy and q = (p, 7 + DK% VPR Set w = Pk EDK,

which is the root of 22 — ax + tp for some t € Z and so is an integer. However, w/p is not

Dk

_ N\ 2
=% is an integer, as is <%) =5 a contradiction.

an integer, since that would imply
Thus p divides neither w nor w, but it does divide ww = tp and so (p) is not prime. An

Dg++D D —+D 2_D
T+ K2 K,T‘I‘ K2 K’a4pK

easy calculation verifies that pq = (p)(p, ) = (p), since the



middle two generators in the right factor have difference /Dy and so generate Dy, which
is relatively prime to p, making that ideal equal to (1). We last check that p # q, subce
(p,q) = (p, 7+ DKJ”/_ 4 2 \/_) again contains both p and Dy and so is (1).

Now suppose that (p ) = pq with p # q. Then N(p) =p, and 1,2,...,p—1 are all distinct

modulo p, so for some r € Z we have %D_ =r (mod p), or (2r — Dg)? = Dk (mod 4p).
The same holds modulo 4q as well, and thus modulo 4p. But this implies that <D7K> =1,

so (p) decomposes into a product of distinct prime ideals if and only if (%’{) =1.

On the other hand, we consider the case p|Dx with p odd. Set q = (p, DKJ”/_)7
then § = (p, 25= @) (p, 2x \/W — Dg) = (p, DKJF@) = ¢. But we then compute

9?2 = qq = (p)(p, DKJ”/_K DKJ”/_K DK(DPK Uy = (p). Last, if p = 2| D, then we have two
remaining cases: if m = 2 (mod 4), then (2) = (2,/m)?, and if m = 3 (mod 4), then
(2) = (2,1 + /m)?, and this completes the proof of the lemma. O

Theorem 8. (x(s) = ((s)L(s, ), where L(s,x) = > po; (B5) k.

Proof. In the above statement, we have the character x(k) = (D—kK), which we must first
show is nonprincipal. We know that the discriminant Dy, which is not a square, is either
0 or 1 (mod 4), and we split this into two cases. First, suppose D = 1 (mod 4). Then
write Dy = p®r where (p,r) = 1 and p,a,r are all odd. Pick a quadratic nonresidue s
modulo p and solve z = s (mod p),az = 1 (mod |r|), respectively. Then we evaluate
(D:C—K) = <|[;UK|) = (%) <|7x|> = (;f) = (—=1)* = —1, so the character is nonprincipal.
Second, suppose Dy = 4% with b odd. The b = 3 (mod 4) case falls to similar analysis
with the system x = 3 (mod 4), x = 1 (mod |b|), and > 0. The remaining b = 1 (mod 4)
case requires only slightly more work; let b = p°q with p, ¢, ¢ all odd and (p, q) = 1, choose a
nonresidue s modulo p, and solve x = s (mod p), z =1 (mod |g|), and 2 = 1 (mod 2). This
analysis shows that in all cases we may find = with (DTK) =—1.
Now we may use the Euler product and write:

- - M

P plp

since each prime ideal p divides some rational prime ideal. If (%) = 1, then (p) = pq
splits, with N(p) = N(q) = p, so

11 I | I | 1
NG T TN TN Ty ()

If instead <7K) = —1, then (p) is prime with N(p) = p?, so




Last, if <D7K> =0, then (p) = p? with N(p) = p, and we get the same result as before for
the product. Thus, by collapsing Euler products, we have the desired result:

() =110-p)"11 <1 - (%) p‘s) o C(s)L(s,x)-

P P
U

Since L(s, x) is nonprincipal, it does not have a pole at s = 1. Thus lim,_,1(s—1)(x(s) =
lims (s — 1)¢(s)L(s, x) = Ress=1((s) - L(1, x) = L(1, x) by Theorem 1. So we now have:

Theorem 9. Let m be a square-free integer which is neither -1 nor -3, and let K = Q(y/m).
Then Ok contains exactly two units, and so:

h—{ 2\1/<;|L(1 x) ifm>0
@L(LX) if m < 0.

(8)

There are many ways to reduce L(1,x) to a finite sum; for example, Theorem 3.3 of §3
of [Ayo63] shows that for imaginary quadratic fields, b = 5- Z‘DK -1 r (2£), and for real

quadratic fields, h = 210g‘€| ZDK ! ( ;. )log sin 2- DK' We w1ll conclude, though, with three
examples where the L-series can be evaluated directly.
First, take K' = Q(7). We must remember that this was one of our special cases (w =4

instead of wx = 2), so we actually have h =Y IDK L(1,x) = 32L(1,x) = 2L(1,x). The

L-series here evaluates to L(l,x)=1—= + == + ., which we may recognize as Gregory’s
formula for arctan1 = % Therefore we see that h = 1
Second, take K = @(\/3), with Dg = 5. Our formula produces h = s \QIL(I X); W

then use generating function techniques to compute:

[e.9]

1 1 1 1
L(,y) = _ _
(1) §<5r+1 Br+ 2 5r+3+5r+4)

= /1(1—:17—:)32+x3)(1+x5+x10+x15+...)d:)3
0

L] g2 g3
_ / T 0.4304089410 .
0

1—a5

from which we can evaluate h = 1. Note that this also suggests a more general way to com-
pute h with finitely many terms for a quadratic field; the integral may even be approximated
with any of a variety of fast approximation algorithms, since it should typically be obvious

which is the expected integer value of h.
Third, the smallest such discriminant associated with a quadratic field with nontrivial

class group is Dy = —15 for K = Q(v/—15). In this case, h = @L(l, X), and we compute



as before:

L) = (Lo ! S : : :
T Z\T5 1 Tsrt2 T4 15r+7  15r+8 15r+11 1513 150+ 14
1 3 _ g6 47 _ 10 _ p12 a3
_ / ltzta”—2P 42’ 2 0" —x7 99311470
0 1— 15

from which we conclude correctly that h = 2. This can be verified using the extensive tables
provided in [BS66].
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