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Introduction

Motivation

The main goal of this talk is to show how one can compute
automorphic forms on the unitary group in three variables.
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Introduction

Notations

@ Fisthe field of rationals or a real quadratic field and E is a
totally CM quadratic extension of F.

@ The involution in Gal(E/F) is denoted by a — a, a € E.

@ The rings of integers of F and E by Of and Og,
respectively.

@ For any prime p in Of, we denote by F, and Of , the
completions of F and Of at p, respectively.
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Introduction

Notations

@ For any prime B of E, by Eqz and Ofg o the completions of
E and Of at 3.

@ The ring of adéles of F and its finite part are denoted by A
and A¢ respectively.



Automorphic forms on Unitary groups

Unitary groups

For any F-algebra A, the Gal(E/F)-action induces an involution
of the matrix group GL3(E ®¢ A) we denote as before.

The unitary group in three variables U(3) on F attached to E is
defined as follows. For any F-algebra A, the set of A-rational

points on U(3)/F is given by
U3)(A) = {g € GL3(A®F E): gg' =13}.



Automorphic forms on Unitary groups

Unitary groups

The unitary group in three variables U(2, 1) on F attached to E
is defined as follows. For any F-algebra A, the set of A-rational
points on U(2, 1)/F is given by

0 0 1
U(2,1)(A){geGL3(A®FE): g(O —1 o) gf13}.
1 0 0



Automorphic forms on Unitary groups

Unitary groups

We define an integral structure on U(3)/F which we denote the
same way by putting

(3) {g € GL3(A ®@F OE) gg = 13, S AX}

for any Of-algebra A.



Automorphic forms on Unitary groups

Unitary groups

We define an integral structure on U(2, 1)/F which we denote
the same way by putting

0 0 f
U(2, 1)(0e®0,A) = {g €GLs(ARFE): g (o ~1 o) g = 13},
1.0 0

for any Og-algebra A.



Automorphic forms on Unitary groups

U(2, 1) versus SL,

SL,

U(2, 1)

Global symmetric space: 9,
the Poincaré upper-half plane

Congruence subgroups:
Mo(N) C SLy(Z)

Fo(N)\H*,
compact arithmetic curves

Global symmetric space:
B={(z, u)eC?:
2Re(z) + |u? < 0}

Congruence subroups:
Fo(N) C U(2, 1)(Z)

Fo(N)\B*,
compact arithmetic surfaces



Automorphic forms on Unitary groups

U(2, 1) versus SL,

SL,

U2, 1)

Inner forms:
quaternions algebras

Jaquet-Langlands

Inner forms:
U(3) and (certain) division algebras,
with involution of the second kind.

Jacquet-Langlands.



Automorphic forms on Unitary groups

We want to construct automorphic forms on U(2, 1) by using its
inner form U(3).

Study the Galois representations we obtain from those
automorphic forms.

Assumption: Assume throughout this paper that F has narrow
class number 1 and that the quadratic extension E/F is chosen
so that the associated group U(3)/F has class number 1.
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@ Letp be a prime in F and choose a prime 3 of E above p.
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Automorphic forms on Unitary groups

Unitary groups: local case

@ Letp be a prime in F and choose a prime 3 of E above p.

@ Then, K, = U(3)(OF, ) is a maximal compact open
subgroup in U(3)(Fy).

@ When p is split in E, we choose an isomorphism

U(3)(F,) = GLs(Eqp) = GL3(F,) s.t. Ky = U(3)(0,) = GL3(0,).

@ When p isinertin E, then U(3)/F, is the unique unitary
group in three variables on F, attached to the quadratic
extension Eg/Fp, and K, = U(3)(O,) is hyperspecial.
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open subgroup U of K.
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Automorphic forms

@ We let K be the product K = ][, K, and fix a compact
open subgroup U of K.

@ Let V be an irreducible algebraic representation of U(3)
defined over F.



Automorphic forms on Unitary groups

Automorphic forms

Definition
The space of automorphic forms of level U and weight V on
U(3) is given by

Av(U) ={f: UR)(A7)/U = V: fly =, v € US)(F)},

where f|y(x) = f(yx)y for all x € U(3)(A¢) and v € U(3)(F).

v




Automorphic forms on Unitary groups

Hecke operators

For any u € U(3)(Ay), write UuU = []; uy;U. Define the Hecke
operator

[Uul]: Ay(U) — Ay(U)
f o fl[UuU]

by f[[UuU](x) = >_; f(xui), x € U(3)(Ar).



Automorphic forms on Unitary groups

Hecke operators

In the rest of this section, we fix an integral ideal N of F such
that (N, disc(E/F)) = (1), and define the level

a b1 Cq
Uo(N) = a by | € Ksuchthataz=b3=0 mod N ;,

a bz 3

and to simplify notations, we let Ay(N) = Ay (Up(N)) and
Ty(N) =Ty (Uy(N)) be the Hecke algebra.



Automorphic forms on Unitary groups

Hecke operators

Let p be a split prime in F and choose a prime B in E above p.
Then, the local algebra of T\/(N) at p is isomorphic to the Hecke
algebra of GL3(F,) which is generated by the two operators

Ti(p) = [GL3(OF, p)diag(1, 1, wy)GL3(OF, ;)] = [A1(p)]
and
To(p) = [GLa(OF, p)diag(1, wy, wp)GL3(OF, )| = [A2(p)],

where w, is a uniformizer at p.



Automorphic forms on Unitary groups

Main result

Define the two sets
9i(p) = U(3)(OF)\{g € M3(0k) : 99' = mp1zandg € Ai(p)},
where T, is a totally positive generator of p.

The quotient U(3)(OF)/Uy(N) is a flag variety over artinian ring
Ofr/N, which we denote by H(N).



Automorphic forms on Unitary groups

Main result

Theorem

There is a natural isomorphism of Hecke modules
Ay(N) = {f: Ho(N) — Vsuchthatf|y=f yeTl},

where T = U(3)(OF)/Of and the action of the Hecke operators
Ti(p) and Tx(p) on the right hand side is given by

fITip)(x) = D f(ux)u, x € Ho(N).
ue®;(p)




The spaces of oldforms and n

Old and new spaces

Let p be a split prime in F such that p | N.
@ 7 : Ho(N) — Ho(N/p) the natural surjection.
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Old and new spaces

Let p be a split prime in F such that p | N.
@ 7 : Ho(N) — Ho(N/p) the natural surjection.

@ Then, the action of the Hecke operators T;(p) and Tx(p) on
Ay(N/p) is given by

AITip)(x) = D f(ux)u, x € Ho(N),
ueo;(p)

where the summation is now restricted to the elements
whose action is non-degenerate.



The spaces of oldforms and n

Old and new spaces

There are three degeneracy maps
aj(p) : Ay(N/p) — Ay(N), i=0,1, 2,

where ag(p) = 7* is the pullback map, and «;(p) = 7* o Ti(p),
i=1, 2, which combine to give

o Av(N/p)® = Ay(N)

2
(f07 f17 f2) = Zal(p)(fl)
i=0



The spaces of oldforms and n

Old and new spaces

Similarly, when p is inert in E, there are two degeneracy maps
aj(p) : Ay(N/p) — Ay(N), i =0, 2,

where ag(p) = 7*, and ao(p) = 7* o To(p), and which combine
to give
e Av(N/p)? = Ay(N)
(fo, ) = ao(p)(f) + c2(p)(h).



The spaces of oldforms and n

Old and new spaces

The space of oldforms is obtained as

APAN) = im(sp),

pIN

and the space of newforms A" (N) as its orthogonal
complement with respect to any U(3)-invariant Hermitian inner
product (, ) on Ay(N).




@ The unitary groups U(3)/Q in three variables attached to
the quadratic fields Q(v/—1) and Q(v/—3) respectively; and
also, on the unitary group U(3)/Q(+/5) attached to the
cyclotomic field Q(¢s).



@ The unitary groups U(3)/Q in three variables attached to
the quadratic fields Q(v/—1) and Q(v/—3) respectively; and
also, on the unitary group U(3)/Q(+/5) attached to the
cyclotomic field Q(¢s).

@ For each group, we compute the space Ag(N) of
automorphic forms of trivial weight and level N, where
Norm(N) < 20 and (N, disc(E/F)) = 1. We provide a table
for the dimensions of Ay(N) and Aj®"(N), and the list of all
the automorphic forms whose Hecke eigenvalues are
rational or defined over a quadratic field.



The unitary group U(3)/Q attached to Q(+/—1)

N 3 57 9 11 13 15 17 19
dimAy(N) 2 3 6 11 17 7 16 9 77
dmA(N) [T 2 5 9 16 6 8 8 76
N 3 5 7 9
p | ap )| ai(p, f) ai(p, fi) |ai(p, )] ailp )] alp h)
2 -1 1 — 2ws —1 -1 5 -3
3 -3 12 — 4ws —4 0 0 0
5 3 —1 + 2ws -3 —6w_4 3 -3 13
13 15 7+ 4ws 1 —-10w_4a 15 3 3
17 27 19 —16ws | —9 —12w_4 27 33 1
29 3 23 + 8ws 11 + 8w_4 3 69 -1
37 63 31+ 20ws | —21 — 24w_4 63 -33 —-33
41 99 19 —12ws | =25+ 44w_4 99 -39 121




The unitary group U(3) /Q attached to Q(+/—3)

N 4 5 7 8 10 11 13 14 16 17 19 20
dmA(N) |[2 2 3 4 8 8 5 7 24 26 7 50
dmAP*(NY[[1 1 2 2 5 7 4 2 20 25 6 40
N 4 5 7 8 10
p |ai(p fi)[ailp )| ailp, i) [ailp, f)]ap k)| ap f)
2 0 4 2 — 2wog 0 0 1
3 —4 -2 14 wog 4 —4 -4
5 54 -5 26 + 10wog 22 54 1
7 9 1 woas 1 9 -3
13 -9 29 4 — wog 23 -9 3
19 45 17 22 + Swog 21 45 -3
31 —-15 13 65 — 2wog 9 -15 -15
37 63 21 41 — 14wog 31 63 27
43 21 59 3 + Bwog 125 21 21




The unitary group U(3)/Q(+/5) attached to Q(¢s)

N

(4,2)

(9,8) (11,3+ws) (16,4)
dmATPV(N) | 1 5 5 >
N (4,2) (9,3) (11,3 + ws) (16,4)
N(p) | » ap f) | ap ) | aph) |aph) ] aph)
4 2 —4 2+ 12wp4 18 — 2wyq 0 0
5 2+ ws 4 2 + 3woq 6 + 2wy 4 _2
11 3+ ws 3 15 —3wog | 12 —way 3 11
11 3+ 2ws 3 15 — Swos —was 3 5
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number field K¢, and let Oy be the ring of integers of K;.
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Residual Galois representations

@ Let f be a newform of level N with eigenvalues in the
number field K¢, and let Oy be the ring of integers of K;.

@ Let ¢/ > 2 be a prime and choose a prime X of K; that lies
above /.

@ We denote the completions of Ky and Oy at A by K; , and
O, » respectively.

@ Let 7 = ®,m, be the automorphic representation attached
to f, and let 7f = ®q37f;§ be the base change lift of 71 to
GL(3)/E.

@ We denote the Hecke matrix of g, by 5.



Theorem (Kottwitz)
There exists a Galois representation

pr, : Gal(E/E) — GLg(Kj, ),

associated to f, such that the characteristic polynomial of
pr. »(Froby) coincides with the one of t;f}. The representation
pr, » 18 unramified outside (disc(E/F)N.




By making an appropriate choice of lattice in Kf3 one can
reduce pr,, to geta mod X representation p¢ . The data we
have seem to support the following conjecture.

Problem: Numerically study the image of the Galois
representation pr .
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