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Are there always primes much closer than the average *?
Let p  denote the n-th prime.

The twin prime conjecture:

P...i P, =2 in nitely often:
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More Modest Goal: Prove the existence of infinitely many
consecutive primes whose distance apart is much smaller
than the average distance: i. e. :

M

_ P i P
= |iminf "n*1 n =0
¢ nt 1 —ogp—



B A = = . S N S

HISTORY

,  Hardy-Littlewood 1920's (on GRH)

2
3

- 3, Rankin 1940 (on GRH)
1

i C; Erdés 1940
15 Riccl 194
16

%; Bombieri-Davenport 1965

- 0:4665::.; Bombieri-Davenport 1965



© LS p=1 . O

e

More History

. 0:4571:::; Pilt'ar 1972

- 0:4542::.; Uchiyama 1975

- 0:4425:..; Huxley 1975

- 0:4393:::; Huxley 1983

- e ° = 0:5614:::; Maier 1988

- @i °(0:4425) = 0:2484:.::; Maier 1988

. Goldston-Y3d33m 2004



Goldston-Pintz-Y3Id3>m New Results

Theorem. (GPY)

v 1

. P | P
= liminf "n*10 Tnoo= ()
¢ nt 1 —logp—

Theorem. (Preliminary) For some C > 0,
Po+1i P, < C(logp,)1=2(loglogp, )2; 1 often.

M ain limitation: We can not yet prove
the sameresultsfor p . | p, withr | 2.



G-P-Y Conditional Results

Our method uses information on primes in arithmetic progressions.

EXAMPLE. If you divide the natural numbers up modulo 3

youget@tee rescfuéflasseé 6 9 12 15
n" 1(mod 3): 1;4;,7;10;13;:::
n" 2(mod3): 2,5,8;,11;14;:::

jexpéct ;ﬁd can&fg(e;: 3; 2) . ;lz_ X as x| 1



The Prime Numbej_r Theorem for Arithmetic Progressions

Yix;q;a) » Aéq)”(x); as x! 1:

where A(q) = jf1- a- qg:(a;q) = 1gj;
Is the Euler phi-function, and

Z
X 1
li(X) = dx:
For applicationsweneed g= q(x)! 1,
but unfortunately we only know this holds for

g- (logx)A, for any A .

(On GRH g - x1=2 Is acceptable.)



I(l?gn@@mpgg Vmgg,gq]q%v Theorem

X -
max ‘%(X;q;a) m | X;g

q- Q (a;q)=1

for Q = x1=2=(logx)B (A).

ln_ev?ll of Distri u‘lg fP |mes N Pro ressigns .
e above S = X#i > we say the primes

have level of dlstrlbutlon #.
BV implies# = 1=2 is true.
The Elliott-Halberstam conjecture: # = 1 istrue.



Theorem. If the primes have level of distribution #
for a value of # > 1=2, then

P..1i P, - C(#) in nitely often:
In particular, if #, :971

P...i P - 16 in nitely often:



Gap
1 16
.95 20
.90 26
.85 32
.80 42
75 60
.70 90
.65 158
.60 336
.55 1204




Prime Tuples

Let H=1fh,;h,;:::7h g bedistinct integers, and
consider the k-tuple (n+ h.;n+ h;::in+ h ):
If all the components of the tuple are primes,
thisis called a prime tuple.
E IS called admissible if h,l;hz;:::;hk never

| every residue class modulo p for all primes p.
Example: H = f0;2g is admissible; tuple (n;n + 2),
H=10;1g, H = f0;2;4g are not admissible,
with tuples (n;n+ 1), (n;n+ 2;n + 4).
Prime Tuple Conjecture: For admissible H,
(n+ rl1;n + h2;:::;n + hk) IS a prime tuple
for in nitely many n.




Weak form of the
Prime Tuple Conjecture

Theorem. If # > 1=2, then every admissible k-tuple
with k | c(#) contains at least two primes 1 often.

Limitation: The method only produces two primes
In large enough admissible tuples, not three or more.



Hardy-Littlewood Prime Tuple Conjecture
L et Op(H denote the number of distinct residue

classes (mod p) the numbers h 2 H fall into.

Extend thisto ° (H) for squarefree d
by multiplicativity

De nethe singular series
vy b T o T
S(H) = 1] 1§ P
p
H isadmissible if and only If °p(H) < p for all p.




Let @ (n) denote the von Mangoldt function,
de ned to belogp if n = pm and zero otherwise

De ne the prime tuple counting function

a(n;H) = B(n+ h,)a(n+ h,) ggga(n + h,):

Hardy and Littlewood conjectured that
for H admissible,

X ¢

a(n;H) = NiS(H)+ o1 ; as N! 1.
n- N



Approximating Prime Tuples: The Old Way
The smplest approximation of @(n) is based

on the elementary formula
X 1 N
o = d) |
() (d)log
djn
This sum has too many terms to be useful,
so we approximate with the smoothly
truncated divisor sum
X R
= T(d)| ;
) (d)log ,
djn
d- R



| hen our approximation tor &(n;H) IS

ap(niH) =8 (n+ h)a(n+h,)gggac(n+ h):

We next work out formulas for the sums

X X
ao(n;H)2; and a(n+ hy)a(n;H)2:

n- N n- N

The main terms are complicated but standard.
The error term is O(R2k(logR)C) for the rst
We need thisto be O(N) forcing R = N 1=2k; ?
which is very short. For the second sum we need
R = N#=2ki 2 which Is even shorter.



Results from using Old Approximation
Optimizing give ¢ - i

Gregen and Tao used the asymptotic formula for
o (n;H)2
n- N

In their work on arithmetic progressions of primes.

Ironically, the new approximation does not work for
Green-Tao.



Approximating Prime Tuples: The New Way

In 2003 we tried to use an approximation directly
on tuples, but it wasn't smooth enough.

The right idea came out of a paper of
Heath-Brown (1997) and is standard
In sieve theory

consider the polynomial

P(n;H)=(n+h )(n+ h,):::(n+ h)



Is a prime tuple when the polynomial
P(n;H)=(n+h)(n+ h,)):::(n+ h )

has k prime factors.

The generalized von Mangoldt function
X n
a,(n)= " "(d)(log )k

djn
IS NON-ZEero on Pk's, but vanishes otherwise, so

2 (P(n;H)) detects prime tuples



New Approximation
o xoF Rﬂk_
Kl (d) log ,

djPy (n)
d- R

(N H) =

By chance this is extreméy close to the
failed approximation of 2003.

However, this approximation only giving
¢ - 135::..



What makes everything work

To detect SOME primes in tuples, you only need
toshow that P(n;H) has- k+ ~ prime factors,
for some = < k. Thus we should approximate =, _ ..

Hence de ne

T MH) = e '(d) log



Theorem 1. For R - N1=2=(logN )2k and h - R?
with R;N ! 1 we have

X |J2‘ﬂ
B (N HS )2 »

n- N

(logR)k+2

S(H)N:
—Qk_-l-_._L)J.—()
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and R- N#=2 * thenforh- R® with R:N ! 1
X

1) If h, 8 H; Ao (n;H;)2a(n+ hy) »

2T (logRy+2

(k4 2

i) 1fh,2 H (get ! "+ 1andk! kj 1)
X

S(H[ fh g)N;

Ao (n;H;)2a(n+ hy) »

n- N
Ho 4 21 (logR)k+ 2+

e : ;.S(H)N:



Sketch of Proof of Small Gaps
For ., Oand R = N#=2j =4, we have
A |
AN Xk
S = q(n + hi)i log 3N nR(n;H;‘)2

n= N+1 T[1
+ k+ 2 + 1
o Ho + 2" (logR)

"+ (k20 )
2 (logR)k+2
C (ks 20)

S(H)N

S(H)N



2k 2+ 1 :
S » ‘+1‘+1IOQR|IOg3N M
k= 7 TERE 2ﬂ|\/|| 3N -
|(+2\+1 \+1 ¢ I I Og )
ML
(logR)k+2" " 2
where M = . S(H)N:
(k+ 2}

Thusweneed k  *1=2¢2¢# > 1
Clearly we can sa%|§fy this for large k and = = o(k)
for any # > ;

In particular, S> 0if = 1and k= 7 when # > gg.



¢ = 0 unconditionally

We just fail to prove the result unconditionally
with y= 1=2, so how can we \win an #""? Consider

0 1
XN X
@ a(n+h)j log3NA
n=N+1 1 h - h X
£ 2o (N H; )2
T

A result of Gallagher for the average of the
singular series gives an addition factor of h.
Hence with # = 1=2 thisis positiveif h > ?logN .
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: . Winning conversation:
Adrien Brody and Nicole Kidman
at Vanity Fair’s 2003 Oscar party.

Tuequ' Mar(:hzs’ m3 : ... -By EricCharbonneau/BElmages
Prime-number analysis sees advances
Mathematicians report the biggest advance in ana-
lyzing gaps between prime numbers in four decades. !
Prime numbers, ones like 3.or 7 or 1087, have fasci- |
nated number theorists from the ancient Greeks to
codemakers today because they can only be divided
by one and. themselves. Calculating the frequency
with which they occur from 1 to.infinity is perhaps
the mast famous application of number theory. Dan
Goldston of San -Jose State University and Turkish
mathematician Cem Yildirim will report this week at
an American Institute of Mathematics meeting that
they have developed a formula that limits the size of
gaps between primes-with unparalleled precision.
They: hope the work leads to new ways to find so-
called “twin” primes, such as 11-and 13, that are sep-
arated btﬁmly one number. Mathematicians hope un-
veiling secrets of prime numbers will lead to a
fundamental understanding of all types of math.

From staff and wire répofts
E-mail: Betterlife@usatoday.com
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SOLUTION

SJSU protessor solves

problem in prime number theory

Continued from Page 1B

“That’s about a 17,000-
digit number)” Goldston
said. “They're not hard to
find” At any given mo-
ment, in fact, the top 20
twin primes can be found

on the Web at
www.utm.edu/research/
primes/lists/top20/
twin.html.

The question is, do these
twin primes keep occurring
indefinitely, up into the
realm of zillions and bazil-
lions? Or do they just fizzle
out at some point?

Most  mathematicians
suspect they keep going, off
into infinity. But provi
that has been infinitely dif-
ficult. So Goldston picked
off a more manageable
piece of the problem: Can
you always find prime num-
bers that may not be twins,
but that are much closer to-
gether than average? Tak-
ing into account, of course,
the fact that the bigger
numbers get, the sparser
primes become.

Working: with Cem Yal-
cin Yildirim of Bogazici
University in Istanbul,
Goldston was finally able to
sayyes.

“It’s hard to know where
this is going to lead,” Mont-
gomery said. “It could be

thaot thinia malumba ccme e

Professor Dan Goldston displays his solution to a problem in prime number theory Tuesday or a biacktzzre 2
Mathematicians described the advance as the most important breakthrough in the field in decaces

Conrey said. “A lot of the excite-
ment is, we don't know how far
this thing is gging to go. There
are going to be a lot of applica-
tions, I think.”

Goldston seems a bit surprised
by it all. Colleagues describe him
as funny, in a low-key kind of way
— not the kind of guy who pushes
himself forward. But they add
that he has been amazingly prolif-
ic, writing 33 mathematical pa-

M [ A l\ M ( o :} (‘\)f

Al

pers over the years despite a
full-time teaching load.

A hint of his sense of humor
can be found on his Web site,
which features a photo of
Goldston, seemingly dozing
off, as two small kids climb on
his back. He and his wife, Ryo-
ko, have three children — Sho-

. ta, 7, Aiko, 5, and Makoto, 8.

The couple met when she
took one of his classes at San

N

Jose State.

“He’s so funny. He's aiways
joking around. His lectures are

ilarious,” Ryoko said.

““He’s sort of working on this
while we watch TV she szaid.
“He doesn't even have a study.
His study is the dining room
table. I think he's always think-
ing about math in his head, but
he doesn't show it 00 much.

“He doesn't even own a suit.
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Why do primes get news covet/ageéﬁore easily than

Write in the missing numbers.

other more |mportanf mathematlcs’?




Math professor solves equation

By Norikazu Ambo
Daily Staff Writer

Repeating mistakes and making a lit-
tle bit of progress in two decades of his
struggle, g’an Jose State University vet-
eran math professor Dan Goldston
solved one of the most controversial

roblems in the prime number theory
ast month wirﬁ support from his
Turkish partner.

‘1 knew I had a right idea,” said
Goldston, who penetrated the patterns
of prime twins or prime pairs — num-
bers that differ by 2 such as a pair of 3
and 5 and 11 and 13 — and discovered
an approximation, which was officially
announced at a conference  in
Oberwolfach, Germany on March 13.

It took a total of 20 years to unearth
the approximation for i]im and his fel-
low mathematician, Cem Yalcin
Yildirim at Bogazici University in
Istanbul.

“You just have to keep working,” he
said.

According to Goldston, the topic of
the primes had been one of the well-
recognized mathematical enigmas since
the era of Euclid’s Elements more than
2,000 years ago.

He said tEe toughest part in his
research was to “come up with an argu-
ment and demonstrate the truth.”

“It’s easy to observe the trend of num-
bcrs, but to find a new roperty, we
observe, is different,” he said.

The prime numbers are the whole
numbers not divisible by any positive
integer other than itself and one with-
out aremainder,suchas2,3,5,7,11,13
and so on.

Brian Conrey, an executive director of
the  American Institute  of
Mathematics, who Goldston told about
his innovative breakthrough before his
formal announcement at the assembly,

caid that (laldetan’s wael “Ananad

To3, Ve

Karin Higgins / Daily Staff

Math Professor Dan Goldston solved a controversial prime numbers
equation that he had been working on for 20 years.

He said his enjoyment in math comes
from plowing through problems by
investigating numbers, geometry, for-
mulas and rules.

“What’s fun about math is to answer
difficult questions and prove certainty
ofthcrn,”lhc said.

Holding his research paper, titled
“Small Gaps Between grimcs," co-
authored by Yildirim, Goldston exuded
passion for his profession, asking “Do
you want to write a 68- age paper
about the thing you don't lilgs?'

When he experienced a few minutes
of rcalizationTa;t November about his
rough estimate, he immediately told his
wife Ryoko that he “just had an amaz-
ing idea.”

at idea triggered the solution, he
said.

Ryoko sensed his excitement, saying

he was very excited.

Man ie nenally a laidohacl and

with applause.

She said Goldston reacted shyly, say-
ing, “You guys can stop that?”

%uan said she enjoys his class because
his teaching keeps students alert.

“There is no need to take a roll in his
class because everyone wants to come
and pay attention,” she said. “Basically,
his class is not boring.”

Students Tony Chiang, a sophomore
electrical engineering major, Tyler Zeng
and Jennifer Byun, both sophomore
computer science majors, agreed - that
Goldston has a sense of humor and
keeps students entertained.

For example, Goldston once created
his own terminologies on integrators,
referring to them as “front slap” and
“back slip," Byun said.

“He is a funny teacher,” Zeng said.

Chiang said, “He pretends to be mean
in the class, but wc!l’(now he is not.”

Tae Rinin cnrnanm attantian in hisalaas

Jennifer Fiamingo and Darin Smith, members ¢
relay supported by the American Cancer Societ
10 a.m. Saturday to 10 a.m. Sunday.

QUESTIONS| 7

continued ' from page 1

“We have 60 departments that go
by the contract,” Hill said. “You have
to have two classes evaluated per aca-
demic vear, and. if you want to do

returned it
along with a
mate to delivt
Brent said.
“The Acade
in March for



(Calif)) State University and Cem Y. Yildirim
of Bogazici University in Istanbul have
proven something much stronger: Given
any fraction, no matter how small, there
are infinitely many prime pairs closer
el PR B

It’s long been suspected that human
sperm sense chemicals secreled by an egg.
More than a decade ago, for example, inves-
tigators found that human sperm sport pro-
teins called olfactory receptors, the same

Prime
Finding
Mathematicians mind
the gap

A mathematical duo has made a surprising
advance in understanding the distribution
of prime numbers, those whole numbers
divisible only by themselves and 1. The new
result is the most exciting work on prime
numbers in more than 3 decades, says
mathematician Hugh L. Montgomery of
the University of Michigan in Ann Arbor.
However, he cautions that experts are still
checking the details of the proof.
Amongsmall numbers, primes are com-
mon. Of the first 10 numbers, for instance,

4 of them—2 2.5 and 7 gy tarmt’ali_yt,

cess Lo prove the conjecture.

However, mathematicians have had
some suceess in considering the more gen-
eral case of primes that are closer together

s than predicted by the average-spacing for
mula. In 1965, Enrico Bombieri of the Insti-

Human sperm may sniff
out the path to an egg

Pomerance of Bell Laboratories in Murra y huma
Hill, N.J. “It’s an end-run around the big  chemi
plan for development in the field” ever,

Brian Conrey, director of the American ~ Bocht
Institute of Mathematics in Palo Alto, deser
Calif., agrees, "It’s an incredible break-  huma
through,” he says, to sev

Gioldston and Yildirim's novel ideawasto  swimi
examine the distribution not just of pairs of Afis
primes, but also of triples, quadruples, and  know

larger groupings. Studving this
wider question simplified
the formulas estimal-
ing the spacing of
primes, and to the
team’s surprise,
the new result
about smaller-
than-average
prime gaps fell
out.

“The result
was so much bet-
ter than what we
expected, I almost
thought we had made

amietake” eave Caldeton

Since the scientists don't think that eges
make bourgeonal, they're now searching the
fluid from women’s reproductive tract for a
natural stimulus for the new sperm recep-
tor. “The natural sperm attractant might be
structurally related to bourgeonal,” says

tute for Advanced Study in Princeton, N.J.,

o and the late Harold Davenport proved there

are infinitely many pairs of primes that are

A man’s sperm seek out a variety of floral
scents, suggesting that these microscopic
swimmers possess a primitive kind of nose

Spehr. “One can only speculate if it is
secreted by the egg itself or the cumulus
cells surrounding the egg or even by cells
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Prime number breakthrough

By Dr David Whitehouse
BBC News Online science editor

e am Ame e e A pair of mathematicians has made a
3 809710 3107, 109 ) .

% 075 “3 101, 103, 107, ]"f* breakthrough in understanding so-called
137, 139, 149, 151, 157, 163, | prime numbers, numbers that can only be
151, 191, 193, 197, 199, 211, ]divided by themselves and one.
D33, 239 241,251,257, 263, ] . .
“‘1. ot Aea 40; 1 1' | Other mathematicians have described the
DR Ao e SRS T £ O I 3 O J : i § i
T = T AR * Jadvance as the most important in the field in
347, 349, 353, 359, 367, decades.
0= 400 AN S Z Y "y i=™1 )

It was made by Dan Goldston, of San Jose State University, and Cem
Yildirim, of Bogazici University in Istanbul, Turkey. It has just been
announced at a conference in Germany on Algorithmic Number Theory.

The advance is related to an idea called the twin prime conjecture. This
idea, still unproved, is that there are an infinite number of pairs of prime
numbers that differ only by two.

Number building

"Neither of us ever expected to get particularly good results by this method.
It's actually completely amazing to me," says Goldston.

Commenting on the breakthrough, Hugh Montgomery, a mathematician at
the University of Michigan in Ann Arbor, US, says that Goldston has really

broken a barrier.
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2003: Mathematicians Face'Uncertainty

MATHEMATICS = This will surely
be remembered as the year mathe-
maticians finally had to agre= that their
prized notion of “absolute proof™ is an
unattainable ideal—an excellent goal
to strive for, but achievable only in rel-
atively simple cases. Moreover, they
were forced to make this adjustment
under the harsh glare of the media,
following three major news stories
about so-called mathematizal proofs.

Early in the year, American math-
ematician Daniel Goldston and his
Turkish colleague Cem Yildirim an-
nounced a proof of the twin prime con-
jecture, which says there are an infinite
number of prime numbers differing
by two, suchas 3 and 5, or 11 and 13.
Although experts around the world ini-
tially agreed that the new proof was

correct, a few weeks later an insur-
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Works, Maybe

in the proof, they were still not sure
that it was correct. The journal agreed
to publish Hales's proof, but only with
a disclaimer saying they were not
sure that it was right.

What all three episodes reflect is
the complexity and abstraction of many
modern proofs. Even the experts find
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Riddled wWith Holes?

is not clear that anyone has ever seen
such a thing. The examples familiar
to most people from their high school
math classes are the geometric ar-
guments Euclid presented in Elerments.
But as the German mathematician
David Hilbert pointed out in the late
19th century, many of those argu-
ments are logically incorrect. Euclid
made repeated use of axioms that he
had not stated, without which his ar-
guments are not logically valid.

It took some effort—following a
delay of more than 2,000 years—for
Hilbert to present correct proofs. To-
day most mathematicians regard his
arguments as valid right-wing proofs,
myself included. But if you push me
to say how | know this, | will end up
mumbling that his arguments con-
vince me and have convinced all the

Left: What the

universe looked

like 13.7 billion years
ago. Next question:
What's beyond the edge?

L IEHU (g

MEDICINE - In January a veter
narian noticed a drawn and sickl
8-year-old cow at a slaughterhous
in Alberta, Tests later showed th:
the animal had been suffering fror
North America’s first homegrown cas
of bovine spongiform encephalopath
or mad cow disease.

Canadian minister of agricultur
Lyle Vanclief insists that the Albert
cow's remains never made it into th
food chain. But the United States
which until then consumed 78 percer
of Canada's beef exporls, banne
Canadian beef. And an internation:
panel of veterinary scientists an
infectious-diseases specialists rec
ommended that additional safeguard
be put in place in North America: re
moval of brain and spinal-cord tissu
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history of man’s best friend.

The findings should aid in tracking down
discase genes, says Ostrander. She can now
expand the search for a gene in one breed to
other breeds shown to be related by their mi-
crosatellite compositions. Having a larger
sample will inake it casier to detect the mu-
tation at fault. “This is what | sce as the
most powerful usc of the data,” she notes.

The dog offers other advantages over hu-
mans for genc hunts, says Sutter. To find the
mutated genes underlying complex discases
such as cancer, gencticists look for base
changes along the DNA where the implicat-

NUMBER THEORY

ed gene seems to be. Initial analyses suggest
that geneticists will need to gather about
400,000 base differences-—called single nu-
cleotide polymorphisms—in the human
genome to begin to pin down a problematic
gene implicated in a disease.

But as Sutter reported at the Cold Spring
Harbor meeting, such gene tracking should
be much casier in dogs. By incorporating ge-
nomic information from 20 dogs from cach
of five breeds and the previously published
poodle sequence (Science, 26 September
2003, p. 1898), he calculated that the job can
be accomplished with just 30,000 SNPs.

NEWS OF THE WEEK

At the same meeting, Lindblad-Toh de-
scribed her progress sequencing the genome
of a boxer named Tasha, chosen because the
breed has very litle genetic variation. Work-
ing with Ostrander and more than two dozen
collaborators, Lindblad-Toh has sequenced
enough DNA 10 cover the genome more than
seven times over and expects that the consor-
tium will put these data together into a high-
quality draft. Once that goes public, which
should occur in the next few weceks, finding
discase genes in dogs will be even easier.

Dog breeders should be proud.

—ELIZABETH PENNISI

Proof Promises Progress in Prime Progressions

The theorem that Ben Green and Terence
Tao set out to prove would have been im-
pressive cnough. Instead, the two mathe-
maticians wound up with a stunning break-
through in the theory of prime numbers. At
fcast that’s the preliminary assessment of ex-
perts who are looking at their complicated
50-page proof.

Green, who is currently at the Pacific In-
stitute for the Mathematical Sciences in Van-
couver, British Columbia, and Tao of the
University of California (UUC), Los Angeles,
began working 2 years ago on the problem
of arithnictic progressions of primes: se-
quences of primes (numbers divisible only
by themselves and 1) that differ by a con-
stant amount. One such sequence is 13, 43,
73, and 103, which differ by 30.

In 1939, Dutch mathematician Johannes
van der Corput proved that there are an infi-
nite number of arithmetic progressions of
primes with three terms, such as 3, 5, 7 or
31, 37, 43. Green and Tao hoped to prove
the same result for four-term progressions.
The theorem they got, though, proved the re-
sult for prime progressions of @/ lengths.

“It’s a very, very spectacular achieve-
ment,” says Green's former adviser, Timothy
Gowers of the University of Cambridge,
who received the 1998 Fields Medal, the
mathematics equivalent of the Nobel Prize,
for work on related problems. Ronald Gra-
ham, a combinatorialist at UC San Diego,
agrees. "It just amazing,” he says. “It’s such
a big jump from what came before”

Green and Tao started with a 1975 theo-
rem by Endre Szemerédi of the Hungarian
Academy of Sciences. Szemerédi proved
that arithmetic progressions of all lengths
crop up in any positive fraction of the
integers--basically, any subset of integers
whosc ratio to the whole set doesn’t dwindle
away to zero as the numbers get larger and
Jarger. The primes don’t qualify, because
they thin out too rapidly with increasing

www.sciencemag.org SCIENCE VOL304 21 MAY 2004

size. So Green and Tao set out to show that
Szemerédi’s theorem still holds when the in-
tegers are replaced with a smaller set of
numbers with special properties, and then to
prove that the primes constitute a positive
fraction of that set.

“To build their set, they applied a branch
of mathematics known as ergodic theory
(loosely speaking, a theory of mixing or
averaging) to mathematical objects called
pseudorandom numbers. Pseudorandom

number theorist at the University ol Mon-
treal, pointed Green to some results by Dan
Goldston of San Jose State University in
California and Cem Yildirim of Bogazigi
University in Istanbul, Turkey.

Goldston and Yildirim had developed
techniques for studying the size of gaps be-
tween primes, work that culminated last year
in a dramatic breakthrough in the subject
or 5o they thought. Closer inspection, by
Granville among others, undercut their main
result (Science, 4 April

2003, p. 32; 16 May 2003,
p- 1066), although Gold-
ston and Yildirim have
since salvaged a less far-
ranging finding. But some
of the mathematical ma-
chinery that these two had
set up proved (o be tailor-
made for Green and Tao’s
rescarch. “They had actu-
ally proven exactly what
we needed,” Tao says.

The paper., which has
been submitted to the An-
nals of Mathematics, is
many months from accept-
ance. “The problem with a
quick assessment of it is
that it straddles two areas,”

2089

Prime suspect. Arithmetic progressions such as this 10-prime
sequence are infinitely abundant, if a new proof holds up.

numbers are not truly random, because
they arc generated by rules, but they be-
have as random numbers do for certain
mathematical purposes. Using these tools,
Green and Tao constructed a pseudo-
random set of primes and “almost primes,”
numbers with relatively few prime factors
compared to their size.

The last step, establishing the primes as a
positive fraction of their pseudorandom set,
proved elusive. Then Andrew Granville, a

Granville says
number theor
looked at it feel that the
number-theory half is pretty simple and the
ergodic theory is daunting, and the ergodic
theorists who've looked at it have thought
that the ergodic theory is pretty simple and
the number theory is daunting.™

Even if a mistake does show up,
Granville says, “they’ve certainly suceceded
in bringing in new ideas of real import into
the subject.” And if the proof holds up?
“This could be a turning point for analytic
number theory.” he says. ~BARRY CIPRA
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Third Time Proves Charm for Prime-Gap Theorem

Dan Goldston feels much better. Two vears
ago the number theorist at San Jose State
University in California suffered a discour-
aging setback. He and Cem Yildirim of
Bogazigi University in Istanbul, Turkey, had
announced a dramatic breakthrough in the
theory of prime numbers, only to learn that
their proof contained a fatal error (Seience,
4 April 2003, p. 32; 16 May 2003, p. 1066).
But now, with the help of Janos Pintz of the
Alfréd Rényi Mathematical Institute in
Budapest, Hungary, Goldston and Yildirim
have unveiled a new
proof of their break-
through result. This
time experts who have
examined it say the
proof is rock-solid—
in part because it is
much simpler than the
earlier attempt.

“It’s of enormous
importance,” says
Brian Conrey, direc-
¢ tor of the American
Institute of Mathe-
matics in Palo Alto,
California. “It’s going
to open the door to
lots of stufl”” Andrew
Granville of the Uni-
versity of Montreal,
(Quebec, whose work
helped torpedo the
original flawed proof,
agrees. “It’s quite a turning point.” he says.

Goldston and Yildirim were studying the
way one prime number follows another.
Prime numbers—positive integers such as
2,3,5,7,11,and 13, which can’t be broken
down into smaller factors—become rarer as
numbers get larger On average, the g gap

b E

_ between a large prime p and the next prime

number is approximately the natural loga-

o rithm of p, written log p. But the actual gap

Comeback kid. Goldston despaired of rescuing
his proof, but a bright idea saved the day.

between two primes may be far from average.
Number theorists long ago proved that there is
no upper limit on how large the gap can grow,
relative to log p. What Goldston and Yildirim
claimed—and, together with Pintz, have now
proved—is that the smallest possible gap also
continues to shrink relative to log p, as the
numbers increase.

The original proof foundered when
Granville and Kannan Soundararajan of the
University of Michigan, Ann Arbor, spotted
a mistake in a single, technical subsection
of the proof, known
as a lemma. The rest
of the proof'was fine,
and part of it imme-
diately enabled two
other mathemati-
cians to make a
major breakthrough
in studying arith-

primes (Science,
21 May 2004, p.
1095). Goldston and
Yildirim also sal-
vaged a weaker result
about prime gaps that
improved on previous
researchers’ work.

Goldston kept
hoping to make the
proof work but
finally gave up. “I
had come to terms
with not getting a good result,” he recalls.
Then, about a year ago, he had an idea for a
new approach. He worked out the details and
presented his new proof last summer at the
mathematical conference center in Ober-
wohlfach, Germany. He woke up the next
morning, however, knowing he had made
another mistake, this time in the very last
step of the proof. “I really felt jinxed by the
whole thing,” he recalls.

metic progressions of

Pintz, however, took a close look at the
flawed proof and came up with the key insight
for the ultimate fix. He contacted Goldston
and Yildirim last December, and the three
number theorists had a complete proof by
early February. This time, they were more
cautious about announcing the result. “We all
thought it was wrong,” Goldston says. They
circulated the manuseript to a handful of
experts, including Granville and Soundarara-
jan, asking them to probe it for any new or
remaining errors.

Inaddition to finding nothing wrong, the ad
hoc jury also discovered ways to simplify the
proof. “It’s been simplified so much there’snot
much room for an error to be hiding.” says
Conrey. One of the experts, Yoichi Motohashi
of'Nihon University in Japan, found a shortcut
that led to a surprisingly short proof of the
basic, qualitative result. He and the three lead
authors have posted this proof, running a mere
eight pages, at the arXiv preprint server
(www.arxiv.org). The more-detailed paper
with Pintz is being rewritten to incorporate
some of the simplifications. Goldston gave a
public presentation on the new proof at a num-
ber theory conference held from 18to 21 May
at the City University of New York.

Initself, the basic result is not a surprise. But
it may help mathematicians tackle the famous
“twin prime” conjecture, which probably dates
back as far as mathematicians have thought
about prime numbers. The conjecture holds that
there are infinitely many primes for which the
gap is 2. The list of twin primes starts with (3,
5),(5, 7). and (11, 13), and has been tabulated
by now into the trillions. No one knows whether
twin primes ever stop appearing, The new proof
is still a far ery from the twin prime conjecture,
but it offers a glimmer of hope that number the-
orists may eventually get there—perhaps a lot
sooner than they ever expected. “The twin
prime conjecture doesn’t seem impossible to
prove anymore,” Goldston says.

—BARRY CIPRA

27 MAY 2005 VOL308 SCIENCE www.sciencemag.org
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San josé State University * Office of the President

Zoe Lofgren
Member af Conpress

Fune 10, 2005
Dear Professor Goldston,

I enjoyed the article in the San Jose Mercury News recently. Congratulations on
your wonderful mathematical accomplishment. I understand that this type of
mathematical advance is one of the biggest achievements in years. You should be
very proud. I am!

Your hard work, dedication, and I can only imagine, much patience, has finally
been rewarded. Again, congratulations on this wonderful discovery.

Sincerely,

S [ T

Don W. Kassing
President



