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480 -- March 31, 2008

Sage Demo For Math 480
Lecture 1: March 31, 2008
Basic Arithmetic

       5

       x^5 + 5*x^4 + 10*x^3 + 10*x^2 + 5*x + 1

       

Some Basic Programming

2 + 3

expand((x+1)^5)

def f(n):
    """
    Compute the product of the even integers up to n.
    INPUT:
        n - a positive integer
    OUTPUT:
        a positive integer
    EXAMPLES:
        sage: f(4)
        8
    """
    # this algorithm isn't optimal; it's to illustrate using if 
and for.
    j = 1
    for i in [1..n]:      # [..]'s is a Sage extension to python
        if i % 2 == 0:
            j *= i
    return j
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       8

       897108341211212142020325469195355364998152634499072000000000CPU time: 0.00 s,  Wall time: 0.00 s

       

       

       

       

Interfaces

       5

       True

       <class 'sage.interfaces.mathematica.MathematicaElement'>

       2008

       {{2, 3}, {251, 1}}

       Sqrt[Pi/2]*FresnelS[Sqrt[2/Pi]*x]

f(4)

time f(80)

f?

f??

mathematica.eval('2 + 3')

isinstance(mathematica.eval('2 + 3'), str)

type(mathematica('2008'))

a = mathematica('2008'); a

a.FactorInteger()

mathematica('Integrate[Sin[x^2],x]')



Sage Worksheet: 480 -- March 31, 2008 http://localhost:8000/home/admin/49/print

3 of 15 3/31/08 1:09 PM

       Sqrt[Pi/2]*FresnelS[Sqrt[2/Pi]*x]

       
0.538285 0.687853 0.411032 0.279506
 0.884794 0.950939 0.584321 0.967065
 0.250411 0.470237 0.882247 0.825312
 0.840727 0.855436 0.326955 0.67196

       

-66.3407 -308.556 110.994 335.334
 65.0489 295.544 -107.175 -320.762
 -29.406 -145.226 53.2812 155.796
 14.5004 80.4728 -28.3571 -85.5287

       
3069.09 3555.82 2487.74 3214.89
 5366.08 6217.09 4349.63 5621.02
 3862.1 4474.59 3130.53 4045.58
 4269.86 4947.02 3461.06 4472.71

       

Cython

       

       
[1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, 2048, 4096, 8192,
16384, 32768, 65536]
CPU time: 1.71 s,  Wall time: 1.74 s

Now we implement the same function but in Cython, so we get to use 
C data types.

mathematica(sin(x^2)).Integrate(x)

m = octave('rand(4)'); m

m.inv()

m^10

# Decide if an integer is a power of 2
def is2pow(n):
    while n != 0 and n%2 == 0: 
        n = n >> 1
    return n == 1

time [n for n in range(10^5) if is2pow(n)]
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       __Users_wa...9_code_sage72_spyx.c   __Users_wa...sage72_spyx.pyx.html

       
[1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, 2048, 4096, 8192,
16384, 32768, 65536]
CPU time: 0.03 s,  Wall time: 0.03 s

The result if a lot faster!

       58.0000000000000

       

Interact

Many of my demos in class will user @interact, which is a simple
facility in Sage for making interactive controls. Just put @interact
on the line before a function definition, and the function becomes
interactive.

%cython
def is2pow(unsigned int n):
    while n != 0 and n%2 == 0: 
        n = n >> 1
    return n == 1

time [n for n in range(10^5) if is2pow(n)]

1.74/0.03

@interact
def example(n = 15, f=sin(x)):
    print factor(n)
    show(plot(f, 0, 10))
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n 

f 
3 * 5
�e300

15

sin(x)

%hide
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example 
Boy's Surface  Cross cap  Double Heart  Green bowtie

Heart  Maeder's Owl  Star of David  Two Interlinked Tori

Raytrace 
Frame 

opacity 

Boy's Surface

http://en.wikipedia.org/wiki/Boy's_surface
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Algebraic Computing

Groups Rings and Fields

       Symmetric group of order 4! as a permutation group

       
24 Permutation Group with generators [(1,2,3,4), (1,2)]
12 Permutation Group with generators [(1,3,2), (1,4,3)]
4 Permutation Group with generators [(1,4)(2,3), (1,2)(3,4)]
1 Permutation Group with generators [()]

       

G = SymmetricGroup(4); G

for H in G.derived_series(): print H.order(), H

H = G.cayley_graph(); H.show()
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       Integer Ring

       Ring of integers modulo 12

       Multivariate Polynomial Ring in x, y over Rational Field

       Rational Field

       Real Double Field

       Complex Double Field

       Real Interval Field with 53 bits of precision

       Finite Field in a of size 3^2

       Algebraic Field

ZZ

Integers(12)

QQ['x,y']

QQ

RDF

CDF

RIF

GF(9,'a')

QQbar

@interact
def _(q=9):
    if q > 1000   :
        print "q too big"; return
    K.<a> = GF(q)
    print K
    if not q.is_prime():
       print "a is a root of ", a.minpoly()
    print list(K)
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q 
Finite Field in a of size 3^2
a is a root of  x^2 + 2*x + 2
[0, 2*a, a + 1, a + 2, 2, a, 2*a + 2, 2*a + 1, 1]

       

       

Public Key Cryptography

9

%hide
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 New example

Number of bits of prime 

8-Bit Diffie-Hellman Key Exchange

Alice and Bob agree to use the prime number p=179 and base g=2.1.

Alice chooses the secret integer a=162, then sends Bob (ga mod p):
2162 mod 179 = 57.

2.

Bob chooses the secret integer b=92, then sends Alice (gb mod p):
292 mod 179 = 171.

3.

Alice computes (gb mod p)a mod p:
171162 mod 179 = 107.

4.

Bob computes (ga mod p)b mod p:
5792 mod 179 = 107.

5.

    

       

Linear Algebra

a = random_matrix(ZZ, 7); show(a); show(charpoly(a))
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24789466894742240376652267958343285368359764256844447744839012596401\
03486442536467427254540165551859418767142843209437389824682945811974\
56931240019908415287798266764405088881985419445686824003181947659717\
15526197582078586503003676649180805430478423758353996237935204037741\
27860047027483968219735772264218636264497317048179280160726072786760\
30396178318569994094873249523983470819646895885777398137577078058415\
52074328297448012399629336403442166812739506068321213852564235004453\
46819328652070721520380287447024814921417561308137053441808892307510\
54767128433826464698264205256605800829055976602616023659062093232037\
14936784491289385299509920872037313008603463535518067164549077937261\
91817741339577399971487245933501600858814398015559751197561778553442\
19930425452016577030079223590407623409819056032355099701562838178145\
39186547306657608416051002669930127318206965176430297081074668668919\
16317194985893744295274569332764260788752919495901168813549726779508\
58043992015577788749554287584227041437130484678445887219219885253620\
92659037360900484841947057301729392877619377869117075364447733432913\
11657457201788791655727006849841773055704914782331641732695531655812\
99986717087862380789318210956226372724828413599102813965082911925299\
63149528914950979439049014126175386206762155303588400589011578544228\
8016373657333697562275302070560453127952368721790
CPU time: 2.87 s,  Wall time: 2.84 s

       

       

Scientific Computing

a = random_matrix(ZZ, 500)

time a.determinant()

 0 
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Floating Point Numbers

       5.00000000000000

       

Pi in various foating point fields

field Real Double FieldReal Double Field

bits 
Real Double Field
pi in this field:  3.14159265359
pi^2 in this field:  9.86960440109

2.0 + 3.0

html(r'<h1>Pi in various foating point fields</h1>')

@interact
def _(field = selector([(RDF, "Real Double Field"), (CDF, 
"Complex Double Field"),
      (RealField, 'Multiprecision Real Field'), 
      (ComplexField, 'Multiprecision Complex Field'),
      (RealIntervalField, 'Interval Arithmetic Field')]), 
bits=53):
     if field == RealField: field = RealField(bits)
     if field == ComplexField: field = ComplexField(bits)
     if field == RealIntervalField: field = 
RealIntervalField(bits)
     print field
     print "pi in this field: ", field(pi)

53
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Numerical Linear Algebra

       
[ 0.965919420107  0.222871093649 -0.177543827881]
[ 0.746396561966  0.690857102019  -0.64847199975]
[ 0.565781461804 -0.150165136508 -0.992689446543]

       

       
[ 0.965919420107  0.222871093649 -0.177543827881]
[            0.0  0.518637541465  -0.51127825463]
[            0.0             0.0  -1.16542156989]

       

       CPU time: 1.66 s,  Wall time: 1.72 s

       

       

Symbolic Integration

       cos(x)/2 - cos(3*x)/6

a = random_matrix(RDF, 3); a

P, L, U = a.LU()

U

a = random_matrix(RDF, 1000)

time P,L,U = a.LU()

integrate(sin(x)*cos(2*x), x)

show(integrate(sin(x)*tan(x), x))
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[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19,
20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36,
37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53,
54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70,
71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87,
88, 89, 90, 91, 92, 93, 94, 95, 96, 97, 98, 99, 100]

       29.011491975882016

       50.5

Statistical Computing

scipy.stats

       (0.17234549688642783, 0.86351775368618711)

       

       

The R Project for Statistical Computing

import scipy.stats

v = [1..100]; v

scipy.stats.std(v)

scipy.stats.mean(v)

scipy.stats.ttest_1samp([1..100], 50)

 
2

log sin( x( ) +1)
À

2

log sin( x( ) À 1)
À sin x( )
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       50.5

       28.866070047722118

       

import rpy

rpy.mean([1..100])

rpy.std([1..100])


