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Hilbert modular forms and varieties

Notations

F is a totally real number field of degree g.

Jr is the set of all real embeddings of F. For each 7 € Jg,
we denote the corresponding embedding into R by a — a".

OFf denotes the ring of integers of F, and v its different.

For an integral p of F, we denote by F, and Of , the
completions of F and OF, respectively, at p.

A is the ring of adéles of F and Ay its finite part.

@ An element a € F is totally positive if, for all 7 € JF,
a” > 0. We denote this by a > 0.

Fix an integral ideal n of F.
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Congurence subrgroups of GL;(F)

The set Jr induces an embedding GLo(F) — ][, . GL2(R) by
v = (77 )redJp- Forany subring A of F, we let

GLj (A) = {7 € GL(A) : (Y )reur € [] GL;(R)} :

TEJF

We have the restriction GLJ (F) — PGLJ (F), v — 4, of the
projection map onto PGLy(F). We let [(1) = GL3 (OF).
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Congurence subrgroups of GL;(F)

Definition
A congurence subgroup of GLJ (F) is a subgroup I such that

[ NI (1) has finite index in both T and T(1).

As we will see later, the motivation for such a definition relies in
the fact that the arithmetic of Hilbert modular forms on the field
F needs to take its narrow class group into account.
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Congurence subrgroups of GL;(F)

Let ¢ be a fractional ideal of F, and put

-1
Mo(c,n) = {<i Z) € <(?: Z’)F> cad — bc € O,T-*}.

Then, [o(c, n) is a congruence subgroup of GL3 (F). This is the only
type of congruence subgroups that will be interested in for the rest of
this lecture.
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Classical Hilbert modular forms

Let $ be the Poincaré upper-half plane and put $F = $9F. Then
[T,cJ. GL3 (R) acts on §F as follows. For any

Y= (%’)TEJF € HTGJ,: GL;(R) and z = (ZT)TEJ;: € fJF’

.- arzr +br wherey, = (& b,
T ez 1 d =\ d.)

Definition

An element k = (k). € Z is called a weight vector. We
always assume that the components k, > 2 have the same

parity.
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Classical Hilbert modular forms

From now on, we fix a weight k. We define an action of I'y(c, n)
on the space of functions f: $r — C by putting

flley = ( [T det(y)<"2(cz- + dT)kf) f(vz), v € To(c, n).

TEJF

Definition

A classical Hilbert modular form of level I'y(c, n) and weight
k is a holomorphic function f : $¢ — C such that f||,y = f, for
all v € To(c, n). The space of all classical Hilbert modular forms
of level To(c, n) and weight k is denoted by M(c, n).
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Classical Hilbert modular forms

The Fourier expansion

Let f: H§F — C be a Hilbert modular form. Since it is
o(c, n)-invariant, we have in particular

f(z+p)=1f(z), forallze Hr, pec .

Therefore, it admits a Fourier expansion of the form

f(Z) _ Z aue27riTr(,uz)’

uco—1

where Tr(uz) =3 ) 1" 2.
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Classical Hilbert modular forms

Koecher’s principle

When g > 1, every Hilbert modular form is automatically
holomorphic at cusps as the next lemma shows.

Lemma (Koecher’s principle)

Assume that g > 1. Then, f is holomorphic af the cusp oo
(hence at all cusps < To(c, n)\P'(F)) in the following sense:

a,#0=p=0o0rp>0.
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Classical Hilbert modular forms

Proof

Lete € OF* be a totally positive unit. Then

v(e) = (8 ?) € lNo(c, n), which means that f|xv(e) = f.

Equating the g—expansion of both members of this equality, it
follows that

Ay = N(E)K/Za#, forall u e cd ',

where we use the notation N(e)& = [T, (e7)*.
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Classical Hilbert modular forms

Proof

Now, let us assume that there is a non—zero g € @' not
totally positive such that a,, # 0. We choose 7y such that
. < 0. By the Dirichlet units theorem, we can find e € O
such that

€®>1 and £" <1, forallT # 7.

We now consider the subseries of f(2) = 3 ¢ -1 @,€2™(#2)
index by the set {1c™, m € N}, in which we put z = j. Then

aﬂosm e—27rT1‘(lL05"7) _ N(g)m5/2 auo e—ZWTr(uOEm) ‘
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Classical Hilbert modular forms

Proof

But, as m — oo, e~ 270" ~ @27’ (=°)" and the
exponential growth ensures that N(¢)™/2g,, e=27Tr(kos™) _, oo,
Therefore the series does not converge, which is a
contradiction. So we must have a,,, = 0.
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Classical Hilbert modular forms

Defintion of cusp forms

Definition

We say that f is a cusp form if the constant term ag in the
Fourier expansion is equal to 0 for any f|xv, v € GL] (F) (i.e., if
f vanishes at all cusps). We will denote by Si(c, n)) the space
of cusp forms of weight k and level Ty(c, n).
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Classical Hilbert modular forms

Sk(c, n) = Mi(c, n) unless k; = k. forall 7, 7' € Jr.

Proof. Let assume that there is f € M(c, n) that is not a cusp
form. Then at some cusp o, the g—expansion must give ap # 0.
From

ap = N(e)k/2ay, forall e € OFF,

it follows that we must have N(¢)k/2 = 1 for all e € OF*. But
this is possible only if we have k. = k. for all 7, 7/ € Jf.
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Classical Hilbert modular forms

Proposition

(i) Mk(c, n) =0 unless k; > 0 for all T € JF.
(if) Mo(c, n) = C and Sy(c, n) = 0.

Proof. van der Geer [?, Chap. I. sec. 6.]
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Classical Hilbert modular forms

Example: Eiseinstein series

Let ¢ be anideal in F and k > 2 an even integer. Put

Gk, ((2) =N() > N(ez+ad) ¥
(c,d)eP(cxac)

where P'(c x ac) = {(c, d) € ¢ x ac|(c, d) # (0, 0)}/OF. It can
be shown that Gy . is a modular form of weight k = (k, --- , k)
and level I'y(c, a). We call Gk . a Eiseinstein series of weight
k and level I'y(¢c, a). The Eisenstein series Gy . only depends
on the ideal class of ¢.



Hilbert modular forms and varieties
000000000

Adelic Hilbert modular forms

Adelic Hilbert modular forms

We recall that ] . GLJ (R) acts transitively on $¢ by linear
fractional transforms and that the stabilizer of i = (/, ..., i) is

given by K = (R*SO,(R))".

We consider the unique action of [, ., GL2(RR) on $ that
extends the action of [[ ;. GLJ (R). Namely, one each copy of
9, we let the element (' 9) acts by z — —2Z.
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Adelic Hilbert modular forms

Level structure

We consider the following compact open subgroup of GLo(Ay):

ko) = { (3 §) € 6Lal@0): cen.

where Of = 1, OF p-
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Adelic Hilbert modular forms

Automorphy factor

Wesett=(1,...,1)and m = k — 2t, then choose v € ZJ
such that each v > 0, v, = 0 for some 7, and m + 2v = nt for
some non-negative n € Z.

Definition

‘)|

For any v = <C Z) € [[,GL2(R) and z € $F, put

j(v, 2) = [] (erz- + d-).

TEJF

The map (v, z) — j(v, z) is called an automorphy factor.
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Adelic Hilbert modular forms

Definition

An adelic Hilbert modular form of weight k and leveln is a
function f : GLp(A) — C satisfying the following conditions:
(i) f(ygu) = f(9g) forall v € GL2(F), u € Ko(n) and
g c GLz(A).
(i) f(gu) = det(u)kY-tj(u, i)~kf(g) for all u € K}, and
g € GLy(A).
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Adelic Hilbert modular forms

Definition (con’t)

Definition

For all x € GLy(Ay), define f, : Hr — C by

z — det(g)t"Ykj(g, i)f(xg), where we choose

9 € [1cy. GLF (R) such that z = g - i. By (ii) f, does not

depend on the choice of g.

(iii) £ is holomorphic (when F = Q, an extra holomorphy
condition at cusps is needed).

(iv) In addition, when | Uy ug) fux)du = 0 for all x € GLa(A)
and all additive Haar measures du on U(A), where U is the
unipotent radical of GLy/F, we say that f is an adelic cusp
form.
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Adelic Hilbert modular forms

We will denote the space of all Hilbert modular forms (resp.
cusp forms) of weight k and level n by My (n) (resp. Sk(n)).

There is a relation between classical and adelic Hilbert modular
forms which proves important when dealing with questions that
relate to the arithmetic of these forms.
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Adelic Hilbert modular forms

Letcy, A\ =1, ..., h™, be representatives of the narrow ideal
classes of F. Foreach A =1, ..., ht, take x, € GLy(A), so
that t, = det(x,) generates the ideal ¢,. Then, by the strong
approximation theorem,

h+
GLQ(A) = H GL2 X>\ (H GL+ >< Ko ))
A=1
and we see that

[\ = ro C, ) = Xy (HGL X Ko )> X)\_1 ﬁGLQ(F).
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Adelic Hilbert modular forms

To each adelic Hilbert modular form f, we associated the

h*-tuple (i, ..., fe) € @, Sk(cx, n), where f, = f,, is given
by Definition 6. Then, we have

The map
ht
Sk(n) — €D Sk(en n)
A=1

f o= (fi,..., fp+)

is an isomorphism of complex vector spaces.
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Adelic Hilbert modular forms

Proof.

The converse of the map is given by the C-valued function f on
GL>(A) defined by

f(")/X)\g) = (f,\||Kgoo)(1), AS GL2(F) andg S GL;(R) X Ko(n).



Applications of Hilbert modular forms

The theory of Hilbert modular forms has a wide range of
applications. Here we list few of them.
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Diophantine equations

In the wake of Wiles proof of the Fermat Last Theorem, a
strategy was outlined by Darmon in order to solve the
generalized Fermat equation xP 4+ y9 = z', for p, q, r a set of
arbitrary primes. In his framework, Hilbert modular play a
central réle. For example, to solve the generalized Fermat
equation xP + yP = z° one is led to the natural consideration of
Galois representations associated to Hilbert modular forms
over the real quadratic field Q(1/5).
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Ramanujan graphs and construction of communication networks

R. Livné, K. Lauter et al. have constructed Ramanujan graphs
using Hilbert modular forms. Their works find some application
to the construction of robust networks.



The Serre conjecture for Hilbert modular forms

Many conjectures relating to classical modular forms find their
natural generalization to the setting of Hilbert modular forms.
One such conjecture is the Serre conjecture. In this case it is
stated as follows.

Let p: Gal(F/F) — GLy(F,) be a continous irreducible Galois
representation such that det(p(c;)) = —1, where c; is complex
conjugation at T € Jg, ane which is unramified outside a finite
set of primes. Then p comes form a Hilbert cusp form.

The Serre conjecture for Hilbert modular forms is still far from a
complete proof as the key ingredient used by Khare and other
breaks down in this case.



The Goal of the next three lectures

@ Relate Hilbert modular forms to Brandt module using the
Eichler-Shimizu or Jacquet-Langlands correspondence.

@ Show how to compute this Brandt module in a more
efficient way (in the case of real quadratic fields).

@ The Eichler-Shimura construction for Hilbert modular
forms. This is mainly a conjecture, but we hope that the
construction of a database of modular modular elliptic
curves and abelian surfaces will provide more evidence in
instances where one cannot use Shimura curves.
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