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Newforms and Euler Products: Math 252,
Stein, 11/10/2003

In this chapter we discuss the work of Atkin, Lehner, and W. Li on newforms and
their associated L-series and Euler products.

Bibliography: [36] refers to W-C. Li, Newforms and functional equations, Math.
Ann. 212 (1975), 285-315.

11.1  Atkin, Lehner, Li Theory

The results of [36] about newforms are proved using many linear transformations
that do not necessarily preserve Si(I'1(N),e). Thus we introduce more general
spaces of cusp forms, which these transformations preserve. These spaces are also
useful because they make precise how the space of cusp forms for the full con-
gruence subgroup I'(N) can be understood in terms of spaces Si(T'1(M),¢e) for
various M and &, which justifies our usual focus on these latter spaces. This sec-
tion follows [36] closely.
Let M and N be positive integers and define

FO(M,N){<Z Z) € SLy(Z) - M|c,N|b},

and

F(M,N):{(Z z> ETG(M,N): a=d=1 (mod MN)}.

Note that T'g(M,1) = I'o(M) and I'(M,1) = I'1(M). Let Si(M,N) denote the
space of cusp forms for I'(M, N).

If ¢ is a Dirichlet character modulo M N such that e(—1) = (=1)*, let S (M, N, ¢)
denote the space of all cups forms for T'(M, N) of weight k& and character €. This
is the space of holomorphic functions f : h — C that satisfy the usual vanishing
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conditions at the cusps and such that for all (25) € To(M, N),
a b
1% ) ==r.

Sk(M’ N) = @Esk(Ma Na 5)'

We now introduce operators between various Sy (M, N). Note that, except when
otherwise noted, the notation we use for these operators below is as in [36], which
conflicts with notation in various other books. When in doubt, check the definitions.

Let
18 5 @)= =2 +aty ()

We have

et +d

This is like before, but we omit the weight k from the bar notation, since k& will be
fixed for the whole discussion.
For any d and f € S,(M, N,¢), define

flUévzdk/2—1f\< > (é “5))

w mod d

where the sum is over any set u of representatives for the integers modulo d. Note
that the NV in the notation is a superscript, not a power of N. Also, let

fIBa=d "] (ﬁ ?) :

£1Ca = /2] ((1) 2) .

In [36], Cy is denoted Wy, which would be confusing, since in the literature Wy is
usually used to denote a completely different operator (the Atkin-Lehner operator,
which is denoted V¥ in [36]).

Since ({ &) € I'(M,N), any f € Si(M,N,e) has a Fourier expansion in terms
of powers of gy = ¢'/N. We have

(2 anai ) 10N = > anadi,

n>1
(Z anq}’v) |Bi=_ angif,
n>1

and

(X" anak) €2 =3 andia.

n>1

The second two equalities are easy to see; for the first, write everything out and
use that for n > 1, the sum ) e?mun/d is 0 or d if d f n, d | n, respectively.

The maps By and C, define injective maps between various spaces S (M, N, ¢).
To understand By, use the matrix relation

G C - )6
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and a similar one for Cy. If d | N then By : Sip(M,N,e) — Sp(dM,N/d,¢) is
an isomorphism, and if d | M, then Cy : Sx(M,N) — Sp(M/d,Nd,¢) is also an
isomorphism. In particular, taking d = N, we obtain an isomorphism

N S(M,N,e) — Sp(MN,1,e) = Sp(T'1(MN),e). (11.1.1)

Putting these maps together allows us to completely understand the cusp forms

Si(T(N)) in terms of spaces Sy(I'1(N?),¢), for all Dirichlet characters ¢ that arise

from characters modulo N. (Recall that T'(IV) is the principal congruence subgroup

I'(N) = ker(SL2(Z) — SL2(Z/NZ)). This is because S (I'(IN)) is isomorphic to

the direct sum of Si (NN, N, ¢), as ¢ various over all Dirichlet characters modulo N.
For any prime p, the pth Hecke operator on Sy (M, N,¢) is defined by

T, = U;V + s(p)pklep.

Note that T}, = U}Y when p | N, since then £(p) = 0. In terms of Fourier expansions,

we have
(Z an‘]%) ‘T = Z (anp + 5(p)pk71an/p) QJT\LH

n>1

where a,,/, = 0 if p{ n.

The operators we have just defined satisfy several commutativity relations. Sup-
pose p and ¢ are prime. Then T, B, = BT}, T,Cqy = C,1}, and TpUqN = UéVTp if
(p,gMN) = 1. Moreover UY By = By UY if (d,d’) = 1.

Remark 11.1.1. Because of these relations, (11.1.1) describe Si(T'(V)) as a module
over the ring generated by T, for p{ N.

Definition 11.1.2 (Old Subspace). The old subspace Si(M,N,¢€)oq is the
subspace of S (M, N,e) generated by all f|B; and g|C. where f € Sp(M',N),
g € Sp(M,N"),and M', N’ are proper factors of M, N, respectively, and d | M/M’,
e| N/N'.

Since T}, commutes with Bg and C,, the Hecke operators T}, all preserve S, (M, N, €)o1d,
for pt MN. Also, By defines an isomorphism

Si(M,N,€)o1a = Si(MN,1,€)o14-

Definition 11.1.3 (Petersson Inner Product). If f,g € Si(I'(N)), the Pe-
tersson inner product of f and g is

19 = ST [, (e .

where D is a fundamental domain for T'(V) and z = = + iy.

This Petersson pairing is normalized so that if we consider f and g as elements
of T'(N’) for some multiple N” of N, then the resulting pairing is the same (since
the volume of the fundamental domain shrinks by the index).

Proposition 11.1.4 (Petersson). Ifpt N, then (f|T,,9) = (f, 9|T,)-

Remark 11.1.5. The proposition implies that the T}, for p{ N, are diagonalizable.
Be careful, because the T}, with p | N, need not be diagonalizable.
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Definition 11.1.6 (New Subspace). The new subspace Sk(M, N, €)new is the
orthogonal complement of Sy, (M, N,¢€)oq in Sk(M, N, e) with respect to the Pe-
tersson inner product.

Both the old and new subspaces of Si(M,N,¢) are preserved by the Hecke
operators T), with (p, NM) = 1.
Remark 11.1.7. Li [36] also gives a purely algebraic definition of the new subspace
as the intersection of the kernels of various trace maps from Si(M, N,¢), which
are obtained by averaging over coset representatives.

Definition 11.1.8 (Newform). A newform f = Y anq € Sp(M,N,¢) is an
element of Si(M, N, €)new that is an eigenform for all T}, for p + NM, and is
normalized so that a; = 1.

Li introduces the crucial “Atkin-Lehner operator” WM (denoted VM in [36]),
which plays a key roll in all the proofs, and is defined as follows. For a posi-
tive integer M and prime ¢, let o = ord,(M) and find integers z,y, z such that
¢*“x — yMz = ¢“. Then WqM is the operator defined by slashing with the ma-

{7
trix (?\427 q%) Li shows that if f € Sp(M,1,¢), then fIWM|WM = e(¢*)f, so
WqM is an automorphism. Care must be taken, because the operator WqM need not
commute with T, = Uév, when p | M.

After proving many technical but elementary lemmas about the operators By,
Cy, Uév , Ty, and WqM , Li uses the lemmas to deduce the following theorems. The
proofs are all elementary, but there is little I can say about them, except that you
just have to read them.

Theorem 11.1.9. Suppose f =" anqy € Sp(M,N,e) and a, =0 for all n with
(n,K) =1, where K is a fized positive integer. Then f € Sp(M,N,&)o1d.

From the theorem we see that if f and g are newforms in Si (M, N, ¢), and if for
all but finitely many primes p, the T}, eigenvalues of f and g are the same, then
f—gisan old form, so f —g = 0, hence f = g. Thus the eigenspaces corresponding
to the systems of Hecke eigenvalues associated to the T),, with p{ M N, each have
dimension 1. This is known as “multiplicity one”.

Theorem 11.1.10. Let f =Y anq} be a newform in S, (M, N, ¢), p a prime with
(p, MN) =1, and q | MN a prime. Then

L fIT, = apf, fIUY = aqf, and for all n > 1,

Qplyn = Qnp + €(p)pk71an/pv

AqQp = Gpgq-

If L(f,s) =), >; ann~* is the Dirichlet series associated to f, then L(f,s)
has an Euler product

L(f.s)= ] @ =aga™)™ J[ Q=app +e@)p"'p)7".
q|MN ptM N
2. (a) If € is not a character mod M N/q, then |a,| = ¢(*~1)/2.

b) If € is a character mod MN/q, then a, = 0 if ¢> | MN, and a? =
q q
e(q)d" % if >t MN.



