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(x): The number of primes · x.

The prime number theorem:

(x) »
x

logx
; as x ! 1 :

The average distance between primes in [0; x]:

»
length of [0; x]

x
log x

» logx:
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Are there always primes much closer than the average   ?
Let pn denote the n-th prime.

The twin prime conjecture:

pn + 1 ¡ pn = 2 in nitely often:
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More Modest Goal: Prove the existence of infinitely many 
consecutive primes whose distance apart is much smaller 
than the average distance: i. e. :

¢ := lim inf
n ! 1

pn+ 1 ¡ pn

logpn

¶

= 0:
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Goldst on-P int z-Y ld r m N ew Result s

T heor em. (GPY)

¢ := lim inf
n ! 1

pn + 1 ¡ pn

logpn

¶

= 0:

T heor em. (Preliminary) For some C > 0,

pn + 1 ¡ pn < C(logpn )1=2(log logpn )2; 1 often.

M ain l im it at ion: We can not yet prove
the same results for pn + r ¡ pn with r ¸ 2.



G-P-Y Conditional Results
Our method uses information on primes in arithmetic progressions.

EXAMPLE.  If you divide the natural numbers up modulo 3 
you get three residue classes:
n ´ 0(mod 3) : 3; 6; 9; 12; 15: : :

n ´ 1(mod 3) : 1; 4; 7; 10; 13; : : :

n ´ 2(mod 3) : 2; 5; 8; 11; 14; : : :

We expect and can prove: 
(x; 3; 1) » (x; 3; 2) »

1
2

x
logx

as x ! 1

n ´ 0(mod 3) : 3; 6; 9; 12; 15: : :

n ´ 1(mod 3) : 1; 4; 7; 10; 13; : : :

n ´ 2(mod 3) : 2; 5; 8; 11; 14; : : :



The Prime Number Theorem for Arithmetic Progressions 

For applicat ions we need q = q(x) ! 1 ,
but unfortunately we only know this holds for
q · (logx)A , for any A .

(On GRH q · x1=2 is acceptable.)

(x; q; a) »
1

Á(q)
li(x); as x ! 1 :

where Á(q) = jf 1 · a · q : (a; q) = 1gj;
is the Euler phi-funct ion, and

li(x) :=
Z

x

2

1
logx

dx:



The Bombieri-Vinogradov Theorem

Level of Distribution of Primes in Progressions

For any > 0 and A > 1 we have

X

q· Q

max
a

(a;q)= 1

(x; q; a) ¡
li(x)
Á(q)

¿
x

(logx)A

for Q = x1=2=(logx)B (A ) .

The Elliot t -Halberstam conjecture: # = 1 is t rue.

If the above holds for Q = x#¡ we say the primes
have level of dist ribut ion #.
BV implies # = 1=2 is t rue.



T heor em. If the primes have level of dist ribut ion #
for a value of # > 1=2, then

pn + 1 ¡ pn · C(#) in nitely often:

In part icular, if # ¸ :971

pn + 1 ¡ pn · 16 in nitely often:
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Prime Tuples

H is called admissible if h1; h2; : : : ; hk never
ll every residue class modulo p for all primes p.

Let H = f h1; h2; : : : ; hk g be dist inct integers, and
consider the k-tuple (n + h1; n + h2; : : : n + hk ):
If all the components of the tuple are primes,
this is called a prime tuple.

Example: H = f 0; 2g is admissible; tuple (n; n + 2),
H = f 0; 1g, H = f 0; 2; 4g are not admissible,
with tuples (n; n + 1), (n; n + 2; n + 4).
Pr ime Tuple Conject ure: For admissible H,
(n + h1; n + h2; : : : ; n + hk ) is a prime tuple
for in nitely many n.



Weak form of the
 Prime Tuple Conjecture

L imit at ion: The method only produces two primes
in large enough admissible tuples, not three or more.

T heor em. If # > 1=2, then every admissible k-tuple
with k ¸ c(#) contains at least two primes 1 often.



Extend this to º d(H ) for squarefree d
by mult iplicat ivity

De ne the singular series

S (H) =
Y

p

1 ¡
1
p

¶
¡ k

1 ¡
º p(H)

p

¶

Let º p(H) denote the number of dist inct residue
classes (mod p) the numbers h 2 H fall into.

Hardy-Littlewood Prime Tuple Conjecture

H is admissible if and only if º p(H) < p for all p.



Let ¤ (n) denote the von Mangoldt funct ion,
de ned to be logp if n = pm and zero otherwise

De ne the prime tuple count ing funct ion

¤ (n; H) = ¤ (n + h1)¤ (n + h2) ¢¢¢¤ (n + hk ):

Hardy and Lit t lewood conjectured that
for H admissible,

X

n · N

¤ (n; H) = N
¡
S (H) + o(1)

¢
; as N ! 1 .



Approximating Prime Tuples: The Old Way
The simplest approximat ion of ¤ (n) is based
on the elementary formula

¤ (n) =
X

djn

(d) log
n
d

This sum has too many terms to be useful,
so we approximate with the smoothly
t runcated divisor sum

¤ R (n) =
X

djn
d· R

(d) log
R
d

:



Then our approximat ion for ¤ (n; H ) is

¤ R (n; H ) = ¤ R (n + h1)¤ R (n + h2) ¢¢¢¤ R (n + hk ):

The main terms are complicated but standard.
The error term is O(R2k (logR)C ) for the rst
We need this to be O(N ) forcing R = N 1=2k¡

which is very short . For the second sum we need
R = N #=2k¡ which is even shorter.

We next work out formulas for the sums
X

n · N

¤ R (n; H)2; and
X

n · N

¤ (n + h0)¤ R (n; H )2:



Results from using Old Approximation

Opt imizing give ¢ · 1
4

Green and Tao used the asymptotic formula for X

n · N

¤ R (n; H )2

in their work on arithmetic progressions of primes.

Ironically, the new approximation does not work for 
Green-Tao.



Approximating Prime Tuples: The New Way

The right idea came out of a paper of
Heath-Brown (1997) and is standard
in sieve theory

Instead of the tuple (n + h1; n + h2; : : : ; n + hk )
consider the polynomial

P(n; H) = (n + h1)(n + h2) : : : (n + hk )

In 2003 we tried to use an approximat ion direct ly
on tuples, but it wasn't smooth enough.



Then the tuple (n + h1; n + h2; : : : ; n + hk )
is a prime tuple when the polynomial

P(n; H) = (n + h1)(n + h2) : : : (n + hk )

has k prime factors.

The generalized von Mangoldt funct ion

¤ k (n) =
X

djn

(d)(log
n
d

)k

is non-zero on Pk 's, but vanishes otherwise, so

¤ k (P(n; H )) detects prime tuples



 New Approximation

¤ R (n; H ) =
1
k!

X

djPH (n )
d· R

(d) log
R
d

¶
k

:

By chance this is extremely close to the
failed approximat ion of 2003.

However, this approximat ion only giving
¢ · :135: : :.



What makes everything work
To detect SOME primes in tuples, you only need
to show that P(n; H) has · k + ` prime factors,
for some ` < k. Thus we should approximate ¤ k+ ` .

Hence de ne

¤ R (n; H ; `) =
1

(k + `)!

X

djP (n ;H )
d· R

(d) log
R
d

¶
k+ `

:



T heor em 1. For R · N 1=2=(logN )2k and h · R
with R; N ! 1 we have

X

n · N

¤ R (n; H ; `)2 »
2`
`

¶
(logR)k+ 2`

(k + 2`)!
S (H)N:



T heor em 2. If primes have level of dist ribut ion #
and R · N #=2¡ , then for h · R with R; N ! 1

i) If h0 62 H;
X

n· N

¤ R (n; H ; `)2¤ (n + h0) »

2`
`

¶
(logR)k+ 2`

(k + 2`)!
S (H [ f hog)N ;

ii) If h0 2 H (get ` ! ` + 1 and k ! k ¡ 1)

X

n · N

¤ R (n; H ; `)2¤ (n + h0) »

2` + 2
` + 1

¶
(logR)k+ 2`+ 1

(k + 2` + 1)!
S (H)N :



Sketch of Proof of Small Gaps
For ` ¸ 0 and R = N #=2¡ =4, we have

S : =
2NX

n= N + 1

Ã
kX

i = 1

¤ (n + hi ) ¡ log3N

!

¤ R (n; H ; `)2

» k
2` + 2
` + 1

¶
(logR)k+ 2` + 1

(k + 2` + 1)!
S (H)N

¡ log3N
2`
`

¶
(logR)k+ 2`

(k + 2`)!
S (H)N



S »
2k

k + 2` + 1
2` + 1
` + 1

logR ¡ log3N

¶

M

¸
k

k + 2` + 1
` + 1=2
` + 1

¢2# ¡ 1 ¡

¶

M log3N;

where M =
(logR)k+ 2`

(k + 2`)!
2`
`

¶

S (H)N:

Thus we need k
k+ 2` + 1

` + 1=2
` + 1

¢2# > 1.
Clearly we can sat isfy this for large k and ` = o(k)
for any # > 1

2
.

In part icular, S > 0 if ` = 1 and k = 7 when # > 20
21

.



¢ = 0 uncondit ionally

We just fail to prove the result uncondit ionally
with = 1=2, so how can we \ win an " ? Consider

2NX

n = N + 1

0

@
X

1· hi · h

¤ (n + hi ) ¡ log3N

1

A

£
X

1· h1 ;h2 ;:::;hk · h
dist inct

¤ R (n; H ; `)2

A result of Gallagher for the average of the
singular series gives an addit ion factor of h.
Hence with # = 1=2 this is posit ive if h > logN .







Why do primes get news coverage more easily than 
other more important mathematics?






















